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Abstract This document complements the article Multivariate sign depth and
related distribution-free tests for model fit. It contains:

— Section S.1 with detailed proofs of Theorems 3 and 4, and Lemma 5, p. 1;

— Section S.2 with alternative proofs of Theorem 2 (a), (b), (c), and (d), p. 9;

— Section S.3 applying the bivariate simplex depth notions to testing, p. 23;

— Section S.4 applying the bivariate component depths to testing, p. 24; and

— Section S.5 with an explanation of the simulation results for the regression
models, p. 27.

S.1 Detailed proofs of Theorems 3 and 4, and Lemma 5

Proof of Theorem 3. The proof is based on the limit theorem of Hoeffding
and Robbins (1948) for m-dependent random variables. Hoeffding and Robbins
(1948) define random variables Xy, Xo, ..., X as m-dependent if and only if
(X1,...,X,) and (Xs,...,Xy) are independent for all s — r > m and prove
the asymptotic normal distribution of \/% ZnN:1 X,, under some conditions.
In the case of identically distributed random variables, these conditions are

E(X;) =0, BE(|X;]*) < cc.
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Setting

m—+1
A=BX7)+2- > E(X;-Xg),
d=2

then the limit theorem of Hoeffding and Robbins (1948) provides

1 & D e D DD, R
WZX,I—H\/(O,A) or \/NN%" — N(0,1),  (S.1)
n=1

respectively.

Proof of Theorem 3 (a). Set V,, := 1{02 € S(R,,, Rn+1, Rnt2)} and X, :=
V,—%. According to Theorem 2 (a), we have E(X,,) = 0. Obviously, E(|X; [*) <
oo is satisfied for an indicator variable. Moreover, Dyckerhoff et al. (2015)
already showed that V,, = 1{02 € S(R,, Rnt1, Rnt2)} and V40 = 1{05 €
S(Rpn42, Rnt3, Rnta)} are stochastically independent so that (V4,...,V,) and
(Visa,...,VN_2) are independent for all r = 1,..., N — 4, and thus Xy, ..
XN_o are 1-dependent. Since V,, is an indicator variable, we get

E(X?) = B(V?) - (i) — B(Vi) - (i) =3- (i) =33

Theorem 2 (b) yields

)

E(X: - X2) = B(Vi - Va) - (i)

= E(1{02 € S(R1, Ra, R3) NS(R2, R3, Ra)}) — (1>

4
L (1N 11 1)y 11
12 4) " 4\3 4) 4 12

A=E(X})+2-E

and thus

X3) =

(X1
_ 13, 1y_1 11 21
N 12) 1 12 \4 3
Hence, with di(R1,...,Ry) — % = ﬁ 25;12 X,., the limit theorem of Ho-
effding and Robbins (1948) (S.1) implies

1 N-2 1
~—5 1 Xn di(Ry,...,RN) — 7
1/N_QM:,/N_Q 1 (I v) 4&}\[(0,1).

VA

1. /1
4 3

—

Proof of Theorem 3 (b). Set

‘/n = ]1{02 € S(Rna Rn+17 Rn+2) n S(Rn-i-la Rn+2; Rn+3)}
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and X,, :=V,, — 5. According to Theorem 2 (b), we have E(X,,) = 0. Theo-
rem 2 (e) yields that V,, := ]1{02 S S(Rn, Ry41, Rn+2) ﬂS(Rn+1, Ry 4o, Rn+3)}
and V13 := 1{02 € S(Ry+3, Rita, Ruts5)NS(Ryta, Ryys, Rite)} are stochas-
tically independent so that (Vi,...,V,.) and (V,.43,...,VN_3) are independent
forallr=1,..., N —6, and thus X1,..., Xy_3 are 2-dependent. Again, since
V, is an indicator variable, we get

2 2 2

1 1 1 1 1 11

2y — 2y _ [ = — | — = — — | — = — - —.

E(Xl) = ]E<Vl ) (12) E(Vl) (12) 12 (12) 12 12
Theorem 2 (¢) yields

B(X, - Xa) = B(Vi - Va) - (112)

= ]E(]].{OQ S S(Rl, Ry, Rg) n S(R27 Rs, R4)}

1 2
: ]1{02 S S(R27 RS, R4) ﬂ S(Rgn R4, R5)}) —_ <12>

1 2
= E(1{02 € S(R1, Ra, R3) N S(Rs, R3, Ry) NS(R3, Ry, R5)}) — 12)

L5 AV _1/5 1)1 15-4 (1)1
2412 12) 12\16 12/ 12 4-4-3 \12 4

Theorem 2 (d) provides

E(Xy - X3) =E(V1-V3) — (112>2
= E(1{0, € S(Ry, Ry, R3) NS(Rs, Rs, Ry)}
-1{05 € S(R3, R4, R5) N S(R4, Rs, Re)}) — (1)2
= E(1{02 € S(R1, Ra, R3) N S(R2, R3, Ry)

1 2
N S(Rg,R4,R5) n S(R4,R57R6)}) — ()
14 (1) 4 L1 (4
25 15 12) = 25.3.5 3.3-4-4 3-4-4\2-5 3
1 1 2

_ 2 1y _ 6-5_(1\"1
3-4-4\5 3) 3-4-4 3.5 \12) 5

This leads to
A=TE(X})+2-E(X; X)) +2-EB(X; - X3)

2 2 2
1 11 1 1 220+ 110+ 8 1 338
_<12> (1”2'4“'5)—(12) a5 —<12> 20

_ (LY 1
12 10




4 Christine H. Miiller et al.

Hence, with da(R1,..., RN) — 1—12 = ﬁ 25;13 X,,, the limit theorem of Ho-

effding and Robbins (1948) in (S.1) implies

1

1 N-3
~—3 ¢ da(Ry1,...,RN) —
\/Ni_gN—SEnfl n:m 21y N) i2 D N(0,1)
169
10

VA a1,

12

that we wanted to prove. m|

Proof of Theorem 4. We show only (b) since the proof for (a) is similar.
Set Yo, namgns = 1{02 € S(Rny, Ruy, Rng) NS(Ryy, Ry, Ruy)} — 75. Then
Yoy namsmal <1 and E(Y,, nynsn,) = 0 according to Theorem 2 (b). More-
over, according to Theorem 2 (f),

E(Ynl,nmns,m; : Ym17m2,m37m4) = E(Yn1,n27n3,n4) ’ E(Ymhm‘z,ms,mﬁ =0

if $({n1,n2,n3,n4} N {my,ma, mg,my}) < 1, where £ denotes the number of
elements of a set. Then we get

Var (N (dg(le'”RN)_lg))

N
= Var E Y1 n2,n3,n4

1)
4/ 1<nj<na<nz<ng<N

]E z : Yn17n2777/37n4

1<n;<no<nz<ns<N

1<ni<na<nzg<ns<N
1<m1 <ma<mz<ms<N

E E(Ynlynmnsﬂu : le,mz,m3,m4)

1<ni<na<nz<ns<N
1<mi <ma<mz<my4<N

(
N 2
= <(1\/’>> E Z Ynl1n27n37n4 ’ le,mg,mg,m4
4

ﬁ({m,nz,ns’n4}ﬂ{m1>m27m3,m4}) >1

(B O-006-CO0)

as desired. O

Proof of Lemma 5. According to Lemma 3, we can assume that all A,, have
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a uniform distribution on [0, 1]. Moreover, according to Lemma 4, we have
ﬂ)l(ag,ag) = ]P)({OQ S S(Rl,RQ,Rg)HAQ = ag, A3 = (13)
=min (|az — ag|,1 — |az — ag|).

Part (a). Since R; and R4 are independent and identically distributed, we
get

P({OQ S S(Rh RQ, Rg) n S(RQ, R3, R4)}{A2 = a2>

1
= / P({Oz € S(R1, Rz, R3) HS(R%R:’,,RUHAQ =ag, Az = a3) das
0

1
= / IP)({OQ S S(Rl,RQ,R3)}|A2 = a2, A3 = CL3>
0

. ]P({OQ S S(RQ,R37R4)}|A2 = ag, A3 = a3> da3

1
:/ '(/)1(a2,a3)2 da3.
0

For as € [0, 3], we get

1
/ Y1(az,a3)? das
0

3 ) 1
:/ lag — ag| da3—|—/ lag — as|* das
0 %,a37a2<%

1
+ ﬁ (1—|a2—a3|)2da3

1
5,03—a2> 35

} , baz ,
= / (ag — CLQ) da3 —+ / (a3 — ag) da3
0 1

2

1
=+ / (1—2(a3—a2)+(a3—a2)2) dasg
$+a

~ [ das+ [ (=200 0) day

%+CL2

= (a3~ a2)?), + (a3 ~ 25 (a3 — 0],
—30,3 an 0 as 2 as a9 %+a2
1 1 1 1 1,1 2
:g(l—ag)?’—gag—k(1—2§(l—a2)2)—<§+a2—2§(§+a2—a2))
1 3 1 4 9 1 1.2
= 3-0) - gai+ (1-(-a)) - (54— ()°)
1 1 1
:5(1—3a2+3a§+a§)—§a§’+(1—(1—2a2+a§)>—(Z—i-ag)
1 , , 1 1 1 1
B e I R Rt R S T
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Because of symmetry, the same holds for as € [%, 1].

Part (b). This part of the proof is more complicated. Because of the relation-
ship between R,, and A,,, we get

P({OQ S S(Rl,RQ,Rg) ﬂS(Rg,Rg,R;L)}‘Al = a1>

1 1
= [ [ ({0 € St Ba, By 18(Ra. By R0}y = o,
0 0

A2 = az, Ag = (13) dag da3
1 1
:/ / 1{02 ES(T17T‘277’3)}
0 0
]P({OQ € S(RQ,R37R4)}| A2 = ag, A3 = a3> da2 dag

1 1
= / / 1{02 (S S(T‘l,?“g,’r‘3)} . wl(ag,ag,) dCLQ da3.
0 0

Again consider first a; € [0, %] Lemma 2 provides conditions for as and ag so
that Oz € S(r1,72,73) is satisfied. First note that the conditions of Lemma 2 (a)
cannot hold for a; € [0, %] Hence we have

P({Oz S S(Rl, RQ, Rg) n S(RQ,Rg, R4)}|A1 = a1> =L +1.+14
with

1,1
I, = / / ]1{(12, ag satify conditions of Lemma 2 (b)} ¢4 (az,a3) das das,
o Jo
1,1
I, = / / ]l{ag, ag satify conditions of Lemma 2 (c)} 41 (az,a3) das das,
0o Jo

1,1
Iy = / / 1{as, as satify conditions of Lemma 2 (d)} ¥1(az,a3) das das.
o Jo

If ay, a3 satisfy the conditions of Lemma 2 (b) then as, a3 € [%7 1} and
min(az, az) — % < a1 < max(az,as) — % which is equivalent to

1
< min(ag,a3) < a1 + 3 < max(ag,a3) <1

N | =

so that 11 (ag, a3) = max(as,az) — min(as, asz) and

Iy
1 ar+3 1 ar+3

:/ / (0,37@2)(1(12(10,34’/ / (0,27@3)(1(13(10,2
ai+3J3 ai+3J3

2 2

~—
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a1+%
= / (ag—ag)dagda3:2/
sy e
1 1 1
((13 (a1 + 5) — (a1 +

1
2
a1+
1
2
a1+

2 2

1
2

1 1
—5li+a+7)

) o

1

(azas — =

1
1+3

—a3§

L,

1 1
=2 <2a§a1 —as §(a1 +a1)) s
1 1 1 1 1
=2 (G- 5@+ o) - 5@+ 32— @+ g+ a) )
1 1 1 1 1
—2 (~gat - 3@+ D jlat+ad) - @+ )
1 (1 1 1 1 1 1 1
=2 <2a¥ — _503 + 5@% + gal 5@? 5@% Za% 4@1:|>
1, [1 1 1, 1 1,
=2 —5011— —gal—ial =2 —§a1+§a1—|—1a1
1, 1 1, 1
=2 —Zal‘i‘gal =—§a1+1a1.

The second equality holds because of symmetry of as and az so that the
integrals for as < as and as < as are the same so that we can consider only

the case as < as.

If az, ag satisfy the conditions of Lemma 2 (c) then min(az,a3) € [0, %],

max(as, az) € [3,1], max(as, az)—min(as, az) =

% <ar < min(a2, (Lg) + %. NOtng a; — % < 0, t
max(as, Q. a -
9 = 2, U3 1 2,

and 1 (ag,a3) =1—|az —as| = 1+ min(az, az)

we get

I
a1+i pas—3%

:/ / (1+a2—a3)da2da3
: 0

a1+§ a2—*
+/ / 1+a3—a2)da3da2
0

al+2 03**
2/ / 1+a27a3)da2da3

0

his means

0 < min(ag, a3) < max(as,as) — =

\ag—ag\ > %,

and max(as, ag)—

1
9’

— max(ag, as). With the same
argument as above, the integrals for as < a3 and ag < as are the same so that
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1 1 1 3,1
_ v 1 19 Ny (i totye oot
(@452 - @+ 57 - S+ ) - (- 36° - 33)
1 1 1 1 3 3
2 1 3 2 Sy 2.0
—a1+a1+4 3(a1+3a12+3a14+8) 1173
213
8§ 3-8 8
_ + 1 } 3 Lo } 1 § _|_1+ 1
R T A R O A T
1 1.
—ia%—ga‘f
If ag, as satisfy the conditions of Lemma 2 (d) then min(as,as3) € [O, %],
max(as,a3) € [3.1], max(az,a3) — min(az,a3) = as —as] < 3,0 < a1 <

max(as, az)— %, and min(as, as)+ % < a; < 1. Noting that min(as, az)+3 < a1
is not possible for a; € [0, 1], this is equivalent to

1 1
ay + A < max(ag, az) < 1, max(ag, a3) — 5 < min(ag, a3) < =,
and 1 (ag, a3) = |az — ag| = max(ag, a3) — min(ag, ag). With the same argu-

ment as above, the integrals for as < az and a3 < ay are the same so that we
consider again only as < a3 and get

Iy
1
2
a+%

1
1
1
=2 / (azas — iag)
a1+

/2 ((lg*&Q)dagdag
agfé




Multivariate sign depth and related distribution-free tests for model fit 9
1 1 1
:2/ *ag—*agda;g:/ a3—a§da3
a1+% 2 2 a1+%
Ly 14041
= (5% gag) a1+l
11 1 1, 1 1.,
_(5_5)_ (2(a1+2) —g(a1+§) )
1 1 1 1 1 1 1
=" (2(a§+a1+4)—3(a§’+3a§2+3a14+8))
1 L DS SN P SPS B S
=——|zaj+-a1+=-—=-a;—aj=—a1— — ——
6 \2 ' T2y 3t Mg Ty 38
Lo(L03 1l 1
=——|-a1+——=a; — —
6 \4 ' 3.8 3' 3.8
4 1 2 1.,
3.8 4 ' 3.8 31
1 1,
:E—*alﬂ'gal.
Hence, we obtain
P({02 € S(Ry, Ry, Rs) NS(Ry, Ry, Ry) }| Ay = a1>
=1y + 1.+ 1
—_,a2+1a +1a2_1a3+i_1a +1a3—i
I e e S T R R N D)
Because of symmetry, the same holds for a; € [%, 1]. o

S.2 Alternative proofs of Theorem 2 (a)—(d)

We provide here an alternative proof which extends the approach of Dyckerhoff
et al. (2015). In particular the expectations in Theorem 2 (c) and (d) are
derived explicitly so that a computer algebra system is not needed.

Lemma S.1 If ri,7r9,73 are in general position, then there are exactly two
vectors (s1,82,83) € {—1,1}> such that Oy € S(s171,5272,8373) and the
two wvectors are the opposite of each other, i.e., the second vector is given
by (—s1,—82,—S3).

Proof. This is Lemma 1 in Dyckerhoff et al. (2015). i

Definition S.1 Define the mapping s : R® — {1} x {—1,1}? such that s(r)
for all » € R3 is the unique vector (s, s2,53) of Lemma S.1 with positive first
component, i.e., 57 = 1.
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Note for s(r) = (s1, 82, s3) that —s(r) = (—s1, —s2, —s3) = (=1, —S2, —53)
is then the second unique vector of Lemma S.1.

Classical proof of Theorem 2 (a). Assumptions (A;) and (Ag) provide

E(1{02 € S(R1, R2, R3)}) = E(1{02 € S(S1 R1, S2 R, S5 R3)})
= E(E(1{0; € S(S1 R1, 52 Ra, S3 R3)})|(R1, R2, R3))

- / E(1{02 € S(S1 71,8272, S373)}) d (PEF2Ra) (1) [y g)).
(R2)3

Then Lemma S.1 together with the assumptions (A4) and (As) yield

]E(]I{OQ S S(Sl ’/‘1,52 7"2,53 7“3)})
=P ((51,52,93) = s((r1,72,73)) or (81,52, 93) = —=5((r1,72,73)))

RN
23
so that
1 (R1,R2,R3) 1
E(1{02 € S(R1, R2, R3)}) = —d (PEBBR2B) () g pg)) = =
(R2)3 4 4
The proof is finished. O

The result of Theorem 2 (a) also can be obtained by a different approach,
which leads to the proofs of Theorem 2 (b), (c), and (d). As in the proof of
Lemma 2 in Dyckerhoff et al. (2015), we limit ourselves now on R x R instead
of R2. The restriction to R x R, allows to order (r1,79,...,7x) € (R x R, )E
according to the angle between the first positive semi-axis and the halfline
{Arn; A >0}, n=1,..., K, which can be expressed by the arccos: [-1,1] —
[0, 7] function applied to ry, 1/||7y]|-

Definition S.2 Let I1(1,2,..., K) the set of all permutations of (1,2, ..., K).
For m = (mw(1),...,n(K)) € II(1,2,...,K) define

Ag(m):={(r1,re,...,7x) € (R x IR+)K; arccos(rr(1),1/1mxyll)

< arccos(rq(2),1/|Tr2)ll) < ... <arccos(rr(x),i/lImxr)l)}

and the equivalence class with representative m

Ex(m) :={(x(1),7(2),7(3),...,7(K)), (7(2),7(3),...,7(K),w(1)),
(w(3),...,m(K),n(1),7(2)), ..., (7(K),w(1),7(2),...,7(K —1))}.

A (m) and Eg(w) are defined analogously if # € IT(I1 + 1,1+ 2,...,l 4+ K)
with [ € N, where IT(I + 1,14+ 2,...,1 4+ K) is the set of all permutations of
(l+1142,....,l+ K).
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Note that assumption (As) provides

S PR (A () (S.2)

well(1,2,...,K)

_ pRi..Rx U  Ax@) | = PRBr (R x Ry)E).
well(1,2,....K)

Since, according to (A1)—(A4), we have

1

PR B (R x Ry )F) = 3K

we get with (S.2) and § ([1(1,2,...,K)) = K!, where f denotes the cardinality
of a set,

11
= 3% T
Lemma S.2 Let s be the mapping defined in Definition S.1, = € II(1,2,3),
and r € Az(m). Then s((1r1),"x(2),"=(3))) = (1,—1,1) and (s1, s2,53) = s(r)
Satisﬁes (Sﬂ(l)7 Sr(2)s Sﬂ(3)) = (17 -1, 1) or (Sﬂ(l)7 Sr(2)s 577(3)) = (_17 1, _1)

Priv i (A g () (S.3)

Proof. Since arccos(rray1/lr=)ll) < arccos(rroyi/lra@)l) <
arccos(rr(s)1/l7=yll), it holds 02 €  S(rz1), —Tx(2),7x(3)) so that
s((re(1), Tr(2):Tx3))) = (1,—1,1). Since the first component s; of s should
be positive, we have to distinguish between two cases. Case 1: 7(1) = 1
or m(3) = 1 then (sra1),5x(2),5x3)) = (1,—1,1). Case 2: 7(2) = 1 then
(SW(1)7SW(2)7SW(3)) = (—1, 17 —1).

Alternative proof of Theorem 2 (a). As in the first proof, we get with the
assumptions (A;) and (As)

E(1{0 € S(R1, R2, R3)})
- / E(1{02 € S(S1 71, 8272, S373)}) dPFH 2D (r) 1y 13))
(R2)?

= 23/ E(1{03 € S(S1 1, S5 72, S3735)}) dPUE2R) (1) g 1g))
(RXRy4)3

=2° Z /A. - E(1{05 € S(S1 71,8279, S373)}) dPEF2E) (1) g 13))

n€ll(1,2,3)
1
=2 S [ ARy )
well(1,2,3) A ()
1 1
=72 Y BRam) = g
Twell(1,2,3)

since PU-F2.Ba) (A5 (7)) = & 25 = 24 according to (S.3). i
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As soon as there are four residuals rq, ro, r3, 74, there exist situations with
02 ¢ S(Sl r1,827T92,83 7"3) n S(Sg T2,83T3,S54 ’1”4) for all (51, $2, 83, 84) S {—1, 1}2.
The reason is that so and s3 must appear simultaneously in S(s1 r1, 2 79, 83 73)
as well as in S(s2 79,8373, 8474).

Let 7! denote the inverse mapping of the permutation . If 7 leads to the
ordering

arccos(rx(1),1/|7=(1)ll) < arccos(rx(2),1/ 7= 2)ll) < arccos(rrsy1/l|rre)ll)

< arccos(rq(a),1/ 7= ),

then 7~ 1(i) provides the position of 7; in this ordering for i = 1,...,4. For
example, for 7 = (2,4,1,3) we get arccos(re1/||r2|]) < arccos(ryi/||r4l]) <
arccos(ry 1/||r1]]) < arccos(rsi/|rsl]) and 7=1(2) = 1, 771(3) = 4, i.e., ro is
at the first position and r3 is at the last position. Note also 7 = (2,4,1,3) €
E4((1,3,2,4)).

Lemma S.3 If (r1,re,73,74) € Ay(m) with 7 = (w(1),7(2),7(3),7(4))
€ I1(1,2,3,4), then the following assertions are equivalent:

(a) Ezactly two (s1,s2,s3,54) € {—1,1}* exist with
02 S S(Sl r1,827T92,83 T3) n S(SQ T2,8373,S54 7‘4).

() |77 1(2) =7 1(3)| =1 or {m~1(2),71(3)} € {1,4}.
(c) m € FEq((1,2,3,4)) UE4((4,2,3,1)) U E4((4,3,2,1)) U E4((1,3,2,4)).

The characterization (b) in Lemma S.3 was already given in Dyckerhoff
et al. (2015).

Proof. Since (1,72,73,74) € Ay(r) C (RxR )%, we have (ry,r9,73) € Az(my)
and (rq,r3,74) € Ag(mg) With 7, mo € II(1,2,3). Lemma S.2 provides

i) 0o € S(s{r1,sira,sirs) and si = 1 if and only if (8;1(1),3;1(2),3;1(3)) =
(15 717 1) or (5711—1(1)7 571-(1(2)7 57111(3)) = (715 17 71)3
ii) 0o € S(s? 7"22, 3 T3,23§ r4) 2aund 5?2 = 1 if and only if (87272(1)’ 87272(2),87272(3)) =
(L, =1,1) or (87, 1ys Sy (2)7 Sma(3y) = (=1, 1, -1).

Case i) means either s} = —si or s3 = si. If s} = —si holds, then ry and 73

are neighbours in the ordering of 7. If s3 = s! holds, then r; is lying between
ro and r3 in the ordering of 71. Similarly, Case ii) means either s? = —s2 or
52 = s2. If s2 = —s3 holds, then 7 and r3 are neighbours in the ordering
of mg. If 3} = s% holds, then 7,4 is lying between r, and r3 in the ordering of
7. Hence if (s1, 89,53,54) € {—1,1}* exists with 0y € S(s1 71, 8279,5373) N
S(s272,8373,8474), then (s2,83) = £(s3,s3) = £(s2,s2). This means that
either 7 and r3 are neighbours in the ordering m, i.e. 2,3 are neighbours in
m, or 71 and 74 are lying between ro and 73 in the ordering of mo, i.e. 1,4 are
lying between 2,3 in 7. However, this is the assertion of (b). Assertion (c) is
only presenting the possible cases of (b) more explicitly. Note also, that the
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case that 1,4 are lying between 2,3 in 7 also means that 2,3 are neighbours
in a cyclic sense. O

Alternative proof of Theorem 2 (b). Define
9 = E4((1,2,3,4)) U E4((4,2,3,1)) U E4((4,3,2,1)) U E4((1, 3,2, 4)).

According to Lemma S.3, the set II{ is exactly the set of all permutations 7
so that for any (r1,72,73,74) € Ay(m) a (s1,52,83,84) € {—1,1}* exists with
02 € S(s171, 8272, 8373) NS(s2 72, 8373, S474). This set has 4-4 elements since it
consist of four equivalence classes and each equivalence class has four elements.
Note also that the equivalence classes Ey4((1,2,3,4)) and E4((4,2,3,1)) are
related by interchanging the positions of 1 and 4. The same relation holds
for the equivalence classes E4((4,3,2,1)) and E4((1,3,2,4)). The equivalence
classes Fy4((1,2,3,4)) and E4((1,3,2,4) are related by interchanging the order
of 2 and 3, and the same holds for E4((4,2,3,1)) and E4((4,3,2,1)). Hence we
also can express the number of elements in IT{ as §(/1J) = 4 - 2 - 2. Property
(S.3) yields here

P(R17R27R37R4)(A4(ﬂ')) — ?14%

Moreover, Lemma S.3 provides for any (r1,r9,73,74) € Ag(m) with 7 € IIY
that exactly two vectors (si,s3,s3, si) and (s?,s3,s3,8%) = —(s
exist so that Oz € S(s r1, s 1o, shr3) N S(sh re, shr3, sy 1) for i = 1,2. Hence

E(1{02 € S(S1 71,8272, 5313) NS(S272, 9373, S474)})

2 1
= OSSO (5], sh,sh ), (5%, B s o)D) = 57 = 5.

So, as in the alternative proof of Theorem 2 (a), we get

]E(]l{OQ S S(Rl,RQ, Rg) N S(RQ, R3, R4)})
— E(1{03 € S(S1 Ri, Ss R, S Rs) N S(S2 Ra, S5 Ry, S1 Ra)})

= 24 / ]E(]l{()Q S §(Sl 1, SQ T2, 53 7“3) N S(SQ Tro, 53 T3, 54 7“4)})
(RxR4)*
d PR BB (ry vy 73, 74))

2
=2' > / o7 APV RIS (1 7y g 1))
A4(7\')

24
melly

2
— T 24 Z P(RI’R27R3’R4)(A4(7T))
melly
2 11 2 4-2-2 1
= — 94 4.9.9. — _ = 7 _ _
24 24 4! 24 4! 12

as we wanted to show. O
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Alternative proof of Theorem 2 (c). As in the proof of Theorem 2 (b),
the main step is to determine the cardinality of IT?, which is the set of all
meIl(1,2,...,5) so that for

(r1,79,73,74,75) € As(m) two vectors (s1, Sa, S3, 84, 85) € {—1, 1}5
exist with (S.4)

02 S S(Sl r1,82792,83 ’/‘3) n S(Sg T2,83T3,84 ’I”4) n S(S3 73,84 T4, S5 7“5).

This problem reduces to the problem of determining the number of equivalence
classes Es(myp) C II(1,2,...,5) with representatives 7, satisfying (S.4). This
means that (r, 72,73, r4,75) € As(m,,) simultaneously satisfies

02 € S(s171,8272,5373) N S(s272,5373,5474)
and
02 € S(s212,8373,8474) N S(S373,5474,5575)

for some (s1, 82, 83, 84,85) € {—1,1}°. According to Lemma S.3, the compo-
nents of 7., which concern 1,2, 3,4 must have an order as in

Eq4((1,2,3,4)) U E4((4,2,3,1)) U E4((4,3,2,1)) U Eq((1,3,2,4)).  (S.5)

Analogously, the components of 7, which concern 2, 3,4, 5 must have an order
as in

E4((2,3,4,5)) U E4((5,3,4,2)) U E4((5,4,3,2)) U E4((2,4,3,5)). (S.6)

The representatives of the equivalence classes in (S.6) are obtained by adding
1 to the values of the representatives of the equivalence classes in (S.5). In
all vectors in the equivalence classes in (S.5), 2 and 3 are direct neighbours
(possibly in the cyclic sense), which means

neither of 1 and 4 is lying between 2 and 3
or both of 1 and 4 are lying between 2 and 3. (5.7)

In all vectors in the equivalence classes in (S.6), 3 and 4 are direct neighbours
(again possibly in the cyclic sense), which means

neither of 2 and 5 is lying between 3 and 4
or both of 2 and 5 are lying between 3 and 4. (S.8)

Hence for 2,3,4 we have only the following two possibilities of ordering:
“2,3,47, “4,3,27 (5.9)

where “2,3,4” means “2 before 3 and 3 before 4” and “4,3,2” means “4 before
3 and 3 before 2”. If we fix the order as “2,3,4”, then we have the following
possibilities for the location of 1 and 5 retaining the ordering “2,3,4” and
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satisfying (S.7) and (S.8):

For 1:
1 appears before 2, or equivalently after 4, (S.10)
1 appears between 3 and 4. (S.11)
For 5:
5 appears before 2, or equivalently after 4, (S.12)
5 appears between 2 and 3. (5.13)

The possibilities (S.10) and (S.11) can be combined arbitrarily with the pos-
sibilities (S.12) and (S.13), so that there are 4 combinations. In the combina-
tion (S.10)—(S.12), both 1 and 5 appear before 2 or equivalently after 4. Here
we have two possible orders: “1 before 57 and “5 before 1”. Hence, there are
2-2+ 1 = 5 locations of 1 and 5 retaining the ordering “2,3,4” and satisfy-
ing (S.7) and (S.8). The same number of possible locations of 1 and 5 holds
also for the other order “4,3,2” in (S.9). This leads to 2 - 5 representatives
mrp € I1(1,2,...,5) and thus 2 - 5 equivalent classes E5(m,p) with representa-
tives 7y, satisfying (S.4). Since every equivalence class F5(m,p) has 5 elements,
we get

$(I10) = 5-2- 5 = 50.
Property (S.3) yields here
11
25 5!
for any m € II(1,2,...,5). The rest of the proof follows as in the proof of
Theorem 2 (b): Lemma S.3 provides for any (rq,r9,73,74,75) € As(mw) with

7 € IIY that exactly to vectors (si,sd,si, sk, si) and (s%,s3,53,%,s%) =
—(s1, 83, 85,54, s1) exist so that

P(R1:R2,Rs, Ry, Rs) (As(m)) =

i i i i i i i i i
02 € S(s]71,8519,851r3) N S(s4 19,853,585 14) N S(85 73,84 74, SET5)
for ¢ = 1,2. Hence

E(Il{02 (S S(Sl 1, Sg T2, 53 7“3) N S(SQ ro, Sg rs, 54 7“4) n S(Sg T3, 54 T4, 55 7“5)})
2 1

= ]P(Sl 52.53,54, SS)({(5175%73378L35) (S%a 8375378273%)}) = ﬁ = 277

so that
(1{02 S S(Rl,RQ, Rg) N S(RQ, Rg, R4) N S(Rg, R4,R5)})

= 25 Z / 27d]P RI’RZ’R&RMRS)((TMT%r37r4vr5))
mell ()

— ﬁ 95 Z P(R17R27R37R4,R5)(A5(W))
well?
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2 25-2-5 5
=295.5.2.5. - =2 = =
25 550 25 5l 2412

The proof is finished. o

Alternative proof of Theorem 2 (d). As in the proofs of Theorem 2 (b)
and (c), the main step is to determine the cardinality of IIQ, which is the set
of all m € II(1,2,...,6) so that for

(r1,72,73,74,75,76) € Ag(T) two vectors (s1, 82, 53, 54, 85, 56) € {—1,1}°
exist with (S5.14)
02 € S(s171,5272,5373) N S(8272,5373,5474)
NS(s373,8474,5575) N S(8474,5575,5676)-
Again, we have to determine the number of equivalence classes Eg(m,p,) C

II(1,2,...,6) with representatives m,, satisfying (S.14). This means that
(ri,re,r3,74,75,76) € Ag(mrp) simultaneously satisfies

02 € S(s171,8272,5373) N S(5272,5373,5474),
02 € S(s272,8373,5474) N S(8373,5474,5575),

02 € S(s373,8474,5575) N S(8474,5575,5676),

for some (s1, s2, 83, 84, 85, 86) € {—1,1}°. Analogously, as in the proof of The-
orem 2 (c), this implies that

neither of 1 and 4 is lying between 2 and 3

or both of 1 and 4 are lying between 2 and 3, (S.15)
neither of 2 and 5 is lying between 3 and 4

or both of 2 and 5 are lying between 3 and 4, (5.16)
neither of 3 and 6 is lying between 4 and 5

or both of 3 and 6 are lying between 4 and 5. (5.17)

Hence for 2,3,4,5 we have only the following possibilities of ordering:

“ 3.4, 5", “5 4,3 2" (S.18)
“ 5347 “4,3 5 2" (S.19)

Note that the first orderings in (S.18) as well as in (S.19) are the reverse
orderings of the second ones in (S.18) and (S.19), respectively. Moreover, the
ordering “2,5,3,4” of the first ordering in (S.19) will lead to the same equivalence
class as “3,4,2,5”.

If we fix the order as “2,3,4,5”, then we have the following possibilities for
the location of 1 and 6 retaining the ordering “2,3,4,5” and satisfying (S.15),
(S.16), (S.17):

For 1:

1 appears before 2, or equivalently after 5, (S.20)
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1 appears between 3 and 4, (S.21)

1 appears between 4 and 5. (5.22)
For 6:

6 appears before 2, or equivalently after 5, (S5.23)

6 appears between 2 and 3, (S.24)

6 appears between 3 and 4. (S5.25)

The possibilities (S.20), (S.21), and (S.22) can be combined arbitrarily with
the possibilities (S.23), (S.24), and (S.25), so that there are 3 -3 combinations.
In the combination (S.20)—(S.23), both 1 and 6 appear before 2 or equivalently
after 5. Additionally, in the combination (S.21)—(S.25), both 1 and 6 appear
between 3 and 4. In both cases, we have two possible orders: “1 before 6” and “6
before 1”7 so that we have to add 2 to 3-3. Hence there are 3-34+2 = 11 locations
of 1 and 6 retaining the ordering “2,3,4,5” and satisfying (S.15), (S.16), (S.17).
The same number of possible locations of 1 and 6 also holds for the other order
“5,4,3,2” in (S.18). This leads to 2- 11 combinations for the orderings in (S.18).

If we fix the order as “2,5,3,4”, then we have the following possibilities for
the location of 1 and 6 retaining the ordering “2,5,3,4” and satisfying (S.15),
(S.16), (S.17):

For 1:
1 appears before 2, or equivalently after 4, (S5.26)
1 appears between 3 and 4. (S.27)

For 6:
6 appears between 5 and 3, (S5.28)
6 appears between 3 and 4. (5.29)

The possibilities (S.26) and (S.27) can be combined arbitrarily with the pos-
sibilities (S.28) and (S.29), so that there are 2 - 2 combinations. In the combi-
nation (S.27)—(S.29), both 1 and 6 appear between 3 and 4. Hence, there are
2:241 = 5 locations of 1 and 6 retaining the ordering “2,5,3,4” and satisfying
(S.15), (S.16), (S.17). The same number of possible locations of 1 and 6 holds
also for the other order “4,3,5,2” in (S.19). This leads to 2 -5 combinations for
the orderings in (S.19).

All together, this leads to 211 +2-5 = 2. 16 = 32 representatives m,, €
II(1,2,...,6) and thus 32 equivalent classes Es(m,,) with representatives m,,
satisfying (S.14). Since every equivalence class Eg(m,p) has 6 elements, we get

H(I10) =6 (2-11+2-5) =6-32 = 192.
As in the proof of Theorem 2 (c), we obtain

E(1{02 € S(R1, Ra, R3) N S(Ra, R3, R4) N S(R3, R4, R5) N S(R4, Rs, Re)})
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-y
Tl Ag (7

2
SR IR CHC)

mell

2
Ri,R2,R3,R4,R5,R
ﬁdp( 1,712,085 004 6)((7"17’/“2,7“3,7“4,7“5,7”6))
)

2 11 1 6-32 1 4
= =96.6.(2.-114+2-5) - —— = — e
26 6-( +2-9) 266! 25 6! 25 15

O
With the methods used above, a special case of Theorem 2 (f) can be
proved as well. This special case is given in the follwoing lemma.
Lemma S.4 The random variables
11{02 S S(Rl, Ry, R3) n S(R27 Rs, R4)} and 11{02 € S(R4, Rs, RG) n S(R5, Rg, R7)}

are stochastically independent.

Proof. Since the random variables are indicator functions, we have only to
show

E(1{05 € S(Ry, Ry, R3) NS(Rs, R3, Ry)}
- 1{05 € S(R4, Rs, R¢) N S(Rs, Rg, R7)})
= E(1{0 € S(Ry, Ra, R3) N S(Ra, Rs, Ry)})
- E(1{05 € S(R4, Rs, Rg) NS(Rs, Rg, R7)})

where the last equality follows from Theorem 2 (b). As in the first proof of
Theorem 2 (b), the main step is to determine the cardinality of IT9, which is
the set of all # € IT(1,2,...,7) so that for

(r1,79,...,77) € A7(T) two vectors (s, s2,...,s7) € {—1,1}7
exists with (S.30)
02 € S(s171,8272,8373) N S(8272,5373,8474)

and Og € S(s474,8575,8676) N S(s575, 8676, S777).
This problem reduces to the problem of determining the number of equivalence
classes B (myp) C II(1,2,...,7) with representatives m,, satisfying (S.30). This
means that (r1,72,...,77) € Az(m,,) simultaneously satisfies
02 € S(s171,5272,5373) N S(s272,5373,8474)

and

02 € S(s474,5575,5676) N S(8575, 5676, 5777)
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for some (s1,82,...,87) € {—1,1}". According to Lemma S.3, the components
of 7., which concern 1,2, 3,4 must have an order as in

E4((1,2,3,4)) U E4((4,2,3,1)) U E4((4,3,2,1)) U E4((1,3,2,4)). (S.31)

Analogously, the components of 7, which concern 4, 5, 6,7 must have an order
as in

E4((4,5,6,7) U E4((7,5,6,4)) U E4((7,6,5,4)) U E4((4,6,5,7)). (S.32)

The representatives of the equivalence classes in (S.32) are obtained by adding
3 to the values of the representatives of the equivalence classes in (S.31). Since
the component 4 is the shared component in (S.31) and (S.32), all permutations
in (S.31) can be combined with all combinations in (S.32). However, they
provide different merging possibilities. While (1,2,3,4) and (4,6, 5, 7) only can
be merged to (1,2,3,4,6,5,7), there are the following merging possibilities, for
example, of (3,2,4,1) € E4((1,3,2,4)) and (6,4,5,7) € E4((7,5,6,4)):

(6,3,2,4,1,5,7),(3,6,2,4,1,5,7), (3,2,6,4,1,5,7), (S.33)
(6,3,2,4,5,1,7),(3,6,2,4,5,1,7), (3,2,6,4,5,1,7),
(6,3,2,4,5,7,1),(3,6,2,4,5,7,1),(3,2,6,4,5,7,1).

In this example, component 4 is at the third position of the element (3,2,4,1)
of class (S.31) and at the second position of the element (6,4,5,7) of (S.32)
so that the components 3,2,6 should be at the 3 positions before 4 and the
components 1,5,7 at the 3 positions after 4. There are (3) positions for 3,2 for
coming with 6 before 4 and (i’) positions for 1 for coming with 5,7 after 4.
This provides the 3 -3 permutations given in (S.33).

In each of the equivalence classes in (S.31) and (S.32), the component 4
can be at first, second, third or fourth position. Hence there are 4 - 4 different
merging situations, which are given in Table S.1.

Since each of the equivalence classes has 4 elements, the number of all possible
permutations is given by

BII7) = (4-4)- (4-5-7)
so that, as in the proofs of Theorem 2 (c) and (d), we obtain

IE(]I{OQ S S(R1, RQ, R3) N S(RQ, R3, R4)}
. ]1{02 S S(R4, Rs, RG) n S(Rg;, Rg, R7)})
2 11 14-4-4 1 4-4 1 1
=2 927(44.45.7) o= 2o
27 ( ) 2071 260 416 266-6 12 12
O
Alternative proof of Lemma S.4. The number of possible permutations
#(I19) can also be obtained as in the proofs of Theorem 2 (c) and (d). However,
this proof is lengthier than the above proof.
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Table S.1 Merging situations of the equivalence classes in (S.31) and (S.32).

Position of 4 in
class (S.31) | class (S.32) Number of mergings
1 1 6 = 20
1 2 () = 10
1 3 () - 1
1 4 1=
2 1 -G =110= 10
2 > | @) (B=26= 12
2 3 () () =3-3=
2 1 G=aa=
3 ol em=ras
3 2 | ©-@=33=
3 5 | @-Q=62= 12
3 4 G)-(G)=101= 10
4 1 1= 1
4 2 () = 4
4 3 () = 10
4 4 6 = 20
Sum 4-35=4-5-7
To determine the number of equivalence classes Er () C I1(1,2,...,7)
with representatives 7., satisfying (S.30) means that any (ri,72,...,77) €

A7 (m,p) simultaneously satisfies

02 € S(s171,8272,837r3) N S(s272,8373,8474)
and

02 € S(s474,8575,8676) N S(s575, 676, S777)

for some (s1,82,...,57) € {—1,1}". Analogously, as in the proof of Theo-
rem 2 (c¢) and (d), this implies that

neither of 1 and 4 is lying between 2 and 3

or both of 1 and 4 are lying between 2 and 3, (S.34)
neither of 4 and 7 is lying between 5 and 6
or both of 4 and 7 are lying between 5 and 6. (S.35)

To determine all representatives 7, satisfying (S.30), we consider the following
equivalence classes E7(m,p)

Class “2,3,5,6” : 2before 3, 5before6 : 4 is not lying between 2 and 3,
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4 is not lying between 5 and 6.
Class “3,2,5,6” : 3before2, 5before6 : 4 is not lying between 3 and 2,
4 is not lying between 5 and 6.
Class “2,3,6,5” : 2before 3, 6beforeb : 4 is not lying between 2 and 3,
4 is not lying between 6 and 5.
Class “3,2,6,5” : 3before2, 6before5: 4 is not lying between 3 and 2,
4 is not lying between 6 and 5.
We consider first Class “2,3,5,6”. This class has the following 6 subclasses
given by
“2,3,4,5,67; “4,2,3,5,67; “4,2,5,3,67;
“4,5,2,6,3”; “4,2,5,6,37; “4,5,2,3,6”.

For each of these subclasses, we determine now how many positions of 1 and
7 in a representative ., are possible so that (S.34) and (S.35) are satisfied.

1. Class “2,3,4,5,6”

For 1:
1 appears before 2, equivalently after 6, (S.36)
1 appears between 3 and 4, (S5.37)
1 appears between 4 and 5, (S.38)
1 appears between 5 and 6. (S.39)
For T7:
7 appears before 2, equivalently after 6, (S.40)
7 appears between 2 and 3, (S.41)
7 appears between 3 and 4, (S.42)
7 appears between 4 and 5. (S.43)

Since two orders of 1 and 7 are possible in the combinations (S.36)—(S.40),
(S.37)—(S.42), (S.38)—(S.43), this leads to 4-4 + 3 = 19 combinations and thus
19 different representatives 7.

2. Class “4,2,3,5,6”

For 1:
1 appears before 4, equivalently after 6, (S.44)
1 appears between 4 and 2, (S.45)
1 appears between 3 and 5, (S.46)
1 appears between 5 and 6. (S.47)
For 7:

7 appears before 4, equivalently after 6, (S.48)
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7 appears between 4 and 2, (S.49)
7 appears between 2 and 3, (S.50)
7 appears between 3 and 5. (8.51)

Since two orders of 1 and 7 are possible in the combinations (S.44)—(S.48),
(S.45)—-(S.49), (S.46)—(S.51), this leads to 4 -4+ 3 = 19 combinations and thus
19 different representatives 7.

3. Class “4,2,5,3,6”

For 1:
1 appears before 4, equivalently after 6, (S.52)
1 appears between 4 and 2, (S.53)
1 appears between 3 and 6. (S.54)
For 7:
7 appears before 4, equivalently after 6, (S.55)
7 appears between 4 and 2, (S.56)
7 appears between 2 and 5. (S.57)

Since two orders of 1 and 7 are possible in the combinations (S.52)—(S.55),
(S.53)—(S.56), this leads to 3 -3 4+ 2 = 11 combinations and thus 11 different
representatives ;..

4. Class ‘“4,5,2,6,3”
Analogously as for the third class “4,2,5,3,6”, there are 11 different represen-
tatives ..

5. Class “4,2,5,6,3”

For 1:
1 appears before 4, equivalently after 3, (S.58)
1 appears between 4 and 2. (S5.59)
For 7:
7 appears before 4, equivalently after 6, (5.60)
7 appears between 4 and 2, (S.61)

7 appears between 2 and 5,

7 appears between 6 and 3.

Since two orders of 1 and 7 are possible in the combinations (S.58)—(S.60),
(S.59)—(S.61), this leads to 2 -4 + 2 = 10 combinations and thus 10 different
representatives ;..

6. Class “4,5,2,3,6”
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Analogously as for the fifth class “4,2,5,6,3”, there are 10 different representa-
tives 7).

Note, if we allowed 4 to lie between 2 and 3, then according to (S.34) the
element 1 would also have to lie between 2 and 3 so that for example we would
have (2,1,4,3,5,6,7). However, (2,1,4,3,5,6,7) is a member of the equiva-
lence class A7((1,4,3,5,6,7,2)) which is included in the class “4,3,5,6,2” which
is a subclass of “3,2,5,6”.

Hence, in the class “2,3,5,6”, there are 19 +19 + 11 + 11 4+ 104+ 10 = 80
different representatives 7., and thus 80 different equivalence classes A7(m,p).
The same holds for the classes “3,2,5,6”, “2,3,6,5”, “3,2,6,5” so that altogether
there are 4 - 80 different equivalence classes Az (m,,) where m,,, satisfies (S.30).
Since each equivalence class has 7 members, we get

B(IT0) =4-80-7=(4-4)-(4-5-7)

as in the first proof of Theorem 2 (e). O

S.3 Application of bivariate simplex depth to testing

Using Theorems 3 and 4, we consider the following standardized versions of
the bivariate simplex depths:

df(ri,...,rn) —
Tis(’rl,...’TN):: N —2 1(171 ,1]:]) 47
1°\V3
dsrl...'f'N _ 1
Ty (r1,...,rn) = VN =3 A 71 , 165)) 2,
12 "\ 10

TE(r,...,rn) =N

1
T (ry,...,rn) = N (dg(rl,...,rN)— )
Set now
q?@(a) is a — quantile of {T7(RY,...,RR%), m=1,...,M}

fori=1,2and j = S, F when R}, ..., R} satisfy the assumptions (A1)—(As).
Then the tests

reject Hy if sup T7(Ry(0),..., Ry (0)) < q~f\;(a)
0€6g

with ¢ = 1,2 and j = S, F' are approximate a-level tests for

Hy:60 €6y against Hy:0 € ©1 =6\ 6.
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Table S.2 Simulated 5%-quantiles of the bivariate K-simplex depths and their standardized
forms for K = 1,2, where always 10° simulations runs were used.

Depth N =30 N =100 Asymptotic value
df 0.1071429 0.17346939
ds <0 0.03092784
Tls -1.579084 -1.582605 -1.644854
Ty <-1.263975 | -1.506609 -1.644854

dl" | 0.20689655 | 0.23755102
d¥ | 0.06236088 | 0.07747859
TF | -1.2931034 | -1.2448980
Tf -0.6291735 | -0.5854739

Table S.2 provides simulated quantiles for N = 30 and N = 100. For
N = 30, note that the simplified depths attain at most 28 and 27 values, re-
spectively. In particular, the smallest possible value of the simplified 2-simplex
depth has a probability under Hy which is greater than o = 0.05. This is the
reason why we write < 0 and < —1.263975 in Table S.2 which means that we
can never reject the null hypothesis. To avoid this situation, we also consider
randomized tests in the simulation study below. In this case, we assume a
one-point hypothesis Hy : 8§ = 6. Then the randomized tests are given by

reject Hy with probability 1 if dy(R1(6o),. .., Rx(60)) < c¥(a)
and (S5.62)
reject Hy with probability v% () if d3-(R1(6o),. .., Rn(60)) = cx(a),
where ¥ () is the largest value with P(d3 (R1(0o), - .., Rn(00)) < X (a)) < a
and
o — ]P)(d}q((Rl(go), R ,RN(Q())) < CIA([(O())
P(d% (R1(6o), - - -, Rn(60)) = e (@)
for K = 1,2. The values c¥(«) and v¥ () are given in Table S.3. They were
simulated with 10° simulation runs. In the simulation study in Section 7 of
the main paper, the tests based on the simplified simplex depths are always

used in their randomized test version. We compare them with corresponding
tests based on the component univariate depths.

i (@) =

S.4 Application of bivariate component depth to testing

We consider the same testing problem as in Section 4 and now use the bivariate
component depth notions. For larger sample sizes, it is again useful to use
standardized versions of the depths which are converging in distribution.
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Table S.3 Simulated values of ¢} (a) and v¥ (@) for & = 5% for the randomized tests
based on simplified K-simplex depths and their standardized forms for K = 1,2, where 106
simulation runs were used.

Depth | N | ¢¥(0.05) | v¥(0.05)
sy 30 0.107 0.488
75 | 100 | -1.583 0.385
ds 30 0 0.321
5 100 | -1.507 0.511

Kustosz et al. (2016b) derived the asymptotic distribution of the simplified
(K + 1)-sign depth applied to univariate residuals Ry 1,..., Ry satisfying
P(R,1 > 0) =1 =P(R,,1 <0) forn=1,...,N. This is given by

445 (Ryq,...,Rna) — ()

N-K
VBB @)K -3 (1)K

— N(0,1).

In particular for K = 1, the denominator of the standardized depth is the
square root of

B -6 - ()] 223

and for K = 2, it is

DN (YT g g (1Y g, 3]s

2 2 2 4 4] 44
Transferring this result to the simplified component depth of bivariate residuals
r1=(r11,712)",...,7n = (rn1,7n2)" € R? provides the following standard-

ized versions of the simplified component depths (note that the (K + 1)-sign
depth d%?,, is equivalent to a univariate K-simplex depth d3)

dS(rq.....rn) — %
TfS(T17~-~,7"N) —JN_-1 2 (r1, 1, N) 5
2
dys(r RN 4 _ 1
=VN-1 min 57 (11, laN,z) .
i=1, i
ds(’rl .. TN)—l
TcS(?“l7 ,rN) = VN =2 2 e L
2 i\/g
s (r iseeos "N 1
— N -2 min 3 (1,2 N,z) 3
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Moreover, Malcherczyk et al. (2021) derived the asymptotic distribution of the
standardized versions of the univariate full K-sign depth statistics. Transfer-
ring this result to the full component depth as above provides the following
standardized versions of the full component depths

1
TfF(rl,...,rN) =N <d‘{F(T1,...,rN)),

TQCF(rl,...,rN) =N <d§F(7‘1,...,rN)—>.

Hence, the tests for residuals Ri(0) = (R11(0), R12(0))7,...,Rn(0) =
(Rn1(0), Rn2(0))T € R? based on the component depths are given as
reject Hy if sup d%(Rl(H), ..., RNn(0)) < q%yj’c ()
0€By
or

reject Hy if sup Tf(j (R1(0),...,RNn(0)) < @%’j’c ()
0€6g

for K =1,2 and j = S, F. Here q%’j’c(a) and c?%’j’c(a) are the a-quantiles of
the simulated values of {dZ(Ry,...,R%), m = 1,....,M} and
{T;{]( T RR), m=1,..., M}, respectively, for K = 1,2 and j = S, F,
when RY,..., R} satisfy the assumptions (A;)—(As).

We use again the depth statistics d% only for small samples sizes and
the standardized depth statistics Tf(j for samples sizes from N = 100. The
simulated quantiles are given in Table S.4.

We could also apply two tests based on univariate sign depth using Bon-
ferroni adjustment. Then the tests would be

reject Hy if min sup d“KjH(RLZ-(Q), ..., Rni(0)) < qﬁju (E)
i=1,2 0cO, 7 2

or
reject Hy if min sup T3, (R1,i(6),..., Rni(0)) < 4K ju (g)
1=1,2 0cO, 2
for K = 1,2 and j = S, F' where q%j,u(a) and aﬁ7j7u(a) are the a-quantiles
of the simulated values of e.g. {d}?H( U 7R%,1)7 m = 1,...,M} and
{Tlu(j%l(Ri’fl, o, R% ), m=1,..., M}, respectively.

Table S.4 shows that the critical values of tests based on a component
depth are only slightly larger than critical values of the two univariate tests
with Bonferroni adjustment so that a difference is only visible for the full
component 2-depth for N = 100. Hence, the power of the component depth
tests should behave very similarly.

The simplified component depths have the same problem of too few differ-
ent values as the simplified simplex depths so that we use again the randomized

tests based on simplified component depth given by (S.62) where the values
of ¢¥(0.05) and & (0.05) are given in Table S.5.
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Table S.4 Simulated 5%-quantiles of the bivariate component K-depths and their stan-
dardized forms and simulated 2.5%-quantiles and 5%-quantiles of the univariate (K +1)-sign
depth and their standardized forms, always for K = 1,2, where 10 simulation runs were
used.

5%-quantile 2.5%-quantile 5%-quantile
Depth N =30 N =100 Depth N =30 N =100 N =30 N =100

d‘is 0.3103448 | 0.4040404 dgs 0.3103448 | 0.4040404 | 0.3448276 | 0.4141414
dgs 0.07142857 | 0.1428571 dé‘s 0.07142857 | 0.1428571 | 0.1071429 | 0.1632653
Tfs -2.042649 -1.909572 TZ“S -2.042649 -1.909572 | -1.671258 | -1.708564
TQCS -1.690309 -1.897367 T;S -1.690309 -1.897367 | -1.352247 | -1.535963

dst’ 0.4344828 | 0.4806061 dyF 0.4344828 | 0.4806061 | 0.4597701 | 0.4848485
dEF 0.1931034 | 0.2334694 dé‘F 0.1931034 | 0.2333828 | 0.2068966 | 0.2376129
TeF -1.965517 -1.939394 TR -1.965517 -1.939394 | -1.206897 | -1.515152
T5F -1.706897 -1.653061 T;’F -1.706897 -1.661719 | -1.293103 | -1.238714

Table S.5 Simulated values of ¥ (a) and v¥ (@) for a = 5% for the randomized tests
based on simplified component K-depths and their standardized forms for K = 1,2, where
108 simulations were used.

Depth | N X (0.05) & (0.05)

ds® 30 | 0.3103448 | 0.7148256
¢S | 100 | -1.909572 | 0.2678937
dg® 30 | 0.07142857 | 0.3287176
TsS | 100 | -1.897367 | 0.7799312

S.5 Explanation of the simulation results for the regression models

First, note that we have Y,, = R, for Hy : § = 0. For calculating expected
depth values under H;, we assume that the variance is so small or @ is so
large that the second component Y, 5 is always negative on [—1,0) and al-
ways positive on (0, 1] for the linear regression under H;. Similarly, we assume
that Y,, o is always positive on [—1,—1/3) and (1/3, 1] and always negative on
(—1/3,1/3) under H; for the first quadratic regression model and that Y}, o is
always positive on [—1,—1/2) and (1/2,1] and always negative on (—1/2,1/2)
under H; for the second quadratic regression model. Of course, this strict be-
haviour of signs of Y;, » is not always satisfied in the simulations. However,
this assumption leads to approximate expected depth values under H; in the
calculations below.

If Yy, .2, Yn, 2, Yo, 2 are all positive or all negative, then it is not possi-
ble that 1{02 € S(Rn,, Rn,, Rns)} = 1{02 € S(Y,,,Yn,, Yn,)} = 1 holds.
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Hence Yy, 2,Y,, 2, Y, o must have different signs. This also means that 1{0; €
S(Yn,, Yn,, Yo,) NS(Ya,, Yn,, Yn,)} = 1 can only hold if Y}, 2,Y5, 2,Y,, 2 as
well as Yy, 2, Yn, 2, Yy, 2 have different signs. The number of these cases for
the models is calculated below.

However, first we calculate the conditional probabilities of
1{02 € S(Yn,, Y0y, Yns)} = 1 and 1{02 € S(Ya,, Ynys Yoo ) NS(Yay, Yoo, Yau )} =
1 when the signs of Yy, 2,Ys, 2, Yn, 2, Vs, 2 are given. I.e. we calculate the
probabilities that appropriate first components Y, 1, Yn,,1, Yns.1, Yn, 1 can be
found when the signs if Y;,, 2, Yy, 2, Y, 2, Yo, 2 are given.

For simplicity, we consider Y7, Y5,Y3 and let S; be the event that 1{0; €
S(Y1,Y2,Y3)} = 1 is satisfied. Similarly, let Sy be the event that 1{0; €
S(Ya,Y3,Ys)} =1 is satisfied. Define also

Y= {113\ {(-1,-1,-1)7, (+1,+1,+1)7},
Y= {(-1,41,-1,-1)7 (=1,-1,+1,-1)",
(+1, =1, +1,4+1)7, (+1,+1, —1,+1) "},
Yy = {(=1,41,+1, =17, (+1,-1,-1,+1)"},
Yy = {(—=1,-1,4+1,+D)7 (+1,+1,-1,-1)T

)}
= {(-1, 41, 1,417, (+1,-1,+1,-1)T}

sign (Y12, Y22, Ya2, Ya2) := (sign (Y1,2) ,sign (Y2,2) ,sign (Ya 2) , sign (Ya2)) ",
and sign (Y7 2, Y2 2, Y3 o) analogously.
Lemma S.5

(a) P(Sy |sign(Yi2,Y22,Y32) =5) =7 forse X,

Wl =

(b) P(S1 NSy |sign(Yi,2,Y22,Y32,Ya0

~

:s):éforseEl,
(c) P(S1 NSy |sign(Y12,Y22,Y32,Ys2) =5)= é for s € X,
(d) P(S1 NSz |sign(Yi,2,Y22,Y32,Yi0)=3)= % for s € Xs,
(e) P(S1 NSy |sign (Yo, Yoo, Y32,Yi0)=5)= % for s € X,.

All other conditional probabilities are zero.

Note also that the conditional probabilities of S; N Sy depend only on
whether Y7 2 and Y, 2 have different signs or not: if Y7 5 and Y, o have the
same sign, then the conditional probabilities are é, and if the signs differ, then
the conditional probabilities are %

Proof of Lemma S.5. We use again the normalized angles A, :=
a(Ry/||IRu|l) = a(Yn/||Ynl]). Since the signs of the second component are

given, we have A, € (0,3) if and only if sign (Y, 2) = +1 and 4, € (3,1)
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if and only if sign (Y}, 2) = —1. We know from Lemma 3 that P(S;) does not
depend on the distribution of the normalized angles. Therefore, we can assume
that the normalized A,, have a uniform distribution on [0, 1].

Part (a). Consider first s = (—1,+1,+1)" and note that the uniform distri-
bution of A, on [0,1] and the independence of Ay, Ao, and Az provides

(e Cofe (Do foe G - ()2

Lemma 2 (a) provides

P(S; | sign (Y1,2,Y22,Y32) =) =P(S1|Y12 <0,Y22 > 0,Y35 > 0)

= P(S1|A1€ (;al>7142€ <031>7A3€ <Oa;)>

P(S1n{Aie (3, 1)}n{4 € (0,)}n{4s€(0,2)})
P({4; € (3, 1)} n{4; € (0,1)1n{45 € (0,1)})

8'/2/2P(510{A1€ (;,1)}‘AQZGQ,A3:G3> dagdag

L. 2 ( 1 .
: / / min a27a3)+2 < Ay <maX(a27a3)+§ dasdas
as %
= 8 / / (ag—ag)da2+/ (ag —a3) das| das
o [Jo as
I 1 a: 1 1
= & /0 _(a3a2 - §a%) 03 + (5‘13 — azaz) jj das

[ 1 1 1 1
= s [ ek - et aa

= 8- / a§;a3+é} dag
= 8- |:CL3 3+1a3]

3 22 8
_ 8~{11 11 11] 1

o

o

[N

—_

0

38 11132

=3
Because of symmetry, the assertion also holds for all other s € X.

Part (b). Consider first s = (+1,+1,—1,+1)T € X and note that the con-
dition Y12 > 0,Y59 > 0,Y32 < 0,Ys2 > 0 is equivalent to the condition
Al € (0,%) LAy € (O,%) LAz € (%,1) LAy € (0, 2) We will condition on
Ay =as € (O, %) and A3 = a3 € (%, 1) so that we have conditional indepen-
dence. Then as < ag. If

|a2 — CL3| =az —as > = (863)

27
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then Lemma 2 (¢) provides that the conditional event S1 NSy given Ay = as €
(0,%) and A3 = as € (3,1) only holds if

)2

1 1 1 1
a3—§<A1<a2+§7a3—§<A4<a2+§~ (864)

Since we additionally condition on A; € (0, %) JAy € (0, %), the upper bounds
in (S.64) reduce to 3 so that (S.63) and (S.64) reduce to

1 1 1 1 1
a2<a3—§,a3—§<A1<§,a3—§<A4<§. (865)
If
1
laz —as| = as —az < 3, (S.66)

then Lemma 2 (d) provides that the conditional event S1 NSy given Ay = as €
(O, %) and A3 = a3 € (%, 1) only holds if

1 1
O§A1<a3—§,a2+§<A1§1, (867)
1 1
O§A4<a3—§, a2+§<A4§1.

Since we additionally condition on 4; € (0,3),A44 € (0,3), the conditions

as +% < A; <1anday +% < A4 <1 are not possible here so that (S.66) and
(S.67) reduce to

1 1 1
a2>a3—§,O§A1<a3—§,0§A4<a3—§. (868)

Similarly as in Case (a), we get with the conditional independence of S; N
{A1 € (0, %)} and Sy N {A4 € (0, %)} given Ay = ag, Az = ag that

P(S1 NSy | sign (Yi,2,Y22,Y39,Ys2) =5)
= ]P(Sl n SQ‘YLQ >0, Y272 > 0,Y372 <0, }/21,2 > O)

1 1 1 1
= ]P)<51052|A1 S (072) ,Ag € (072> LAz € (2,1> AL € (072>>

]P)(Sl ﬂSgﬂ{Al S (0,%)}0{142 S (O,%)}H{Ag S (%,1)}Q{A4 S (O,%)})

P({4i€ (0. )n{A € (0, )} n{4s € (5, 1)} n{4s € (0,1)})

_ 16./;/0é1p<smszm{Ale (07;>}ﬂ{144€ (OD}

‘AQ = CLQ,Ag = ag) dagdag

= 16/ / P <51 n {Al € (0,2>} ’AQ :ag,Ag _ag)
3z Jo
1
P (Sg N {A4 € (0,2>} ‘AQ = a9, A3 = ag) dasdas
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1
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The assertion for other s € X follows by symmetry and by interchanging the
role of Y5 5 and Y3 5 or Ay and As, respectively.

Part (c). Consider first s = (+1,—1,—1,+1)T € X,. Here the condition
Yio > 0,Y25 < 0,39 < 0,Ys2 > 0 is equivalent to the condition 4; €
(0, %) VA € (%, 1) , Az € (%7 1) LAy € (0, %) We will condition on As = ay €
(%, 1) and A3 = a3 € (%, 1) so that we have conditional independence. Here
we are in the situation of Lemma 2 (b) so that we get similar as in Part (b)

P(S1 NSy | sign (Y12, Y2,2,Y32,Ys2) = 5)
= P(Sl n SQ|Y172 > 0, Y2,2 < O,Yg,g <0, Y472 > 0)

1 1 1 1
P(SlﬂSﬂAl S <0,2> ,Ag € <2,1) LAz € (271) LAy € (0,2>>
1 1 1 1
o[ [e(smsinfae (02) e (1]

}AQ = ag,Ag = ag) dCLQ da3

1 1 1
= 16~/ / P(Slﬁ{Ale (0,2>}‘A2:a2,A3:a3)
1
]P)(SQQ{A4€ (()72)}‘/12:(12,143:(13) dagdag
L.2(b ! a3
:()16/ [/ P(ag—;<A1<a3—;>

1 1
-P(a2—2<A4<a3—2) das

! 1 1
+/P<a3—§A1<a2—>
as 2 2

1 1
-P<a3—2§A4<a2—2) dCLQ:l da3

-

1 as 1
/ (CLg — (12)2 dCLQ +/ (CL2 — CL3)2 dGQ] dag

1
3 3

1[ 1
= 16 - / (a3 - a2)2 da2‘| da3
1

2

2

[ 1 1
(agag — 2a3§a§ + Sag)

1r
1 1 1 11
<a§a3+3) - (0320344’38)] dag

= 16

1
2

1
] d(lg

1[ 1
= 16./ / (a§—2a3a2+a§) dagl das
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1
1, 3 1 11
= 16- —a2 - = ————|d
/5[2"3 173 38} “
11, 31 1 11 1
= 16- |=2a3 — 2242 - _ -z
0-|33% ~13% (3 38) ai”} 1
_ e i1 111 11131 1 11y1
- 12378 3 38 \238 84 \3 38)2
_ g (ri_ 3,1 _ 11 111 31 11 111
- 12378 '3 38 238 84 32 382
3 1 11 31
= 1 . —_—— —_— — —— —_—
0178737 33 84]
—36+32—4+9 —40+41 1
—  16- =16 =
0 183 0783 ~ 6

The assertion for the other s € X5 follows by symmetry.

Part (d). Consider first s = (+1,4+1,—1,—1)T € X3. Here the condition
Yig > 0,Ya2 > 0,32 < 0,Ys2 < 0 is equivalent to the condition A; €
(0,4),42 € (0,3),A43 € (3,1), 44 € (3,1). We will condition on Ay =a, €
(0,1) and A3 = a3 € (3,1) so that we have conditional independence. Then
as < ag. If

|CL2 — a3| =az —as > (869)

57
then Lemma 2 (c) provides that the conditional event S1 NS given Ay = ag €
(0,3) and A3 = as € (3,1) only holds if

)2

1 1 1 1
a3—§<A1<a2+§7a3—§<A4<a2+§. (S5.70)
Since we condition additionally on A; € (07 %) LAy € (%, 1), the upper bound
in (S.70) for A; as well as the lower bound in (S.70) for A reduce to % so that
(S.69) and (S.70) reduce to

1 1 1 1 1
_ = —_ <A —. - < A —. 71
as < as 2,@3 2< 1<2,2< 4<az+2 (S.71)
If
1
|a2 — CL3| =a3 —az < 57 (S72)

then Lemma 2 (d) provides that the conditional event S; NSy given Ay = as €
(O, %) and A3 = a3 € (%, 1) only holds if

1 1
0§A1<a3—§,a2+§<A1§1, <S73)

1
0<As<az— =

1
— <Ay <1
27a2+2< 4 >
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Since we condition additionally on A; € (O, %) LAy € (%, 1), the conditions
as +% <A <land 0< Ay < az— % are not possible here so that (S.72) and
(S.73) reduce to

1 1 1
a2>a3—§,O§A1<a3—§,a2—|—§<A4§1. (874)

Similarly as in Case (b), we get with the conditional independence of S; N
{A1 S (0, %)} and Sa N {A4 IS (O, %)} given As = ag, A3 = as

P(S1 NSy | sign (Y1,2,Y2,2,Y32,Ys2) = s)
= ]P)(Sl n SQ‘YLQ > 0, Y2,2 > 0,Y3,2 <0, Y;;yz < 0)

1 1 1 1
= = = -1
]P’(SlﬂSg|A1 S (0,2) ,Ag € (O,Q) LAz € (2,1> JAL € (2, ))
Lors 1 1
16// P<S1QSQQ{A1€(O,)}Q{A4€(,1>}
2 Jo 2 2
‘A2:a27A3:a3> dagdag
1,3 1
].6/ / ]P’(Slﬂ{Ale <0,2>}’A2:a27143:a3>
3z J0o
1
P<S2ﬂ{A4€ (2,1>}‘A2=a2,A3:a3) dagdag,
1 agf%
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The assertion for the other s € X5 follows by symmetry.



36 Christine H. Miiller et al.

Part (e). This assertion follows from Part (d) by interchanging the role of
Y52 and Y39 or Ay and As, respectively. O

Note that the proof of Lemma S.5 bases on the assumption that the nor-
malized angles A, have a uniform distribution on [0,1]. This might not be
satisfied under the alternatives considered below. However, it might be con-
sidered as a first approximation of what might happen under the alternatives
when signs of the second components are given.

Alternative proofs of Theorem 2 (a) and (b) using Lemma S.5.
(also for checking that Lemma S.5 is correct)

Part (a). There are 8 constellations of signs of Y7 2, Y22, Y3 2. Two of them,
namely + + + and — — —, lead to conditional probabilities which are zero.
With Lemma S.5 (a), we get

P(51)

=Y P(Sy | sign (Y12, Va2, Va2) = s) - P(sign (Y12, V2,2, V3 .2) = 9)

Part (b). There are 16 constellations of signs of Y7 2,Y22,Y52,Ys 2. Six of
them, namely + ++4++, - - ——, +++—, + — ——, — — —+, — + ++, lead
to conditional probabilities of S; NSz which are zero. Lemma S.5 (b) and (c)
provides

. 1
P(S1 N Salsign (Yi,2,Y22,Y32,Yi0) =5) = 5

for all s € X1 U X5. And Lemma S.5 (d) and (e) provides

. 1
P(S1 N Salsign (Yi,2,Y22,Y32,Ya0) =) = 12

for all s € Y5 U X,. Hence we get

P(Sl N SQ)

= Z P(S1 N Safsign (Y1,2, Y22, Y32, Ya2) = 5)
seX1UX

- P(sign (Y1,2, Y22, Y32, Ys2) = 5)

+ ) P(SinSyfsign (Y2, Vo, Ya2,Ya2) = 5)
seXsUXy

- P(sign (Y1,2,Y22,Y32,Ya2) = 5)
1 1 4 + 4 1 1 4 . 3 1 1 4 + 1 1 1 4
6 \2 12 \2/ 7 3 \2 3 \2
1

1
16 12

Wik O
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O

Linear regression before rotation. Here we assume that the first N/2 signs
of the second component Y, o are positive, and the last N/2 signs are negative
under the alternative.

For the bivariate full 1-simplex depth, only triples are counted with the
sign constellations + + — and + — — of the second component. The relative
number of these triples for each of these two cases is given by

1<N/2>.N_ 3-2. 8 (F-1)N _ N(N-2)-3 3N
2 NN-1)(N-22-2 8N-1)(N-2) 8N-1)

- _
(5)\ 2

Hence the relative amount of triples where Oy can be included in the simplex
is

,._ 3N __ 3N
8(N-1) 4(N-1)

This quantity must be multiplied with the probability that appropriate first
components Y,, 1 can be found, which is given by Lemma S.5 (a) as % So, we
expect approximately

1 - 1
3I(N—-1) 4WN-1) 1

simplices containing O under the alternative which converges with increasing
N to the expected number under Hy. We have

N {0.2586207 for N = 30,
A(N—1)  0.2525253 for N = 100.

This explains why we cannot reject Hy with the full 1-simplex depth.

For the bivariate full 2-simplex depth, only quadruples can be counted with

the sign constellations + + ——. The relative number of these quadruples is
given by
2
1 <N/2> (N/2> 1 (g (X - 1))
(NY ’ = N\ 9
(3)\ 2 27 () 2
4.3-2-N?(N —2)? N(N-2)-3

TNIN-)(N-2)(N—-3)-4-4-4 (N—-1)(N-3)-8

This quantity must be multiplied with the probability that appropriate first
components Y, 1 can be found which is given by Lemma S.5 (d) as 75 so that
we expect approximately

1 N(N-2)-3 N (N -2) N—oco

1 1
— = — =0.03125 < —
RN-D(N-3)-8 (N—_1)(N_3-32 32 003125 < 35
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pairs of simplices containing 0, under the alternative. We have

N (N —2) ~ {0.0335249 for N = 30,
(N—1)(N—3)-32  |0.0318911 for N = 100.

That is much less than the expected number of % under Hy. Note also that
the 5%-quantiles are 0.06236088 and 0.07747859 for N = 30 and N = 100,
respectively, according to Table S.2. Hence the chance for rejection of Hy is
high for N =30 and N = 100.

This explains the results in Figure 4.

Quadratic regression: first model. Here we assume that the first N/3 signs
of the second component Y, o are positive, the second N/3 signs are negative,
and the last N/3 are positive under the alternative.

For the bivariate full 1-simplex depth, only triples are counted with the sign
constellations ++—, +——, ——+, —++, and + — + of the second component.
The relative number of these triples for each of the first four constellations is
given by

(03] 3 (%)
B 3-2.N(N-3)N B (N-3)N
 N(N-1)(N-2)-3-3-2:3 (N—-1)(N-2)-9

1 (N2/3).N_1§(§2—1).z;7

The relative number of the triples for the last constellation is given by

1 (N\® 3.2 N° 3 N2 .2
@(3) T N(N-1)(N-2)-3-3-3 (N—-1)(N-2)-9

Hence the relative amount of triples where 02 can be included in the simplex
is

L (N-3)N N2.2
N-D(-29 (N-D({N_-2)-9
2N 2N
- (N—l)(N—Q)-9[2(N_3)+N]: (N—l)(N—2)~9[3N_6}
2N -3 N2

“Wonw oy A=

(N—-1)-3

This quantity must be multiplied with the probability that appropriate first
components Y, 1 can be found, which is given by Lemma S.5 (a) as % so that
we expect approximately

3N-1)-3 (N-1.9

= 0.2222222 < i

Ne) i V)
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simplices containing 0y under the alternative. We have

N-2  (0.2298851 for N = 30,
(N—1)-9  |0.2244669 for N = 100,

which is less than the expected number under Hy. Note that 0.20689655 and
0.23755102 are the 5%-quantiles for N = 30 and N = 100 according to Ta-
ble S.2. Hence the rejection rate is high for N = 100. That already the rejection
rate for N = 30 is quite good, might be explained by the small difference of
the approximated expected value and the 5%-quantile.

For the bivariate full 2-simplex depth, only quadruples can be counted with
the sign constellations ++——, ——++, ++—+, + —++, +——+. The relative
number of these quadruples of the first two constellations is given by

B - (197

4.3.2.N2(N — 3)2 2. N (N —3)

 N(N-1)(N-2)(N-3)-32.32.22  (N-1)(N-2)-32.3

The relative number of the triples for each of the last three constellations is
given by
1 <N/3> <N)2 1 F(5-1) N2
YNy 9 N 9 9.4
(1) \ 2 3 (1) 2 3-3
4-3-2-N(N—3)N? N2.4

 N(N-1)(N-2)(N-3)-32.2-32 (N—-1)(N-2)-32.3

Both relative numbers must be multiplied with the probability that appropri-
ate first components Y;, 1 can be found. This probability is % for the first two
constellations according to Lemma S.5 (d) and % for the last three constella-
tions according to Lemma S.5 (b) and (c). Hence we expect approximately

oL 2N(N-3 1 N2 .4
12(N-1)(N—-2)-32-3 6 (N—1)(N—-2)-32-3
N -4 1
_(N1)(N2)'32.3'6[(N—3)2+3N}
N
:(N—l)(N_g).32_32[(N*3)+6N}
TN 1)(N=2)-9-9 — 8—1—0.08641975>E—0.08333333

pairs of simplices containing Oy under the alternative. We have

~ 1 0.08869242 for N = 100,

N (7N —3) 0.09441708 for N = 30,
(N-1)(N-2)-9-9
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which is larger than the expected number of 1—12 under Hy. This explains why
the full 2-simplex depth cannot reject Hy under the alternative.

Note, that for the univariate full 1-simplex depth (the full 2-sign depth),
the relative number of pairs with alternating signs for the second component
is

() + () noge 4

(5) 3

= 4 = 0.4444444 < 1
5 9 2

Further,

)+ (&) 04597701 for N = 30,
M) 104489338 for N = 100.

Since the 5%-quantiles of the full component 1-depth are 0.4344828 for N = 30
and 0.4806061 for N = 100 according to Table S.4 and the 2.5%-quantiles of
the univariate full 1-simplex depth are 0.4344828 for N = 30 and 0.4806061 for
N = 100 according to Table S.4, the null hypothesis would be never rejected
by the second component for N = 30 when the variance is so small so that the
signs of the second component are always positive on [—1, —1/3) and (1/3,1]
and always negative on (—1/3,1/3). The rejection of the null hypothesis is then
only possible with the first component and this probability is 0.025. Hence the
power is approximately 0.025 for N = 30. However, Hy would be often rejected
for N = 100 by the second component so that the power would be close to 1.

The above behaviour is more pronounced when the univariate full 1-simplex
depth (the full 2-sign depth) is only applied on the second component ignoring
the first component. Then the 5%-quantiles should be used which are 0.4597701
for N = 30 and 0.4848485 for N = 100 according to Table S.4. Again we have
almost no rejection for NV = 30 and almost always a rejection for N = 100.

For the univariate full 2-simplex depth (the full 3-sign depth), the relative
number of triples with alternating signs for the second component is

(3)" o 6
(3) ’

—2—02222222< L
=50 1

w

We also have

(X)* (02463054 for N = 30,
(%) 7102200478 for N = 100.

Since the 5%-quantiles of the full component 2-depth are 0.1931034 for N = 30
and 0.2334694 for N = 100 according to Table S.4 and the 2.5%-quantiles of
the the univariate full 2-simplex depth are 0.1931034 for N = 30 and 0.2333828
for N = 100 according to Table S.4, the null hypothesis would be never rejected
by the second component for N = 30 when the variance is so small so that the
signs of the second component are always positive on [—1, —1/3) and (1/3,1]
and always negative on (—1/3,1/3). The rejection of the null hypothesis is then
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only possible with the first component and this probability is 0.025. Hence,
the power is low for N = 30. However, Hy would be almost always rejected
for N = 100 by the second component so that the power is quite good.

The above behaviour is more pronounced when the univariate full 2-simplex
depth (the full 3-sign depth) is only applied on the second component ignor-
ing the first component. Then the 5%-quantiles should be used which are
0.2068966 for N = 30 and 0.2376129 for N = 100 according to Table S.4.
Then we have almost always no rejection for N = 30 and almost always a
rejection for N = 100.

Quadratic regression: second model. Here we assume that the first N/4
signs of the second component Y, o are positive, the second N/2 signs are
negative, and the last N/4 are positive under the alternative.

For the bivariate full 1-simplex depth, only triples are counted with the sign
constellations ++—, —++, + ——, ——+, and + —+ of the second component.
The relative number of these triples for each of the first two constellations is
given by

1 <N/4) N 1 ¥&E-1) N
2 2

N2/ 2 (5
B 3.2 N( —4)N B N(N—4)-3
 N(N—-1)(N-2)-4-4 C(N—=1)-(N—-2)-4-4-2

The relative number of the triples for the third and fourth constellation is
given by

1 (N2\ N 1 §(5-1) N
(@f)( 2 >'4_(3N)2'4

B 3-2-N(N-2)N N-3
TN(N—-1)(N-2)-2-2-2.4 (N—1)-4-4°

The relative number of the triples for the last constellation is given by

1<N)2 N 3.2 N° B N?.3
(M \4 2 N(IN-1D(N-2)-42.2 (N—1)(N—-2) 4%
Hence the relative amount of triples where Oy can be included in the simplex
is

) N(N—4)-3 ,_ N3 N2.3
(N0 -(N—2) 442 “IN—D-44 (N—D(N=2) -2
:(N_l)]zfj\'fg_m.@[N—4+2(N—2)+N]

N -3 N-3
AN -8 = (N—1)(N—2)-4

[N -2
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(N-1)-4

This quantity must be multiplied with the probability that appropriate first
components Y;, ; can be found which is given by Lemma S.5 (a) as 3 so that

we expect approximately
N-3 N

L N-rgo
(N-1)-4 3 (N-1)-4

A~ =

simplices containing 05 under the alternative where % is the expected number
also under Hy. We have

N ~[0.2586207 for N = 30,
(N—1)-4 10.2525253 for N = 100.
This explains why we cannot reject Hg with the bivariate full 1-simplex depth

For the bivariate full 2-simplex depth, only quadruples can be counted with
the sign constellations + + ——, — — ++, ++ —+, + — ++, and + — —+. The
relative number of these quadruples of the first two constellations is given by

() () 2D 36

4) 2 2

4.3.2. N( —4)N(
TNN-D(V-2)(N-3) 4 e

3. (N—4)N

(N—1)(N—3)-42-2°

The relative number of the quadruples for the third and fourth constellations
is given by

1<N/4).N.N1W.N.N
mlz ) 271 2 1
N

) (i) 2
4.3.2.N (N —4) N2
N(N—1)(N—-2)(N—3)-42-4-4
B 3. (N —4)N?

(N—1)(N—2)(N—3)-42.2

The relative number of the quadruples for the last constellation is given by

1L N (N2 N_ 1 5(5-1) N?

@4'( 2 )'4@)2 44
4-3-2-N (N -2)N?

N(N-1)(N-2)(N—3)-4-2-42

B 3. N?

(N —1)(N —3)-42
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These relative numbers must be multiplied with the probability that appropri-
ate first components Y,, 1 can be found. This probability is % for the first two

constellations according to Lemma S.5 (d) and % for the last three constella-
tions according to Lemma S.5 (b) and (c). Hence we expect approximately

) 3-(N—4)N L, 3. (N —4) N2 1
"IN (N=3)-42.2 12 (N—1)(N—2)(N—3)-42-2 6

) 3-N? 1

NSO o326
:(N_l)(N_QJ;[(N_g).42.4((N—2)(N—4)+2(N—4)N

+ 2(N-2)N)
B N
C(N—=1)(N—-2)(N—3)-42 .4
(N? —4N — 2N + 8+ 2N? — 8N + 2N? — 4N)
N 2

SNV g OV 18N +8)
N—C>’°4.i.4:6%:0.078125<%:0.08333333

pairs of simplices containing Oy under the alternative. We have

N
(N—1)(N—2)(N—3)-42-4

0.08483853 for N = 30,
0.08003983 for N = 100.

(5N?2—18N+8) = {

Note also that the 5%-quantiles are 0.06236088 and 0.07747859 for N = 30 and
N = 100, respectively, according to Table S.2. Hence the chance for rejection
of Hy is low for N = 30 and IV = 100 but should exist for larger N. However,
it does not explain why the full 2-simplex depth appears to be worse than the
full 1-simplex depth in Figure 5 in this model.

Note, that for the univariate full 1-simplex depth (the full 2-sign depth),
the relative number of pairs with alternating signs for the second component
is

N N N N
43t g 5 Nowd 1
N )
(2) 8 2
and
T-5+4-58 (05172414 for N = 30,
M =~ 1 0.5050505 for N = 100.

Since the 5%-quantiles of the full component 1-depth are 0.4344828 for N = 30
and 0.4806061 for N = 100 according to Table S.4 and the 2.5%-quantiles of
the univariate full 1-simplex depth are 0.4344828 for N = 30 and 0.4806061 for
N = 100 according to Table S.4, the null hypothesis would be never rejected
by the second component for N = 30 as well as for N = 100. This also holds
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when the univariate full 1-simplex depth (the full 2-sign depth) is only applied
on the second component ignoring the first component. Then the 5%-quantiles,
which are 0.4597701 for N = 30 and 0.4848485 for NV = 100 according to Table
S.4, are still smaller than the relative number of pairs with alternating signs.

For the univariate full 2-simplex depth (the full 3-depth), the relative num-
ber of triples with alternating signs for the second component is

(Z)z 2 Nigo

6 3 1
4-4-2717670'1875<Z’

and

2
(D)™ %  [0.2078202 for N = 30,
) 0.1932591 for N = 100.

Since the 5%-quantiles of the full component 2-depth are 0.1931034 for N = 30
and 0.2334694 for N = 100 according to Table S.4 and the 2.5%-quantiles of
the the univariate full 2-simplex depth are 0.1931034 for N = 30 and 0.2333828
for N = 100 according to Table S.4, the null hypothesis would be never rejected
by the second component for N = 30. The rejection of the null hypothesis
is then only possible with the first component and this probability is 0.025.
Hence, the power is low for N = 30. However, Hy would be almost always
rejected for N = 100 by the second component so that the power is high.

The above behaviour is more pronounced when the univariate full 2-simplex
depth (the full 3-sign depth) is only applied on the second component ignoring
the first component. Then the 5%-quantiles should be used which are 0.2068966
for N = 30 and 0.2376129 for N = 100 according to Table S.4. Then we have
almost always no rejection for N = 30 and almost always a rejection for
N = 100.

Since the relative number of triples with alternating signs for the second
component is lower than in the first quadratic regression model, here, the
chance of rejection is higher if the sign behaviour of the second component is
not as strict as assumed.



