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Summary. New design criteria are derived by minimizing the tolerance regions
in linear models. Since the regions usually are not completely ordered a complete
ordering is provided by regarding the volume, the longest axis or the sum of the axes
of the region as design criteria leading to TD-, TE- and TA-optimal designs. It is
shown that the TFE- and the TA-optimal designs coincide with the classical F~ and
A-optimal designs. However, the T'D-optimal designs and D-optimal designs can be
different which is shown by an example.
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1 Introduction

For the vector Y = (Yi....,Yy) T of observations we assume a general linear
model of the form

Y=Xv+4o0c¢ WithSNN(ON,INxN),
where € = (g1, ...,en) is the vector of errors, v € R” the unknown parameter
vector, 0 € RT an unknown scale parameter, X = (z1,...,2y5)" € RV*" the

known design matrix, briefly also called design, and N (On, Inxn) is the nor-
mal distribution with mean vector Oy of zeros and covariance matrix Iy,
the identity matrix. Given a realization y of Y, the aim is to construct a region
R(X,y) € RM in which the vector V of future observations Vi, ..., Vas will fall
with a high probability. For that we assume that the vector V = (V1,..., Vas) "
of future observations will follow the same probability law as Y, namely

V=Wy+oe with gg NN(OM,IMXM),



2 Christine H. Miiller and Christos P. Kitsos

where W is the design matrix of the future observations. Hence, the distribu-
tion of V' is given by the same parameter 6 = (v,0) € 2 := R” x R as the
distribution of Y. Given 6, Y and V shall be independent.

It is impossible to construct a region R(X,y) so that V lies in R(X,y)
with high probability for all # and all realizations y of Y, i.e., Pyj(R(X,y))
is large for all # and y. One compromise are (3-expectation tolerance regions
or mean coverage tolerance regions where R(X,y) shall satisfy

/ Pyo(R(X, 1)) fyio(y) dy = B (1)

for all # € R" x RT (see e.g. [ADT75], [Gut81], [Jil81], [JA89]). But this means
that R(X,y) is also a prediction region (see [Pau43]) since

/PV|0(R(X7 Y)) fy1e(y) dy = Pyvye({(y,v); v € R(X,y)}).

By standard arguments used in linear models, it is easy to see that R(X,y)
is given by

_Syegm. L
R(X,y)—{ e RjM, e (2)
(0= WA SCO™ (0= WACK) < 7 Farv-ra

where

S(X) =TIy +WXTX)'WT,
H(X,y) = (XTX)T' X Ty,
6(X,y)* = (y — X9(X,9) " (y — XA(X, 1)),

and Fys n—r g is the 8 quantile of the F distribution with M and N —r degrees
of freedom. But R(X,y) given by (2) is also a S-expectation tolerance region
with respect to # in a Bayesian sense as studied in [HR76], i.e., it satisfies

B =Py, (R(X.y)) = /R o ) de 3)

:// fvie=e(v) dv f@|y:y(9)d9=/ Pyio=g (R(X,y)) Pojy=y(df)
2 JrR(x,y) Q

for all y € V. This has the advantage that the mean coverage property holds
for all y. Property (3) can be seen by the structural approach of [Fra68]. A
modern derivation bases on invariant measures and is given in Section 2.

In Section 3 we investigate designs X that minimize the [-expectation
tolerance regions of form (2). In particular, we study design criteria for mini-
mizing R(X,y) and compare the new design criteria with the classical criteria
based on minimizing confidence regions for W.
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2 (3-expectation Bayesian tolerance regions

At first note the following representation of S(X)~?.
Lemma 1. S(X) ™' =TIy - WX X+WTW)"'WwT.
Proof. Set L := X " X. Then we have

L+W W) =L —L'WT Iy +WLTTWH'W L
This implies

Inpsrr = W(L+WTW)=twT

= Inpxrr —WLTTWT
+W LYW (I + W LW Htw L iw T

= Tnxns — WL W (T + W LW Y™ (Iygsers + W LTTWT)
W LW Iy + WL W)t w LW T

= Inpscrg = WLTYWT (Ingsers +WLTTW !

= (It + WLIWT) (Ingpr + WLTTW )71
~ WL W Iy +WLTWT)!

= (Tuxpu +WL'WH=™t =5(X)"'.o

The structural inference, as described by [Fra68], bases on the under-
lying group structures of the parameter space 2 = R" x R* and the set
of transformations of the observations. If we define the operator o on {2 as
000, = (v,0) 0 (V«,04) := (7 + 07,0 04) then (£2,0) is a non-abelian group.

Let
Lrsr v
Ap = A(y0) = <01>>i'r 0)

and gg : RVX7 x RY — RVXT « RN be defined by
90(X,y) = (X, y) Ag = (X, X7 + oy).

Then G := {gg; 0 € 2} with the composition o of functions is also a group.
Since Xy + oY ~ N (X(y+07:),0202 Inxn) if Y ~ N(X7s,02 Inxn) the
linear model is invariant with respect to (G, o) and (£2,0). Then, taking the
right invariant measure (right Haar measure) on {2 as prior distribution the
posterior distribution has a simple form (see [Fra68], p. 127). Note, that the

right Haar measure p on {2 is given by % = 11(0,00)(0).
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Lemma 2. Let the right Haar measure p the prior distribution of ©. Then
the posterior distribution of @ given' Y =y has a Lebesgue density of the form

f@\Y:y(Q) (4)

ocexp{ L rexy) - >TXTX<&<X,y>v>6<X,y>2}}

(¥
N+1
( ) 1(0,00)(0)7

where x means equality with the exception of constants.

Proof. Set

T(X,y) = (3(X,y),6(X,y)) € X" x R,
U(X,y) =6(X,y) " (Y = XA(X,y)) e U == RV,
W(X,y) = (T(X,y),U(X,y)),

where the mapping W maps the observation space RY*" x R into £2xU. The
mapping T : RV*" x RN — 2 is equivariant, i.e. T(go(X,y)) = 0 0 T(X,y),
and the mapping U : RV*" x RN — U is invariant, i.e. U(ggo(X,y)) = U(X, ).
The transformations 7" and U together with e ~ N (On, Inxn) provide the
structural linear model (see [Fra68]).

Moreover, T(X,Y) and U(X,Y") are independent according to the theorem
of Basu since T is a complete sufficient statistic, and also 4(X,Y") and 6(X,Y)
are independent (see e.g. [Sch95]). If ©® = 6 = (7, o) then 4(X,Y) has a
N(v,02X T X) distribution and 256(X,Y)? has a x? distribution with N —r
degreeb of freedom. Hence Py (x,y)e=¢ has a Lebesgue density of the form

fwxy)e=0(%,0,1) = fyxv)e=0(7) - fox,v)0=0(0) - fu(x,v)(@), where

fax vye=a(F) (i)r exp {222(’7 - TXTX (3 - ’Y)}

s\t 1 /6\%] 1
Jox,v)0=0(F) (U) eXP{—2 (U) } p 1(0,00)(0)-

Since the left Haar measure (or left invariant measure) A on 2 = R" x RT

W = =1 1(0,00)(6) We can express

the Lebesgue density fy(x,v)e=¢ - fo(x,v)|0=0 also as a density f:y(va”@:g .
f(}(x’y”@:g with respect to the left Haar measure \. Let v be the Lebesgue

measure on RY; then fiy(x vyje=o(%6,1) = fax,v)j0=007) fo(x,v)0=0(5) -
Ju(x,y)() is the A @ v density of W(X,Y) given © = 6. The right Haar
measure which is related to A is the prior distribution p. Hence the conditions
of Assumption 6.58 in [Sch95], p. 368/369, are satisfied so that Lemma 6.65

and

has a Lebesgue-density of the form
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on p. 371 in [Sch95] holds which provides the posterior distribution of © given
W(X,Y) = (¥,6,4). In particular, using the relation between A and p, we
have

/fT(X,y)\@:@(%fT)p(dQ) =6"

so that fW(Xy)('Ay, o,u) = 0" fux,y)(@) is the marginal density. Then Bayes
theorem provides that the posterior distribution has a density with respect to
p of the form

forw (x.x)=(3.6.a)(0)
_ fwx,y)e=e(Y,0,u) _ 1
6" fux,y)(@) a"

Faxvyie=o(¥) fo(x.v)0=0(6).

Using the relations of the Haar measures p and A to the Lebesgue measure on
R x Rt we see that the posterior distribution has a Lebesgue density of the
form

1 R iy gl L
forw(x.y)=3.6.a)(0) = gf&(x,m@:e(’ﬂ fa(xy)e=o(6) 6™ =

xep { o (60X XG5} o (1) Lot

Note that foyw (x,v)=(3.6.0) = foly=y if ¥ = ¥(X,y), 6 = 6(X,y), & =
U(X,y), since W is an injective mapping. Hence the assertion is proved. O

From the posteriori density, we can deduce the (-expectation tolerance
region as proposed by [HR76].

Theorem 1. The region R(X,y) C RM given by (2) is a B-expectation toler-
ance region in the sense of (3), i.e., it satisfies Pyy—, (R(X,y)) = B for all
ye RN,

Proof. Since V given © = 0 has a N (W+, 021 ;% ) distribution the Lebesgue
density of V given Y = y is with (4)

Foiyy(v) = /Q Frioo(v) fory—y(6)do

307 |

1 1 N+M+1
~exp{w62} gN-r <0> do.

X, y,0) = (XX +WTW)"HXTX5+WT).

~ [ exp{— ! (&—V)TXTX(?—V)+(v—W7)T(v—W7)]}
(9]

Set
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Then we have with Lemma 1

F-NTXTXE=)+@w=Wy)T(v-Wr)
= (7= h(X,y,0)) (XX +WTW)(y = h(X,y,v))
+ =W SX)" (v-W4)

which implies by integration of the density of the normal and x? distribution

fV\Y y (v)

U( ) {_2; [(v = (X, y,0)) (X T X

exp {—(17 [(v=WAH)TS(X)™ (v —WH) + 62]} oN-r <1> R do

g

o (14672 (0—WH)TS(X) - W) N2 gou

This means that % (V —WA4)TS(X)" /2 given Y = y has a multi-
variate T distribution with N — r degrees of freedom. Thus &=L (V —
WA)TS(X)~1(V —W?4) given Y = y has an F distribution with M and N-—r
degrees of freedom (see [TG65]). Hence, the assertion follows. O

3 Optimal designs

Optimal designs for f-expectation tolerance regions will be those designs that
provide that R(X,y) given by (2) is as small as possible. The best situation
is that a design X, provides a region R(X,,y) with R(X.,y) C R(X,y) for
all other designs X and all y € RY. This means that S(X,) < S(X) for all
X in the positive-semidefinite sense (i.e., A < B iff ¢TAe < ¢"Be for all
c € RM). Such designs are called uniform optimal for 3-expectation tolerance
regions, shortly TU-optimal. But as in classical design theory such designs
do not exist except in degenerate cases since S(X) and thus R(X,y) are not
completely ordered. To get a complete ordering we can regard the volume
of the region R(X,y) which is a function of det(S(X)), the determinant of
S(X). Since R(X,y) is an ellipsoid we can also consider the sum of the axes
of the ellipsoid expressed by tr(S(X)), the trace of S(X), or the longest axis
expressed by Amax(S(X)), the maximum eigenvalue of S(X).

Definition 1. Let A be a set of competing designs. A design X, € A is called
(i) TU-optimal if S(X,) < S(X) for all X € A,

(i) TD-optimal if det(S(X,)) < det(S(X)) for all X € A,

(iti) TA-optimal if tr(S(X,)) < tr(S(X)) for all X € A,

(iv) TE-optimal if Amax(S(Xx)) < Amax(S(X)) for all X € A.
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We will compare the new design criteria with the classical design crite-
ria which are motivated by minimizing the confidence region for W+. The
confidence region for W+ is given by

1
_ M,
C(X,y) = {ve?R R

(0= WA(X,y) WEXTX)TTW ) (0 - WH(X,y)) <

M
Fyon-r
N, MmN ,,@}

(see e.g. [Chr87]). Hence minimizing the set C(X,y), the volume, the sum of
the axes, or the longest axis of C(X,y) leads to the classical design criteria of
U-, D-, A-, and E-optimality based on W(X " X)™'W T det(W(X " X)"1WT),
tr(W(XTX)IWT), and Apax(W(X TX)71WT) (see e.g. [Paz86] or [Puk93]).

From the form of S(X) it is clear that the tolerance regions are always
larger than the confidence regions which is due to the variability of the future
observations. Nevertheless almost all new design criteria are equivalent to the
classical criteria.

Theorem 2. Let A be a set of competing designs and X, € A. Then we have:
(i) X, is TU-optimal if and only if X, is U-optimal.

(1i) X, is TA-optimal if and only if X, is A-optimal.

(iti) X, is TE-optimal if and only if X, is E-optimal.

Proof. Assertion (i) is obvious. Now let Aq,..., Ay be the eigenvalues of
W(XTX)™'WT. Then 1+ Ay,...,1+ Ay are the eigenvalues of S(X). This
implies (iii). Since the trace of a matrix is the sum of its eigenvalues also (ii)
follows. O

Theorem 2 shows that the TU-, TA-, and TE- optimal designs can be
constructed via the methods which were developed for the classical criteria
(see e.g. [Paz86] or [Puk93]). The only exception is the TD-criterium.

Although the determinant of a matrix is the product of the eigenval-
ues of the matrix the proof of Theorem 2 cannot be adapted for the D-
criterium. Namely, if A1,..., Ay are the eigenvalues of W (X T X)~'W T then

det(W (XTX)'WT) = [T¥_, A and det(S(X)) = [TM_, (1 + ). Hence,

m=1
a minimum of H%:l Am 18 not equivalent to a minimum of det(S(X)) =
T2, (1 + Ap). The following example shows that there are really situations

m=1

where the D- and TD-optimal designs are different.

Example. Consider a simple linear regression model where any observation
yn has the form y, = (1,t,)y + o&, with t,, € R and v € R2. Every future
observation v, follows the same linear regression model, i.e. v,, = (1, u, )y +
oeom With u,, € R. Assume that we have o N observations at ¢, = 1 and
(1 — a) N observations at t, = 0 so that the design matrix depends on «
and shall be denoted by X,. The proportion « shall be chosen so that the
tolerance region for two future observations V; and V5, one at u; = 2 and the
other at us = 3, is as small as possible. Then we have
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-1 T
T —1 T _ 12 N aN 12
Wi = (13) (avew) (13)

so that
T 1y Ty i 1
det(W (X, Xo)" W) = Nz 70[(1 ) (5)
and
det(S(X,)) = det(laxz + W (X ] X)) 'WT) (6)
1 1

Quantity (5) is minimized by a = 0.5 while the minimum of quantity (6)
depends on N and is minimized, for example, by o« = 0.616 for N = 10 and
by a = 0.617 for N = 50. Hence, the T'D-optimal designs are different from
the classical D-optimal designs if A is the set of all designs with observations
at 0 and 1, i.e. ¢, € {0,1}. The TD-optimal design puts more observations at
1 than the D-optimal design. The same holds if the set of competing designs
is A*, the set of all designs with ¢,, € [0,1].
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