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1 Introduction

Electricity grids are the backbone of modern society. They ensure a reliable supply
of energy to private households, industry and critical infrastructure. The dynam-
ics and complexity of these networks are constantly increasing due to the growing
integration of renewable energies and rising electricity demand. In particular, the
feed-in of fluctuating sources such as wind and solar energy leads to significant fluc-
tuations in network operations. So-called smart grids, intelligent measurement and
control systems, enable near real-time monitoring of power networks (Cavus 2025).
These developments make precise modelling of network behaviour possible and are
necessary to ensure the stability, efficiency and security for the supply of the power
networks.

This ongoing digitalisation is generating huge amounts of data containing impor-
tant information about the status and consumption of the networks. This data is
not free from uncertainty, because consumption fluctuations and external influences
can have a significant impact on system behaviour (Wang et al. 2025). As a result,
traditional statistical models reach their limits in such dynamic and multidimen-
sional scenarios. This means that more robust methods for modelling and analysing
electrical power networks, which take into account both the temporal dynamics and
the uncertainties of the data, are becoming increasingly important.

For modelling the dynamics of these complex systems, such as electrical power
networks, state-space models have proven to be a very effective methodology. These
allow the description of system states and their development over time. In addition,
these models are flexible enough to take into account a wide variety of input variables
and disturbances.

The aim of this thesis is to investigate the use of K-sign depth as a criteria for
comparing different state-space models. First, a simulation study is conducted to
analyse the behaviour of the models under different assumptions. This includes
the evaluation of residuals for correctly specified models, the impact of parameter
misspecification, and the robustness against outliers.

In a second step, different K-sign depth methods are applied to different state-
space models fitted to electrical power grid data. The models are compared based on
their residual behaviour to assess their ability to represent the underlying dynamics
of the system. The results provide insight into whether depth-based measures can
serve as a robust and objective tool for evaluating state-space models.

To address this research question, chapter 2 first provides an explanation of the
problem and a detailed description of the purpose of the report. After that, the data
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structure and characteristics of the electrical power grid data used in the application
are described.

Chapter 3 ’Statistical methods’, presents the statistical methods used through-
out this thesis. The concepts of state-space models, the extended Kalman filter, and
K-sign depth are introduced and described in detail. Additionally, the implementa-
tion of the applied methods in the software environment R (R Core Team 2025) is
explained.

Chapter 4 presents the simulation study. The behaviour of the state-space models
and their residuals is analysed under different scenarios, including correct model
specification, parameter misspecification, and the presence of outliers.

The Application of the methods to real electrical power grid data is done in
chapter 5. Several state-space models with different assumptions regarding state
dynamics and seasonal effects are estimated and compared using K-sign depth mea-
sures.

Finally, the main findings of the thesis are summarised and discussed in Chap-
ter 6. A list of symbols is given behind this. Additional tables and graphics are
listed in the appendix.

2 Problem statement

This chapter begins with an explanation of the problem addressed in this thesis and
a precise definition of its objectives. This is followed by a detailed description of the
data used in this report.

2.1 Problem statement

Our electricity supply systems are becoming increasingly complex, and so are the
statistical models used to describe them. The models must be able to adapt dy-
namically to the feed-in from renewable energy sources and distributed generation,
as well as to changes in load profiles. Due to this complexity of power supply sys-
tems, state-space models are particularly well suited to this modelling task because
of their general flexibility in modelling dynamics and latent state variables.

Finding a suitable model for these systems is not easy, given the wide range
of possible modelling approaches. Models may vary considerably in terms of their
structure, parametrisation or level of complexity. Consequently, the central question
in any modelling exercise is which model best describes the underlying system re-
lationships. Choosing the selection criterion for assessing the models quality is also
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not straightforward. Classical selection criteria, such as likelihood-based methods,
are frequently used; however, they often require certain distribution assumptions to
be met or are sensitive to outliers or model deviations.

Due to these assumptions, which often cannot be met, the use of robust, non-
parametric comparison methods is becoming increasingly important. K-sign depth
offers such a promising approach. It enables observations to be evaluated in terms
of their centrality within a distribution without the need to satisfy restrictive model
assumptions. This makes this method particularly suitable for complex time-series
data, such as that typically found in electricity supply systems.

2.2 Purpose of the report

This thesis focuses on comparing various state-space models and investigating whether,
and if so which, depth values are particularly well-suited to evaluating their perfor-
mance. It analyses the extent to which the K-sign depth can be used as a suitable
and robust criteria for comparing state-space models. In addition to this, the ques-
tion of which depth values are better suited to determining model quality is also a
key focus.

To investigate these issues, both simulated datasets and data from a real power
supply network are examined. The real data from a power supply network ensures
a direct practical relevance and enables the method to be tested under realistic
conditions. Furthermore, as the method of depth values itself is to be evaluated,
simulated data is used for this purpose. The simulated data offers the advantage
that the underlying model structures are known and individual influencing factors
can be specifically varied. Therefore, it is possible to systematically investigate how
different model assumptions and parameter specifications affect the resulting depth
values. In addition the consequences of misspecified parameters and the effect of
outliers on the models and the depth values are analysed.

Another component of this work is the analysis of various state-space modes.
Therefore, different models are considered for the simulation study. After conducting
the simulation study and learning more about the parameters, different state-space
models are fit to the data from a real power supply network. The purpose of this
application is to find out which models are best suited for a real life application and
how well depth values perform on a real life setting.

The results of this work are intended to help better understand the applicability
of K-sign depth in the context of state-space models and to evaluate the practical
application of both the state-space models and the depth values to this kind of data.
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2.3 Data origin and structure

The data used in this work contains time-dependent active power values P and
reactive power values Q at nodes of an electrical power supply network. The data
is based on the SimBench dataset, specifically the network 1-LV-rural1–1-no_sw,
which is part of a publicly available benchmark collection of realistic power system
models (Meinecke et al. 2020). SimBench provides standardised network and time
series data for the development, evaluation, and comparison of methods in power
systems research (Meinecke et al. 2020, Sec. 2, pp. 3–5).

The active power P describes the proportion of electrical power that is actually
converted into usable energy. This power is directly linked to energy consumption
or energy feed-in. Active power is therefore a key variable for the energy balance
of the network. The unit of active power is the watt and is usually expressed in
kilowatts or megawatts in network models (Meinecke et al. 2020, Sec. 3.1.4, p. 12 &
Sec. 4.3.1, Tab. 4.29, p. 103).

The reactive power Q describes the proportion of power required for the periodic
build-up of electric and magnetic fields in operating equipment. This power is
essential for stable grid operation, as it influences the voltage level and voltage
distribution in the grid. The unit of this quantity is given in volt-amperes reactive
(Meinecke et al. 2020, Sec. 3.1.4, p. 12 & Sec. 4.3.1, Tab. 4.29, p. 103).

The power data is defined in relation to nodes. This means that for each network
node, a pair consisting of active power Pn(t) and reactive power Qn(t) is available
at any given time. These variables describe the power fed into or withdrawn from
the network at the respective node. Positive values of P and Q correspond to power
consumption by consumers, while negative values indicate power being fed into the
grid (Meinecke et al. 2020, Sec. 4.1, pp. 76–78).

Overall, the power was observed at fourteen nodes. The nodes are arranged in
the network as shown in figure 1. The data is a time series. Over a period of one
year, 2016, the active and reactive power at each node was measured every fifteen
minutes (Meinecke et al. 2020, Sec. 3.5, pp. 31–37). The physical power values are
normalised to a defined nominal power of the respective network (Meinecke et al.
2020, Sec. 4.1, pp. 76–79).

The per-unit representation reduces the numerical range of the values and facili-
tates both numerical stability and comparability between different network sizes and
voltage levels. A per-unit value of P = 1.0 corresponds to the respective reference
power, while smaller or larger values represent proportional powers (Meinecke et al.
2020, Sec. 4.1, p. 78).
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Figure 1: Schematic representation of the electrical network.

3 Statistical methods

This chapter introduces the statistical methods used in this work. First, a general
state-space model with load profiles is defined. Afterwards, the Kalman filter for
a nonlinear link function is introduced. To evaluate these models, the Normalized
Estimation Error Squared and Normalized Innovation Squared are explained. Next,
the Bonferroni correction, which will be used for the tests, is defined as well as the
used depth methods and their corresponding tests. Following that, the Shapiro-Wilk
test is explained. Lastly, the R packages used for the implementation are listed.

3.1 General state-space model

The starting point is the formulation of a state-space model. This chapter is based
on the paper by Müller (2026), the contents of which are reproduced here in an
adapted form. Let (Vt)t∈[0,T ] denote the 2N -dimensional state process, where each
state vector collects the real and imaginary parts of the grid voltages

Vt =
[
e1, f1, e2, f2, . . . eN , fN

]⊤
.

Here, en and fn correspond to the real and imaginary components of the voltage at
node n, with the slack node excluded from the state representation.

The observation process (Zt)t∈[0,T ] is also 2N -dimensional and consists of the
active and reactive power injections at each node of the grid,

Zt =
[
P1, Q1, . . . PN , QN

]⊤
.
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Model equations.
The temporal evolution of the state and its relation to the measurements is captured
by the following general state-space system (Müller 2026):

Vt = Θv,tVt−1 + Θw,twt + ev
t ,

Zt = ht(Vt) + ez
t .

Here:

• Θv,t ∈ R2N×2N describes the autoregressive effect of past states,

• Θw,t ∈ R2N×2N accounts for the effect of the explanatory variables,

• wt ∈ RN represents a vector of explanatory (exogenous) variables given by
load profiles, such as load forecasts or weather conditions,

• ev
t and ez

t are independent and identically distributed Gaussian noise terms,
independent of past states and observations,

• ht : R2N → R2N is a nonlinear function linking the latent voltages to the
observed powers.

3.2 Load profiles

Seasonal load profiles with sinusoidal modelling.
To model seasonal effects, smoothed load profiles are constructed using a sinusoidal
basis function. Let d(t) be the calendar day and w(t) the day of the week at time t.
For each hour h and each node n, the following regression model is assumed:

Pn,d,h = x(d)⊤βP
n,w(d),h + eP

n,d,h,

Qn,d,h = x(d)⊤βQ
n,w(d),h + eQ

n,d,h,

with

x(d) =
 1

sin
(

d−d0
365 · 2π

) ,

where d0 represents the beginning of spring (e.g., March 21, then d0 = 80).
The regression parameters are estimated using least squares:

β̂n,w,h = (X⊤
wXw)−1X⊤

wYn,w,h.
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The estimated smoothed load profiles are then

P̂n,d,h = x(d)⊤β̂P
n,w(d),h,

Q̂n,d,h = x(d)⊤β̂Q
n,w(d),h.

The resulting smoothed power vector is

Ẑt = (P̂1,d(t),h(t), Q̂1,d(t),h(t), . . . , P̂N,d(t),h(t), Q̂N,d(t),h(t))⊤.

Derivation of the link function.
A direct inversion of the nonlinear function h is generally not unique. Therefore, a
first-order Taylor approximation is used. For small changes, the following approxi-
mation holds:

h(Vt) ≈ h(Vt−1) + H(Vt−1)(Vt − Vt−1),

where
H(Vt−1) = ∂h(v)

∂v

∣∣∣∣∣
v=Vt−1

denotes the Jacobian matrix of h.
This results in the input variable

wt := H(Vt−1)−1(Ẑt − Ẑt−1).

This definition allows structured load information to be incorporated into the
state model without having to perform an explicit inversion of h.

3.3 Kalman filter for a nonlinear link function

In modern power systems, the accurate estimation of internal states such as grid
voltages is of fundamental importance for both operational security and economic
efficiency. Since measurements are often noisy, incomplete, and nonlinear in relation
to the underlying states, advanced statistical filtering methods are required. Among
these, the family of Kalman filters provides a systematic approach to recursively
estimate the latent state of a dynamic system given a sequence of observations.

To estimate the hidden states a nonlinear Kalman filter is applied. The formulas
in this subchapter are taken from the book Dynamic Models with R by Petris,
Petrone, and Campagnoli 2009, pp. 53-57 and the paper Optimal Designs for the
Kalman Filter Applied to Electrical Power Distribution Grid by Müller 2026. The
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approach relies on linearization of the nonlinear measurement function h(v) around
the predicted state. The noise assumptions are:

ev
t ∼ N (0, Σv

t ), V0 ∼ N (c0, C0),

with Σv
t = σ2

vI2N×2N and Σz
t = σ2

z I2N×2N . The initial observation is given by z0 =
h(c0).

Prediction step. The one-step-ahead prediction for the latent state follows:

Vt|z1:t−1 ∼ N2N(at, Rt),

with

at = E[Vt|z1:t−1] = Θv,tct−1 + Θw,twt,

Rt = Cov(Vt|z1:t−1) = Θv,tCt−1Θ⊤
v,t + Σv

t .

Observation prediction. The predicted distribution of the observations is

Zt|z1:t−1 ∼ N2N(bt, St).

Since h is nonlinear, we approximate using a first-order Taylor expansion:

bt = E[Zt|z1:t−1] ≈ ht(at),

Ht = ∂ht

∂v

∣∣∣∣
v=at

,

St = HtRtH
⊤
t + Σz

t ,

where Ht denotes the Jacobian of ht.

Update step. The update incorporates the new measurement zt to refine the state
estimate:

Kt = RtH
⊤
t S−1

t , (Kalman gain)
ct = at + Kt(zt − bt),
Ct = (I2N×2N − KtHt)Rt.
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The Kalman gain balances model predictions with the new information provided by
the observations.

Nonlinear function and its derivative.
The function h(v) maps voltages to power injections. For each node n = 1, . . . , N ,
the complex power is

Sn = vn ·
N+1∑
k=1

a∗
nk · v∗

k,

where vn = en + jfn is the complex voltage, ank denotes the admittance between
nodes n and k, and the summation includes the slack node (Müller 2026).

The observation function is defined as

h(x) =



Re(S1)
Im(S1)

...
Re(SN)
Im(SN)


∈ R2N .

Real-Valued Representation.
To avoid complex numbers in the filter equations, the model is expressed in real-
valued form (Müller 2026). The multiplication by vn is represented by the matrix

Un =
 en fn

−fn en

 , Un =
en fn

fn −en

 .

For the admittance coefficients, we define

Ank =
 Re(ank) Im(ank)
−Im(ank) Re(ank)

 =
 gnk bnk

−bnk gnk

 ,

where ank = gnk + jbnk. Using these matrices, matrix A is formed as follows:

A := (Ank)n,k=1,...,N ∈ R2N×2N .

The slack node enters as a fixed-voltage contribution, collected in additional
blocks

An,slack =
 Re(an,N+1) Im(an,N+1)
−Im(an,N+1) Re(an,N+1)

 .
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The Jacobian matrix.
The Jacobian matrix of link function h(v) captures the sensitivity of the power
injections with respect to the voltage components (Müller 2026):

H(v) = ∂h

∂v

=



U1 A
⊤
11 +

N+1∑
k=1

Uk A1k U1 A
⊤
12 · · · U1 A

⊤
1N

U2 A
⊤
12 U2 A

⊤
22 +

N+1∑
k=1

Uk A2k · · · U2 A
⊤
2N

... ... . . . ...

UN A
⊤
1N UN A

⊤
2N · · · UN A

⊤
NN +

N+1∑
k=1

Uk ANk


= Diag(U1, . . . , UN) A

⊤ + Diag(U1, . . . , UN) A + Diag(A1(N+1), . . . , AN(N+1)).

Filter log-likelihood and its numerical implementation.
The log-likelihood of a state-space model evaluated via the Kalman filter can be
written using the prediction error decomposition (Durbin and Koopman 2012, p.
170 f.). Let rt denote the one-step-ahead prediction error (innovation) and St its
covariance matrix. Ignoring the additive constant term m

2 log(2π), which does not
depend on the model parameters, the negative log-likelihood is

−ℓ(θ) = 1
2

T∑
t=1

(
log det(St) + r⊤

t S−1
t rt

)
.

To reduce the computational effort of this formula, det(St) and S−1
t are calculated

using the Cholesky decomposition

St = LtL
⊤
t ,

where Lt is a lower triangular matrix (Horn and Johnson 2012, p. 441). The covari-
ance matrices are positive definite, which means that the prerequisite for Cholesky
decomposition is fulfilled (tested by the query chol(S_t) in the code). This de-
composition allows both terms of the likelihood contribution to be computed in a
numerically stable way.
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Since det(St) = ∏m
i=1(Lt,ii)2, the logarithm of the determinant simplifies to

log det(St) = 2
m∑

i=1
log(Lt,ii).

The Mahalanobis distance r⊤
t S−1

t rt can be computed without explicitly inverting
St. With the help from the Cholesky factorization it can be simplified with

S−1
t = (L⊤

t )−1L−1
t ,

to
r⊤

t S−1
t rt = (L−1

t rt)⊤(L−1
t rt) = ∥yt∥2,

where yt solves the triangular linear system

Ltyt = rt.

Combining both parts yields the single-step contribution to the negative log-
likelihood:

−ℓ(θ) = 1
2
(
log det(St) + r⊤

t S−1
t rt

)
.

This formulation is mathematically equivalent to the expression in Durbin and
Koopman 2012 p. 170-171, but is substantially more numerically stable because it
avoids explicit matrix inversion and exploits the properties of the Cholesky factor-
ization.

3.4 Normalized Estimation Error Squared and Normalized
Innovation Squared

To evaluate the statistical consistency of a Kalman filter, the Normalized Estimation
Error Squared (NEES) and the Normalized Innovation Squared (NIS) are commonly
used metrics. Both measures test whether the estimated covariance correctly reflects
the true estimation uncertainty.

Normalized Estimation Error Squared
The NEES evaluates the consistency of the state estimate by comparing the esti-
mation error with the predicted state covariance. It is primarily used in simulation
studies, where the true system state is available, to assess whether the filter uncer-
tainty is statistically consistent.
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Let v̂(k) denote the state estimate and v(k) the true state. The estimation error
is defined as

ṽ(k) = v(k) − v̂(k).

The NEES is then given by

ϵv(k) = ṽ(k)⊤P −1(k)ṽ(k),

where P (k) is the state estimation error covariance matrix (Bar-Shalom, Li, and
Kirubarajan 2001, p. 234).

Under the assumption of a correctly specified linear Gaussian model, ϵv(k) follows
a chi-square distribution with nv degrees of freedom:

ϵv(k) ∼ χ2(nv),

where nv is the dimension of the state vector (Bar-Shalom, Li, and Kirubarajan
2001, p. 234).

To check whether a state estimator provides a consistent result, the expectation
of ϵ(k) can be used

E(ϵ(k)) = nv.

The NEES is evaluated using a two-sided hypothesis test. The null hypothesis
states that the estimated covariance is consistent with the true estimation error,

H0 : The estimation error v̂(k)
is consistent with the filter covariance matrix P (k).

The null hypothesis is accepted if

b1 ≤ ϵv(k) ≤ b2,

where b1 and b2 denote the lower and upper confidence bounds of the χ2 distribution.
For a significance level α, the confidence interval is computed as

r1 = F −1
(

α

2 , nv

)
, r2 = F −1

(
1 − α

2 , nv

)
,

where F −1(·, nv) is the inverse cumulative distribution function of the chi-square
distribution with nv degrees of freedom (Bar-Shalom, Li, and Kirubarajan 2001, p.
235).
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In practice, the NEES is typically evaluated by plotting ϵv(k) together with
the corresponding confidence interval. Values outside the interval indicate that the
filter is statistically inconsistent. A NEES above the upper bound suggests that
the estimation covariance is underestimated, whereas values below the lower bound
indicate an overly conservative covariance estimate.

Normalized Innovation Squared
The NIS evaluates the consistency of the innovation by comparing the measurement
residual with the predicted innovation covariance. Since it only requires measure-
ment data, it can be applied to both simulated and real-world systems where the
true state is unknown.

Let z(k) be the measurement and ẑ(k) the predicted measurement. The innova-
tion is defined as

ν(k) = z(k) − ẑ(k).

The innovation covariance is

S(k) = H(k)P (k|k − 1)H⊤(k) + R(k),

where H(k) is the measurement matrix and R(k) the measurement noise covariance
(Bar-Shalom, Li, and Kirubarajan 2001, p. 236).

The NIS is defined as

ϵν(k) = ν(k)⊤S−1(k)ν(k).

Under correct modelling assumptions, the NIS follows a chi-square distribution
with nz degrees of freedom:

ϵν(k) ∼ χ2(nz),

where nz is the dimension of the measurement vector (Bar-Shalom, Li, and Kirubara-
jan 2001, p. 236).

The NIS is used to determine whether the innovation is statistically consistent
with the predicted measurement uncertainty. The null hypothesis assumes that the
innovation follows the expected probability distribution defined by the innovation
covariance,

H0 : The measurement residual ν(k)
is consistent with the innovation covariance matrix S(k).
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The hypothesis is accepted if the NIS value lies within the confidence interval

b1 ≤ ϵν(k) ≤ b2,

where the bounds are obtained from the inverse cumulative distribution function of
the chi-square distribution,

b1 = F −1
(

α

2 , nz

)
, b2 = F −1

(
1 − α

2 , nz

)
,

with significance level α and measurement dimension nz (Bar-Shalom, Li, and
Kirubarajan 2001, p. 236).

The test is typically performed by comparing the NIS values with the correspond-
ing confidence interval over time. Persistent violations of the confidence bounds in-
dicate that the assumed measurement uncertainty does not adequately describe the
observed innovations, suggesting an inconsistent filter or inaccurate measurement
noise model.

For the NIS application, the measurement vector has dimension nz = 6. There-
fore, the expected value of the NIS is 6. For a significance level of α = 0.05, the
corresponding 95% confidence interval is approximately [1.24, 14.45]. These values
are used later to evaluate the considered state-space models.

3.5 Bonferroni correction

If several hypothesis tests are performed simultaneously, the probability of incor-
rectly rejecting at least one true null hypothesis increases. Whilst in a single test
the significance level α controls the probability of a type I error, this probability can
rise significantly when multiple tests are performed. Of particular interest here is
the so-called family-wise error rate (FWER), i.e. the probability of committing at
least one type I error within a family of tests (Goeman and Solari 2014).

The Bonferroni correction is a simple method for controlling the FWER. Its
theoretical basis is the Bonferroni inequality. Let E1, . . . , Em be the events that a
type I error occurs in each of the m tests carried out. If each individual test is
conducted at a significance level of α/m, the following applies:

P

(
m⋃

i=1
Ei

)
≤

m∑
i=1

P(Ei) ≤
m∑

i=1

α

m
= α.

The Bonferroni correction therefore controls the global significance level inde-
pendently of any potential dependencies between the individual tests.
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In practice, the correction is applied by using the adjusted significance level

αBonf = α

m

for each of the m tests. The Bonferroni correction is characterised by its sim-
plicity and its strict control of the Type I error α (Goeman and Solari 2014).

In this study, the Bonferroni correction is used to control the global significance
level when conducting multiple tests simultaneously due to the multidimensional
nature of the data.

In the following tests, a quantile level of α = 0.05 is used. In addition, an
adjusted significance level is considered using the Bonferroni correction. This is
0.05/6 = 0.0083 for univariate tests and 0.05/3 = 0.0167 for bivariate tests.

3.6 Sign-based depth

When analysing the adequacy of a model through univariate residuals r1, . . . , rN ∈ R,
one possibility is to evaluate how often their signs alternate in subsets of fixed length
K. This idea was formalised by Malcherczyk, Leckey, and Müller 2021 in the form of
the K-sign depth. The basic idea behind K-sign depth is that the signs are examined
in tuples to check whether they alternate. The various K-sign depth values are
defined and explained below. The text also explains how these depth values can be
calculated in R (R Core Team 2025). The SignDepth package is primarily used for
these calculations in R (Nagy 2026).

3.6.1 Full K-sign depth

The full K-sign depth is defined as the proportion of K-triples with alternating signs:

du,F
K (r1, . . . , rN) =

(
N

K

)−1 ∑
1≤n1<···<nK≤N

[
K∏

k=1
1
(
(−1)krnk

> 0
)

+
K∏

k=1
1
(
(−1)krnk

< 0
)]

,

where 1(·) denotes the indicator function (Malcherczyk, Leckey, and Müller 2021).
For K ≥ 2, it is defined as the proportion of all

(
N
K

)
possible K-tuples of indices

for which the signs of the corresponding residuals alternate. The two products
correspond to the two possible alternating sign patterns: starting with a positive or
starting with a negative residual.

This is computed via the KSign-function of the package SignDepth with r as the
sign vector of the residuals, K as the parameter of the depth and N as the number
of residuals:
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sum(KSign(r, k = K)[K,]) / choose(N,K)

The quantile levels were determined by simulation and are listed in table 1. To
approximate the quantiles, M = 500000 simulations were performed, each consisting
of N = 1 000 independent random samples.

Quantile level K = 3 K = 4
0.8333% 0.2477 0.1233

1% 0.2478 0.1234
2% 0.2482 0.1237
5% 0.2488 0.1241
10% 0.2492 0.1244

Table 1: Simulated quantiles of the K-sign depth for K = 3 and K = 4 (Simulations:
M = 500 000, Sample size within a single simulation: N = 1 000).

Standardised full K-sign depth
To obtain the standardised full K-sign depth, the full K-sign depth is centred and
scaled (Malcherczyk, Leckey, and Müller 2021):

Du,F
K (r1, . . . , rN) = N

du,F
K (r1, . . . , rN) −

(
1
2

)K−1
 .

This depth value can be calculated in R via

N * (sum(KSign(r, k=K)[K,]) / choose(N,K) - (0.5)^(K-1))

Table 2 lists the simulated quantiles of the standardised K-sign depth. The quan-
tiles given are based on M = 500 000 independent simulation runs, each consisting
of N = 1 000 observations.

Quantile level K = 3 K = 4
0.8333% −2.3065 −1.7199

1% −2.1957 −1.6398
2% −1.7769 −1.3306
5% −1.2196 −0.9234
10% −0.7984 −0.6190

Table 2: Simulated quantiles of the standardised K-sign depth for K = 3 and K = 4
(Simulations: M = 500 000, Sample size within a single simulation: N = 1 000).

3.6.2 Simplified K-sign depth

Checking all
(

N
K

)
subsets can be computationally demanding for larger data sets.

To address this, Kustosz, Müller, and Wendler 2016 proposed a simplified variant
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which restricts attention to consecutive blocks of length K. The resulting simplified
K-sign depth is given by

du,S
K (r1, . . . , rN) = 1

N − K + 1

N−K+1∑
n=1

 K∏
k=1

1
(
(−1)krn+k−1 > 0

)
+

K∏
k=1

1
(
(−1)krn+k−1 < 0

).

Since this version only evaluates sliding windows of length K, it is far more efficient
for long residual sequences, while still capturing the essential alternation behaviour
that motivates the full depth.

This depth value is looked at later on for K = 3 and K = 4. The simplified
3-sign depth can be calculated as follows:

simple_3depth <- function(residuals){
N <- length(residuals)
pattern_count <- sum(sapply(1:(N-2), function(i){

block <- sign(residuals[i:(i+2)])
# check (+,-,+) or (-,+,-)
all(block == c(1,-1,1)) || all(block == c(-1,1,-1))

}))
return(pattern_count / (N - 2))

}

The following function calculates the simplified 4-sign depth:

simple_4depth <- function(residuals){
N <- length(residuals)
pattern_count <- sum(sapply(1:(N-3), function(i){

block <- sign(residuals[i:(i+3)])
# check (+,-,+,-) or (-,+,-,+)
all(block == c(1,-1,1,-1)) || all(block == c(-1,1,-1,1))

}))
return(pattern_count / (N - 3))

}

The simulated quantiles of this depth value can be found in table 3. The quantiles
were determined on the basis of M = 500 000 simulations with a sample size of
N = 1 000.
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Quantile level K = 3 K = 4
0.8333% 0.2084 0.0903

1% 0.2094 0.0913
2% 0.2144 0.0943
5% 0.2214 0.1003
10% 0.2275 0.1053

Table 3: Simulated quantiles of the simplified 3- and 4-sign depth (Simulations:
M = 500 000, Sample size within a single simulation: N = 1 000).

Normalized simplified K-sign depth
The normalized version of the simplified K-sign depth is introduced as well in Kus-
tosz, Müller, and Wendler 2016 and is given by

Du,S
K (r1, . . . , rN) =

√
N − (K − 1)

(du,S
K (r1, . . . , rN) − (1

2)K−1)√
(1

2)K−1 ·
(
3 − (1

2)K−2 · K − 3 · (1
2)K−1

) .

In this thesis K = 3 and K = 4 is looked at, which gives the following formulas:

Du,S
3 (r1, . . . , rN) =

√
N − 2(du,S

3 (r1, . . . , rN) − 0.25)
0.25

√
5

→ N (0, 1),

Du,S
4 (r1, . . . , rN) =

√
N − 3

(du,S
4 (r1, . . . , rN) − 1

8)√
15
8

→ N (0, 1).

These values in distribution are standard normally distributed for N → ∞ (Kustosz,
Müller, and Wendler 2016) and can be implemented via

sqrt(N-2)*(simple_3depth(residuals) - 0.25) / (0.25*sqrt(5))

and

sqrt(N-3) * (simple_4depth(residuals) - 1/8) / (sqrt(15)/8)

3.6.3 Full K-simplex depth

For bivariate residuals, simplex-based extensions are used. The full K-simplex depth

dF
K(r1, . . . , rN) = 1(

N
K+p

) ∑
1≤n1<···<nK+p≤N

1
{

0p ∈
K⋂

k=1
S(rnk

, . . . , rnk+p
)
}

,

with S(rnk
, . . . , rnk+p

) be the open simplex spanned by rnk
, . . . , rnk+p

∈ Rp. The full
1-simplex depth is first introduced in Liu 1988 and Liu 1990. The extension to
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the full K-simplex depth is made by Müller, Nagy, and Trippler 2024. In further
proceedings, the simplex depth for K = 1 and K = 2 will be considered.

Quantile level K = 1 K = 2
1% 0.2388 0.0784

1.667% 0.2401 0.0790
2% 0.2408 0.0792
5% 0.2437 0.0805
10% 0.2459 0.0813

Table 4: Simulated quantiles of the full K-simplex depth for K = 1 and K = 2
(Simulations: M = 10 000, Sample size within a single simulation: N = 200).

The table 4 shows the empirical quantiles of this depth measure, based on M =
10 000 simulations with a sample size of N = 00 for K = 1 and N = 200 for K = 2.
The sample size was limited to N = 200 for K = 21 and K = 2.

The full K-simplex depth can be computed via

fullLSimplex(residuals)

from the package SignDepth for K = 1 and K = 2.

Standardised full K-simplex depth
The standardised version of the bivariate K-simplex depth is defined for K = 1 and
K = 2 as follows (Müller, Nagy, and Trippler 2024):

DF
1 (r1, . . . , rN) = N · (dF

1 (r1, . . . , rN) − 1
4),

DF
2 (r1, . . . , rN) = N · (dF

2 (r1, . . . , rN) − 1
12).

Table 5 shows the estimated quantiles for N = 200 for K = 1 and K = 2. The
distribution was approximated using M = 10 000 independent simulation runs.

Quantile level K = 1 K = 2
1% −2.2382 −0.9836

1.667% −1.9720 −0.8620
2% −1.8358 −0.8169
5% −1.2535 −0.5736
10% −0.8250 −0.4014

Table 5: Simulated quantiles of the standardised full-simplex depth for K = 1 and
K = 2 (Simulations: M = 10000, Sample size within a single simulation: N = 200).
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3.6.4 Simplified K-Simplex Depth

The simplified version is computed using the function

simplLSimplex(x)

from the package SignDepth for K = 1, 2 and relies on local sign configurations
instead of all combinations: let S(x1, . . . , xp+1) denote the simplex spanned by these
points. Then

dS
K(r1, . . . , rN) = 1

N − K − p + 1

N−K−p+1∑
n=1

1
{

0p ∈
K⋂

k=1
S(rn+k−1, . . . , rn+k−1+p)

}
.

This method is introduced in Müller, Nagy, and Trippler 2024. Table 6 sum-
marises the empirical quantiles calculated from M = 100000 simulated depth values.
Each simulation is based on a sample of size N = 500.

Quantile level K = 1 K = 2
1% 0.2008 0.0503

1.667% 0.2048 0.0523
2% 0.2068 0.0523
5% 0.2149 0.0584
10% 0.2229 0.0644

Table 6: Simulated quantiles of the simplified simplex depth for K = 1 and K = 2
(Simulations: M = 100 000, Sample size within a single simulation: N = 500).

Standardised simplified K-simplex depth
Standardised version of the bivariate simplified simplex depth are defined as (Müller,
Nagy, and Trippler 2024) with their following asymptotic distribution:

DS
1 (r1, . . . , rN) =

√
N − 2 ·

dS
1 (r1, . . . , rN) − 1

4
1
4 ·
√

11
3

→ N (0, 1),

DS
2 (r1, . . . , rN) =

√
N − 3 ·

dS
2 (r1, . . . , rN) − 1

12
1
12 ·

√
169
10

→ N (0, 1),

in distribution for N → ∞. For these last two depths, the considered bivariate pairs
are Pi, Qi for i = 1, 2, 3.
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3.6.5 Depth tests

For a general depth functional dj
K , with K ∈ K (e.g. K = 1, 2, 3, 4) and j ∈ {S, F},

define the empirical quantile
qK,j(α)

as the α-quantile of the sample

{
dj

K(rm
1 , . . . , rm

N ) , m = 1, . . . , M
}

,

.
Then, the corresponding test rejects H0 if

sup
θ∈Θ0

dj
K(r1(θ), . . . , rN(θ)) < qK,j(α),

for K ∈ K and j ∈ {S, F} (Müller, Nagy, and Trippler 2024).
For a generic depth function d, let

Rd(α) = 1

{
sup
θ∈Θ0

d(θ) < qd(α)
}

denote the rejection indicator of the corresponding depth-based test at significance
level α. Thus, Rd(α) = 1 indicates the rejection of H0, while Rd(α) = 0 indicates
non-rejection.

In particular, the rejection indicators corresponding to the depth functions con-
sidered in this paper are

Rdu,F
K

(α), RDu,F
K

(α), Rdu,S
K

(α), RDu,S
K

(α),

and
RdF

K
(α), RDF

K
(α), RdS

K
(α), RDS

K
(α).

3.7 Shapiro-Wilk test

Let r1, . . . , rn be ordered observations or like here residuals with ordered observations
r(1) ≤ · · · ≤ r(n). The Shapiro–Wilk test is based on the test statistic

W =

(∑n
i=1 air(i)

)2

∑n
i=1(ri − r̄)2 ,
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where r̄ denotes the sample mean (Shapiro and Wilk 1965). The coefficients ai

determine the weights of the ordered observations and are given by:

a′ = (a1, . . . , an) = m⊤G−1
√

m⊤G−1G−1m
,

where the vector m = (m1, . . . , mn)⊤ denotes the vector of expected values of the
order statistics, and the matrix G denotes the corresponding covariance matrix.

Small values of W provide evidence against the null hypothesis of a normal
distribution. A significant p-value in the Shapiro–Wilk test indicates a deviation
from the normal distribution. However, the test is extremely sensitive, particularly
with large sample sizes, meaning that even very small and practically insignificant
deviations can lead to the rejection of the null hypothesis (Field 2009, p. 148 & p.
793).

3.8 Implementation in R

The implementation of the methods and the simulation are programmed in the
software program R, version 4.5.0 (R Core Team 2025). To import the admittance
matrix, the readxl package is used (Wickham and Bryan 2025).

The packages Matrix (Bates and Maechler 2021) and MASS (Venables and Ripley
2002) are used as an extension for matrix calculations. For the simulations, the
packages numDeriv (Gilbert and Varadhan 2019) and mvtnorm (Genz and Bretz
2009) are used. The package pracma (Borchers 2025) is used to calculate a matrix
square root. Package SignDepth (Nagy 2026) is used for calculating depth values.

The package ggplot2 (Wickham 2016) is used as well as the packages corrplot
(Wei and Simko 2024), patchwork (Pedersen 2025), dplyr (Wickham, François, et
al. 2026) and tidyverse (Wickham, Averick, et al. 2019) to create graphics.

4 Simulation study

In this chapter, a simulation study is used to investigate the behaviour of the resid-
uals of the extended Kalman filter for different depth values. Therefore, various
scenarios are considered. This chapter aims to determine the extent to which these
scenarios affect the depth values, and how these values respond to a wide variety
of situations. This should help assess the usefulness of depth values as performance
criteria.
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Section 4.1 presents the simulation framework for the classical model with load
profiles. For this purpose, the process of generating data, the extended Kalman
filter which is used, and the corresponding implementation are described. Based on
this, section 4.2 analyses the residuals under correct model specifications. First, the
model quality is assessed using NEES and NIS, and then the residuals are analysed
using depth values.

Section 4.3 discusses the consequences of incorrect parameter assumptions and
their impact on the resulting depth values. This analysis considers the influence
of both the state transition parameter θv, and the initial reference state vector v0.
This is followed by an assessment of robustness in section 4.4. Both positive additive
outliers and two-sided additive outliers are analysed in this way.

Furthermore, section 4.5 considers an alternative parameter setting for the state
transition parameter θv = 0.9. This additional analysis serves as a sensitivity test,
investigating the behaviour of the depth values for a parameter setting closer to that
of the real-world application.

4.1 Simulation model for the classical model with load pro-
files

This subsection examines the Kalman filter using simulation. This is used to evaluate
the statistical effects of incorporating realized load profiles.

The aim is to compare two specifications of the extended Kalman filter: first a
basic model that ignores deterministic load profile information in the state transition
equation, and second an extended model that explicitly incorporates this informa-
tion. The comparison focuses on the estimation accuracy, innovation behaviour, and
residual distribution properties.

For this simulation study the initial condition is chosen as

v0 = c0 = c1
0 = c2

0,

with
e0

n = 0.9, f 0
n = 0.1, for n = 1, . . . , N.

The initial state covariance matrices for both filters are

C0 = C1
0 = C2

0 = 0.1 · I2N×2N ,

where I2N×2N denotes the 2N × 2N identity matrix.
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Furthermore, process and measurement noise are assumed Gaussian and inde-
pendent:

ev
t ∼ N (0, Σv), ez

t ∼ N (0, Σz).

4.1.1 Data generating process

To evaluate the filters under controlled conditions, data is simulated from a nonlinear
state-space model. The voltage process in is simulated as follows

vt = θvvt−1 + (1 − θv)v0 + ev
t ,

where v0 denotes a fixed reference state and θv controls the persistence of the process.
Further, v0 is set as the start vector v0n = (e0

n, f 0
n) for n = 1, . . . , N.

Observations are generated through a nonlinear function

zt = h(vt) + ez
t ,

where zt denotes the realized load profiles and h(·) represents the nonlinear link
function.

4.1.2 Extended Kalman filter

State estimation is performed using an Extended Kalman filter. The prediction step
is given by (Müller 2026)

at = θvct−1 + (1 − θv)v0,

Rt = θ2
vCt−1 + Σv.

The nonlinear measurement prediction is

bt = h(at),

Ht = h′(at).

The innovation covariance matrix is

St = HtRtH
⊤
t + Σz,

and the Kalman gain is
Kt = RtH

⊤
t S−1

t .
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The update equations are

ct = at + Kt(zt − h(at)),

Ct = Rt − KtHtRt.

The residuals used in the subsequent analysis are defined as

rt = zt − h(at),

or
rt = S

− 1
2

t · (zt − h(at)).

4.1.3 Simulation setup

The simulations were carried out for a network consisting of three nodes. For each
node, both active power (P ) and reactive power (Q) were considered, resulting in a
six-dimensional state vector. The state transition parameter was set to θv = 0.1.

The admittance matrix was taken from the real data. Since the network topology
is independent of the observed measurements, the same admittance matrix can also
be used for the simulated data. The admittance matrix obtained from the SimBench
data set of Meinecke et al. 2020 is given by

A =


31.7 − 12.4j 0 0 −31.7 + 12.4j

0 259.3 − 101.3j 0 −259.3 + 101.3j
0 0 817.3 − 319.5j −817.3 + 319.5j

−31.7 + 12.4j −259.3 + 101.3j −817.3 + 319.5j 1108.3 − 433.2j

 .

To investigate the robustness of the results with respect to the random initiali-
sation, simulations were performed using two different random seeds (1 and 1234).
Unless stated otherwise, the results shown in this thesis are based on the simulations
using seed 1. The second seed is used to assess the robustness of the findings.

The results presented in this section were generated using a constant-noise EKF
and a state-dependent-noise EKF. Both are Extended Kalman Filter (EKF) for the
same nonlinear state-space model. The prediction and update equations are identical
in both versions. The main differences concern the specification of the covariance
matrices and the diagnostic quantities that are stored during the simulation. For
each implementation, both the raw innovations (residuals) and their standardised
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counterparts are analysed.
In the constant-noise EKF, both the process noise covariance matrix Σv and the

observation noise covariance matrix Σz are constant throughout the simulation. The
process covariance is defined as

Σconst
v = σ2

vI2N×2N ,

with σ2
v = 0.01. The observation covariance is chosen as

Σconst
z = 3I2N×2N .

Consequently, the assumed process and observation uncertainties remain con-
stant over the entire simulation period.

In the state-dependent-noise EKF, both covariance matrices depend on the cur-
rent scale of the system. The process covariance is defined as

Σstate
v = diag(σ2

v · v0),

where σ2
v = 10−5. The observation covariance is calculated as

Σstate
z = diag(0.01 · |h(v0, A)|) ,

where |h(v0, A)| denotes the vector obtained by taking the absolute value of each
component of h(v0, A). Thus, larger state values and larger expected observations
are associated with larger uncertainty. For the initial state used in this study,

h(v0, A) = (−1.296, −4.162, −10.614, −34.034, −33.434, −107.290),

which yields

Σstate
z =



0.01296 0 0 0 0 0
0 0.04162 0 0 0 0
0 0 0.10614 0 0 0
0 0 0 0.34034 0 0
0 0 0 0 0.33434 0
0 0 0 0 0 1.07290


.
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In the state-dependent-noise EKF, the updated covariance matrix is symmetrised
after each filter step,

Ct = 1
2
(
Ct + C⊤

t

)
,

to reduce numerical asymmetries caused by floating-point arithmetic. The same
procedure is applied to the innovation covariance matrix.

Both implementations store the innovation residuals. The considered filters anal-
yse a set of ordinary innovation residuals, and a second set of standardised residuals
obtained by scaling the innovations with their covariance matrix. Consequently, the
results presented in this section are based on both residual definitions. All vari-
ables needed to estimate the Normalised Estimation Error Squared (NEES) and the
Normalized Innovation Squared (NIS) are stored during the simulation.

4.2 Analysis of the residuals based on the correct model
specification

This chapter analyses the results of the simulation study. First, the simulated
(standardised) residuals generated using the correct model parameters are examined.
The aim of this investigation is to verify whether the simulated data satisfy the
distribution assumptions made in the model and whether the depth-based testing
procedures lead to the expected results under the null model.

4.2.1 Graphical analysis of the residuals

First, the residuals from the two EKFs are analysed descriptively as an example.
The non-standardised residuals from both filters, using seed 1, are used for this
analysis. For each of the six components (P1, Q1 P2, Q2 P3, Q3), individual plots
are examined. For each component, a Q-Q-plot, also known as a quantile-quantile
plot, a density plot and a boxplot is analysed. These plots are shown collectively in
the figures 29, 30 and 31 for the state-dependent-noise EKF and in the figures 32,
33 and 34 for the constant-noise EKF.

The Q-Q-plots are used to test the assumption of a normal distribution. Al-
though the data were generated using normally distributed random variables, it is
still useful to check this assumption. Q-Q-plots are created by plotting the empirical
quantiles of the simulated residuals against the theoretical quantiles of a standard
normal distribution. In addition, a reference line (here the red line) is plotted. If
the data points lie close to the reference line, this supports a normal distributions
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assumption. Should the plotted data points differ systematically from the refer-
ence line, this would argue against a normal distributions assumption (Wilk and
Gnanadesikan 1968).

Density plots were used to analyse the distribution of the simulated residuals.
These plots represent the distribution of the data as a smoothed curve and are
well suited to identifying key characteristics such as skewness, multimodality or
prominent outliers. The density plots were generated in R using the density()
function. This is based on kernel density estimation, a non-parametric method for
estimating a probability density. In this process, a small smooth curve (kernel) is
fitted around each data point and then summed over all observations. This results in
a continuous estimate of the distribution without the need for a fixed classification
of classes, as is the case with a histogram. Formally, the estimated density function
is given by:

f̂(v) = 1
nhbw

n∑
i=1

K
(

v − vi

hbw

)
,

where n denotes the number of observations, hbw the bandwidth, and K(·) the kernel
function. The bandwidth controls the degree of smoothing: small values result in a
detailed but potentially noisy representation, whilst larger values smooth the curve
more strongly (Silverman 1986).

In R, a Gaussian kernel is used by default. The bandwidth is automatically
selected using the so-called ‘nrd0’ method, which is based on a rule by Silverman
(Silverman 1986). This method uses a combination of the standard deviation and
interquartile range of the data and scales these by the sample size to determine an
appropriate smoothing level. This achieves a practical compromise between over-
smoothing and under-smoothing.

Finally, for each component boxplots are analysed. These provide a compact
overview of the simulated residuals. The box itself contains the middle 50% of the
data, i.e. the range between the first and third quartiles, whilst the line in the middle
represents the median. The whiskers extend up to 1.5 times the interquartile range
in both directions, thus showing the range within which most values lie (Toit, Steyn,
and Stumpf 2012, p. 29). Points outside this range are referred to as outliers and
are marked in blue in the graphs.

Looking only at the middle section of the plotted data points from the state-
dependent-noise EKF in the Q-Q plots, these are quite close to the reference line.
However, a few data points in the outer regions differ significantly from the reference
line in some cases. It is noticeable that larger deviations occur only in the Q values.
Furthermore, these deviations do not occur evenly on both sides. For the components
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Q1 and Q3, a deviation occurs on only one side. This indicates a skew in the
distribution.

The density plots show the skewness suggested by the Q-Q plots. It can be seen
that the distributions of the components Q1 and Q3 for the state-dependent-noise
EKF clearly have a left-skewed distribution. Additionally, P2 is slightly right-skewed
and definitely has a heavy tail in this edge region.

The boxplots show that the boxes are mostly relatively small, which supports
the observation of narrow peaks in the density plots. It can also be seen that all
components except P1 and Q2 exhibit a few high outliers.

When looking at the Q-Q plots of the residuals of the constant-noise EKF the
middle part is again close to the reference line. As before, there are some points in
the outer areas that differ from this reference line. When comparing to the density
plots it is clear to see that P1, Q1 and Q3 have a slight left-skewed distribution. In
comparison to before, the boxes of the boxplots are a bit wider. Outliers can be
seen for the components Q1 and Q3.

In summary, it can be said that the distributions of the residuals of both filters
at least resemble normal distributions; however, it is not possible to determine with
certainty from the graphs whether the components follow a normal distribution.

An analysis of the NIS and NEES values obtained from the state-dependent-
noise EKF values are shown in the figures 2 and 3. These show that the chosen
model parameters are generally plausible.
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Figure 2: NIS values for the state-dependent-noise EKF of an illustrative simulation
run.
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For the NEES and NIS application nv = nz = 6 is considered. Therefore, the
expected NEES and NIS equals 6, and the corresponding 95% confidence interval is
approximately [1.24, 14.45].

The observed deviations from the theoretically expected limits are rare for both
methods and do not suggest any systematic modelling errors. Therefore, it can be
concluded that the model assumptions of the state-dependent-noise EKF provide an
accurate enough description of the model, and that the filter is suitable application.
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Figure 3: NEES values for the state-dependent-noise EKF of an illustrative simula-
tion run.

The NIS values from the constant-noise EKF, shown in figure 4, remain within
the corresponding confidence bounds, which indicates that the predicted measure-
ment distribution is consistent with the observations. However, the NEES values
(shown in figure 5) exceed the upper confidence limit, suggesting that the estimated
state uncertainty has possibly been underestimated. While the constant-noise EKF
can sufficiently describe the measurements, the internal state estimation is not fully
consistent with the true model. This may be caused by a model mismatch or an
inappropriate specification of the process noise covariance.

Although the NEES analysis of the constant-noise EKF indicates inconsistencies
in the estimated state uncertainty, the NIS values remain within the expected con-
fidence bounds. This suggests that the constant-noise EKF sufficiently represents
the measurement predictions and resulting innovations.
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Since the following analysis focuses on the residuals and their corresponding
depth values rather than the accuracy of the estimated state itself, the model is still
suitable for its intended purpose. The observed NEES deviations indicate limitations
in state estimation and are taken into account when interpreting the results.
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Figure 4: NIS values for the constant-noise EKF of an illustrative simulation run.

0 20 40 60 80 100

0
50

0
15

00
25

00

Index

N
E

E
S

Figure 5: NEES values for the constant-noise EKF of an illustrative simulation run.
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The results shown are illustrative examples, generated from a single simulation
run with a fixed random seed. They are intended for the qualitative analysis of the
filter behaviour, allowing a comparison between the two approaches. This is not a
statistically comprehensive evaluation; a larger number of independent simulation
runs would be required for that. However, for the purpose of the following analysis,
this is sufficient.

4.2.2 Analysis of the residuals using depth values

This section compares various depth values based on the simulated (standardised)
residuals. An overview of the depth methods and the symbols used to denote them
in the following results tables can be found in table 7. For each depth function, a
hypothesis test is performed based on the corresponding quantile. The test decision
is described by the indicator Rd(α). A value of Rd(α) = 1 corresponds to a rejection
of the null hypothesis, whilst Rd(α) = 0 means that the null hypothesis is not
rejected.

The critical values used for the depth tests were determined using simulations
and thus form the empirical quantiles. That means, that these quantiles need to
be seen critical. Quantiles simulated with a bigger sample size are listed in chapter
3. This shows that the simulated quantiles are changing a lot for different sample
and simulation sizes. Therefore, some possible close test choices need to be seen
critical. These are listed in detail in the tables in Appendix A.1 ’Quantile tables’
tables 24, 25, 26, 27, 28 and 29. For the non-standardised depth statistics, the
quantiles correspond to the empirically determined critical values of the respective
test statistic. For the standardised variants, the theoretical quantiles of the standard
normal distribution are also used, as these statistics asymptotically converge to a
standard normal distribution.

The depth tests were performed at a significance level of α = 0.05 and at an
adjusted significance level of αBonf = 0.0083 for the univariate tests and αBonf =
0.0167 for the bivariate tests.
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Symbol Method
du,F

K full K-sign depth
Du,F

K standardised full K-sign depth
du,S

K simplified K-sign depth
Du,S

K standardised simplified K-sign depth
dF

K K-simplex depth
DF

K standardised full K-simplex depth
dS

K simplified K-simplex depth
DS

K standardised simplified K-simplex depth
Rd(α) rejection indicator of the corresponding

depth-based test at significance level α

Table 7: Overview of the considered depth measures and their notation.

First, the univariate depth values and the corresponding test decisions for the state-
dependent-noise EKF are examined. These can be found in table 8 for the seed
1.

Since the data were simulated under the correct model, it is expected that the
null hypothesis will not be rejected in most cases. For both significance levels, nearly
all values of the full 3-sign depth and 4-sign depth are at their expected values. The
full 3-sign depth is close to 0.25 for all components, which is the expected value of
this depth method. The full 4-sign depths are also close to their expected value of
0.125 for all components.

In fact, almost all calculated depth values lie above the respective critical quan-
tiles. Accordingly, the rejection indicators of the tests are zero for almost all tests.
Only for the full 3-sign depth, full 4-sign depth and simplified 3-sign depth plus their
standardised versions is a rejection observed for the component Q3 at the α = 0.05
level. However, after applying the Bonferroni correction, this rejection disappears.
It is therefore likely to be a random false alarm, which can be explained by the
multiple testing problem.

Given that this analysis is based on a single illustrative simulation, this discrep-
ancy is not interpreted as an indication that the model is fundamentally unsuitable.

The table 9 with the results of the simplex-based methods does not show anything
unusual either. Here all the depth values are within the expected range and the
corresponding rejection indicators are all zero.

To investigate the influence of the chosen random seed on the depth values,
another set of depth values from the state-dependent noise EKF is analysed for a
different random seed in the tables 30 and 31. The results are very similar, with the
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full and simplified K-sign depth and the simplex depth values all being very close
to each other.

Methods Nodes Quantiles
P1 Q1 P2 Q2 P3 Q3 α αBonf

du,F
3 0.2548 0.2538 0.2504 0.2556 0.2554 0.2337 0.2375 0.2267

Du,F
3 0.4780 0.3791 0.0427 0.5622 0.5387 -1.6271 -1.2486 -2.3296

Rdu,F
3

(0.05) 0 0 0 0 0 1
RDu,F

3
(0.05) 0 0 0 0 0 1

Rdu,F
3

(0.0083) 0 0 0 0 0 0
RDu,F

3
(0.0083) 0 0 0 0 0 0

du,F
4 0.1294 0.1273 0.1264 0.1300 0.1286 0.1135 0.1155 0.1078

Du,F
4 0.4398 0.2321 0.1401 0.5041 0.3633 -1.1490 -0.9476 -1.7185

Rdu,F
4

(0.05) 0 0 0 0 0 1
RDu,F

4
(0.05) 0 0 0 0 0 1

Rdu,F
4

(0.0083) 0 0 0 0 0 0
RDu,F

4
(0.0083) 0 0 0 0 0 0

du,S
3 0.2755 0.3265 0.2551 0.3673 0.2551 0.1531 0.1633 0.1224

Du,S
3 0.4518 1.3553 0.0904 2.0781 0.0904 -1.7167 -1.6449 -2.3940

Rdu,S
3

(0.05) 0 0 0 0 0 1
RDu,S

3
(0.05) 0 0 0 0 0 1

Rdu,S
3

(0.0083) 0 0 0 0 0 0
RDu,S

3
(0.0083) 0 0 0 0 0 0

du,S
4 0.1546 0.2165 0.1134 0.2680 0.1134 0.0619 0.0515 0.0309

Du,S
4 0.6030 1.8613 -0.2359 2.9100 -0.2359 -1.2846 -1.6449 -2.3940

Rdu,S
4

(0.05) 0 0 0 0 0 0
RDu,S

4
(0.05) 0 0 0 0 0 0

Rdu,S
4

(0.0083) 0 0 0 0 0 0
RDu,S

4
(0.0083) 0 0 0 0 0 0

Shapiro-Wilk 0.4404 0.0233 0.0649 0.8046 0.1738 0.1975

Table 8: Depth statistics, critical values, and rejection decisions of an illustrative
simulation from the state-dependent-noise EKF for Seed 1.
Note. Rd(α) = 1 indicates rejection of the null hypothesis at significance level α, RT (α) = 0
indicates non-rejection. The significance levels are α = 0.05 and the Bonferroni-adjusted level
αBonf = 0.05

6 = 0.0083. Critical values were obtained from the empirical quantile tables reported
in Appendix A.1. For depth statistics converging in distribution to a standard normal random
variable, the corresponding critical values are given by Φ−1(0.05) = −1.6449 and Φ−1(0.0083) =
−2.3940.



4 SIMULATION STUDY 38

Methods Nodes Quantiles
(P1, Q1) (P2, Q2) (P3, Q3) α αBonf

dF
1 0.2543 0.2478 0.2433 0.2376 0.2303

DF
1 0.4310 -0.2245 -0.6685 -1.2362 -1.9672

RdF
1
(0.05) 0 0 0

RDF
1

(0.05) 0 0 0
RdF

1
(0.0167) 0 0 0

RDF
1

(0.0167) 0 0 0
dF

2 0.0853 0.0828 0.0799 0.0775 0.0745
DF

2 0.1938 -0.0572 -0.3409 -0.5867 -0.8810
RdF

2
(0.05) 0 0 0

RDF
2

(0.05) 0 0 0
RdF

2
(0.0167) 0 0 0

RDF
2

(0.0167) 0 0 0
dS

1 0.2245 0.3061 0.3163 0.1735 0.1531
DS

1 -0.5275 1.1606 1.3716 -1.6449 -2.1280
RdS

1
(0.05) 0 0 0

RDS
1
(0.05) 0 0 0

RdS
1
(0.0167) 0 0 0

RDS
1
(0.0167) 0 0 0

dS
2 0.0515 0.0619 0.0928 0.0309 0.0206

DS
2 -0.9138 -0.6175 0.2717 -1.6449 -2.1280

RdS
2
(0.05) 0 0 0

RDS
2
(0.05) 0 0 0

RdS
2
(0.0167) 0 0 0

RDS
2
(0.0167) 0 0 0

Table 9: Depth statistics, critical values, and rejection decisions of an illustrative
simulation from the state-dependent-noise EKF for Seed 1.
Note. Rd(α) = 1 indicates rejection of the null hypothesis at significance level α, RT (α) = 0
indicates non-rejection. The significance levels are α = 0.05 and the Bonferroni-adjusted level
αBonf = 0.05

3 = 0.0167. Critical values were obtained from the empirical quantile tables reported
in Appendix A.1. For depth statistics converging in distribution to a standard normal random
variable, the corresponding critical values are given by Φ−1(0.05) = −1.6449 and Φ−1(0.0167) =
−2.1280.

This time, the null hypothesis for component Q3 at the 3-sign depth and stan-
dardised 3-sign depth is rejected at the α = 0.05 level. However, this changes as
soon as the significance level is adjusted using the Bonferroni correction. Therefore,
it can be concluded that the depth values are not dependent on the random seed.

The standardised residuals of the state-dependent noise EKF were then examined
using depth values for seed 1, and the depth values remained comparable to those
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of the non-standardised residuals (see tables 32 and 33). Interestingly, however,
rejections no longer occur for the full 3-sign depth, full 4-sign depth and simplified
3-sign depth values and their standardised versions. This suggests that they are
eliminated by the standardisation process. Otherwise, the rejection indicators re-
mained unchanged and showed no significant deviations for this example simulation
run.

Similar patterns emerge when comparing with the constant-noise EKF in the
tables 34 and 35. Seed 1 was also used here to ensure the results are comparable.
For the constant-noise EKF, the null hypothesis for the full 3-sign depth, full 4-sign
depth and simplified 3-sign depth and their standardised versions is also rejected
for the component Q3 at the α = 0.05 level. Unlike previously, the standardised
residuals also reject these cases this time (for more details refer to the tables 36 and
37). The other depth values remain consistent across all scenarios.

The results show that the state-dependent-noise and constant-noise EKFs both
satisfy the expected distribution properties of the simulated states. The Shapiro–Wilk
statistics reveal lower values for certain nodes, particularly the standardised residu-
als. However, as the depth-based tests do not detect any significant differences, the
results provide no evidence of a significant violation of the normality assumption.

4.3 Consequences of model parameter misspecification

The following section investigates the effect a misspecified parameter in the voltage
process has on the simulated data, and to what extent this affects the depth tests.
First, an examination is conducted to determine the effects of a mismatch between
the state transition parameter θv, which is used to simulate the voltage process, and
the θ parameter used for the state estimation. Secondly, an analysis with the same
principle for the reference state vector v0 is conducted.

4.3.1 Influence of the state transition parameter θv misspecification:
state-dependent-noise EKF

A simulation study of 500 runs is carried out here to evaluate the extended Kalman
filter. Each simulation considers 100 simulated data points. First, observations are
generated and then processed by the filter.

The state process is simulated according to

vt = θvt−1 + (1 − θ)v0 + ev
t ,
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v0 describes the reference state and ev
t ∼ N (0, Σv

t ) represents the process noise term.
The parameter θ defines the state transition dynamics of the system. For large values
of the parameter θ the current state depends heavily on the previous state. If these
parameter values are smaller, then the current state leans more towards the reference
state vector v0.

The observations are then calculated using the non-linear observation function

zt = h(vt) + ez
t ,

where ez
t ∼ N (0, Σz

t ) represents the measurement error.
First, the case of a correctly specified model is being analysed. Furthermore, the

study investigates how a discrepancy between the state transition parameter used
in the simulation and the state transition parameter assumed by the filter affects
the estimation performance.

Therefore, the system states are simulated using a parameter θtrue,

vt = θtruevt−1 + (1 − θtrue)v0 + ev
t ,

while the filter continues to use the parameter θmodel in its prediction step. The
prediction model assumed by the filter is therefore given by

v̂t|t−1 = θmodelv̂t−1|t−1 + (1 − θmodel)v0.

Here, v̂t|t−1 denotes the predicted state at time step t, based on the information
available up to the previous time step (t−1). This prediction is obtained by applying
the state transition model before incorporating the new measurement at time t.
The term v̂t−1|t−1 represents the estimated state at the previous time step after the
measurement update has been performed.

In the case of a correctly specified model, the parameter used by the filter cor-
responds to the actual parameter of the simulated system, i.e.,θmodel = θtrue.

However, to investigate the influence of model misspecification, the filter can be
intentionally provided with an incorrect parameter value such that θmodel ̸= θtrue.

In this case, the filter prediction is based on a different state transition behaviour
than the one underlying the simulated process. This results in a model mismatch,
allowing the robustness of the filter with respect to incorrect assumptions about
system dynamics to be analysed.
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As the true parameter θ = 0.1 was chosen. As false parameters,

θ = 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9

were tested. To compare the results effectively, the rejection rates of the various
depth tests are reviewed. In each simulation, data is simulated for three nodes, so
for six components, and the combined rejection rate is then calculated. To do this,
the number of depth tests rejections at the significance level α = 0.05 is counted
and then divided by (500 · 6) to get the reported rejection rates.

First, the behaviour of these rejection rates for the state-dependent-noise EKF is
shown in figure 6. This figure shows the rejection rates dependent on an increasingly
incorrect θ.

For θmodel = 0.1, the filter model corresponds to the true system dynamics, and
no model mismatch is present. In this case, the rejection rates are close to the
significance level of α = 0.05, indicating that the tests maintain the expected false
rejection probability for a correctly specified model.

As the parameter θmodel increases, the difference between the assumed and the
true state transition parameter becomes larger. This results in an increasing re-
jection probability for most of the investigated methods. The observed increase
demonstrates that the tests are sensitive to the difference between the actual pro-
cess dynamics and the dynamics assumed by the filter. The different standard-
ised versions of the methods show nearly identical behaviour compared to their
non-standardised counterparts. Therefore, the standardisation does not appear to
significantly influence the rejection probability in this simulation setup.

The full simplex-based approaches and the simplified 1-simplex approach show
the strongest increase in rejection rates. In particular, the simplified 1-simplex depth
method reaches rejection rates above 95% for θmodel = 0.9, indicating a high sensitiv-
ity to the model mismatch. The simplified 2-simplex depth displays in comparison
to the other simplex-based method relatively low rejection rates.

The full sign-based depth approaches, including the full 3-sign depth and the
full 4-sign depth, show a moderate but consistent increase in rejection probability.
The full 4-sign depth method generally achieves slightly higher rejection rates than
the full 3-sign depth. This indicates a somewhat higher sensitivity to differences in
the assumed model dynamics. The lowest rejection rate of the depth methods is
displayed by the simplified 4-sign depth.

In contrast, the Shapiro-Wilk test shows only a small increase in rejection rates
over the investigated range of θmodel. The rejection probability remains close to the
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significance level of α = 0.05, even for larger differences between θtrue and θmodel.
This indicates that the Shapiro-Wilk test is effective in controlling the false rejection
rate for a correctly specified model but has limited power to detect the introduced
model mismatch. Therefore, the test is less sensitive to changes in the assumed state
transition dynamics compared to the other investigated approaches.
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Figure 6: Rejection rates of the depth value methods and the Shapiro-Wilk test for
different wrong parameter θ used in the voltage process in the simulation with the
state-dependent-noise EKF and non standardised residuals (true parameter θ = 0.1).

The figure 41 shows the rejection rates calculated using the standardised residuals
from the state-dependent-noise EKF. The rejection rates obtained from the stan-
dardised and non-standardised residuals show nearly identical behaviour for all the
relevant methods. This indicates that the standardisation of the residuals does not
significantly affect the ability of the tests to detect the introduced model mismatch
in this simulation setup. The same trends are observed for both set of residuals,
with increasing rejection rates for increasing differences between the assumed and
the true state transition parameter.

The similar performance suggests that the information contained in the residual
structure is preserved after standardization. Therefore, the main factor influencing
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the rejection probability is the differences in the assumed system dynamics rather
than the scaling of the residuals.

As can be seen from the figures, the rejection rates do not all lie exactly at 0.05
when the model with the true state transition parameter is used. Therefore, a brief
explanation of the Monte Carlo uncertainty to explain this behaviour follows.

Monte Carlo uncertainty
All empirical rejection probabilities reported in this thesis are based on a finite
number of Monte Carlo replications. Consequently, the estimated rejection rates
are themselves subject to sampling variability (Morris, White, and Crowther 2019,
p. 2086).

Suppose that a hypothesis test is repeated independently M times under the
same data-generating process. Let R denote the number of rejections and let

p̂ = R

M

be the empirical rejection probability. Since each simulation either results in a
rejection or not, the number of rejections follows a binomial distribution,

R ∼ Bin(M, p),

where p denotes the true rejection probability. Therefore,

E(p̂) = p

and
Var(p̂) = p(1 − p)

M
.

Hence, the Monte Carlo standard error of the estimated rejection probability is

SE(p̂) =
√

p(1 − p)
M

.

In the simulation study presented in this thesis, M = 500 Monte Carlo replica-
tions are used. For a significance level of α = 0.05, the Monte Carlo standard error
is approximately √

0.05 · 0.95
500 ≈ 0.0097.
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Consequently, the empirical rejection rates are expected to fluctuate around the
significance level due to Monte Carlo variability (Morris, White, and Crowther 2019,
p. 2086). An approximate 95% confidence interval for the empirical rejection prob-
ability is therefore given by

0.05 ± 1.96 · 0.0097 = [0.031, 0.069].

Thus, rejection rates within this interval can reasonably be attributed to Monte
Carlo variation, whereas substantially larger deviations indicate that the correspond-
ing test is either liberal or conservative.

4.3.2 Influence of the state transition parameter θv misspecification:
constant-noise EKF

The rejection rates for the constant-noise EKF are shown in Figure 7. For the
correctly specified model θmodel = θtrue, the rejection rates of all methods remain
close to the significance level of α = 0.05. This indicates that the investigated
approaches maintain an appropriate false rejection probability when the filter model
is valid.
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Figure 7: Rejection rates of the depth value methods and the Shapiro-Wilk test for
different wrong parameter θ used in the voltage process in the simulation with the
constant-noise EKF and non standardised residuals (true parameter θ = 0.1).
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With increasing values of θmodel, the rejection rates increase for most methods,
showing that the tests are able to detect differences from the assumed system dy-
namics. However, the increase in rejection probability is less pronounced compared
to the first simulation setup. The methods therefore show a lower sensitivity to the
introduced model mismatch in this scenario.

The depth-based approaches show a gradual increase in rejection rates as the
difference between θmodel and θtrue becomes larger. The full 4-sign depth method
generally performs slightly better than the full 3-sign depth, while the inclusion of
the simple version improves the sensitivity for some cases. This time the rejection
rates for the full 3-sign depth and the full 1-simplex depth show a nearly identical
behaviour. The simplex-based methods show a stronger increase compared to the
sign-based depth approaches, although the achieved rejection rates remain below
the observed ones in the first scenario.

As in the previous simulation, the simplified 1-simplex depth provides the highest
rejection rates among the investigated methods. It shows a clear increase from values
close to the significance level for the correctly specified model to approximately 67%
for θmodel = 0.9. Nevertheless, this increase is considerably smaller than the increase
of the state-dependent-noise EKF, where this method reached a rejection rate above
95%. This indicates that the introduced model mismatch is more difficult to detect
in this filter.

The Shapiro-Wilk test again remains close to the significance level over the inves-
tigated range. Although a slight increase in rejection probability is observed for large
differences, its sensitivity remains considerably lower compared to the depth-based
approaches.

When looking at the standardised residuals of the constant-noise EKF in this
simulation study, a similar behaviour to the non standardised residuals can be ob-
served (see figure 42).

Overall, the results show that rejection rates increase with the amount of discrep-
ancy between the true and assumed state transition parameters. The investigated
methods are therefore capable of detecting an incorrectly specified process model,
with the simplex-based approaches providing the highest sensitivity among the con-
sidered methods. It can also be summarised that the same results were obtained
for both the non-standardised and standardised residuals of both EKFs. Consid-
ering the Monte Carlo uncertainty, the rejection rates of all investigated methods
remain close to the significance level of α = 0.05 for the correctly specified model
θmodel = θtrue. This indicates that the methods do not falsely reject the valid filter
model.
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4.3.3 Influence of the reference state vector v0 misspecification: state-
dependent-noise EKF

In this simulation study, the robustness of the EKF with respect to a misspecified
reference state vector is investigated. The model remains unchanged. Only the
reference state used by the filter is intentionally chosen incorrectly. The aim is to
understand how much the filter and the depth values with their tests are influenced
by this type of model misspecification.

The simulated data are therefore always generated from the correct model. In
particular, the true reference state vector v0 is fixed throughout all simulation scenar-
ios. Consequently, the underlying stochastic process is identical in every experiment.

The misspecification is introduced only during the filtering step. Instead of using
the true reference state v0, the filter assumes a different value, denoted by ṽ0.

The prediction equation of the EKF therefore becomes

at = θvct−1 + (1 − θv)ṽ0,

instead of
at = θvct−1 + (1 − θv)v0.

Thus, the difference between the predicted state and the observations is only
caused by the incorrect reference state assumed by the filter.

Therefore, several levels of misspecification are considered. The true reference
state vector is

v0 = (0.9, 0.1, 0.9, 0.1, 0.9, 0.1)⊤.

The filter is then initialized with different assumed reference state vectors,

ṽ0 ∈



(0.9, 0.1, . . .)⊤,

(0.8, 0.2, . . .)⊤,

(0.7, 0.3, . . .)⊤,

(0.6, 0.4, . . .)⊤,

(0.5, 0.5, . . .)⊤,

(0, 0, . . .)⊤



,

representing increasing degrees of misspecification. The first scenario corresponds to
the correctly specified model and serves as a baseline. The remaining scenarios in-
troduce progressively larger deviations from the true reference state. The additional
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scenario of the components being zero is interesting, because here the prediction is
only made based of the last estimation.

For each scenario, M = 500 independent simulation runs are performed. Each
run consists of T = 100 observations. The rejection rates of all considered diagnostic
tests are then estimated. The rejection rate is defined as the proportion of simu-
lation runs in which the corresponding null hypothesis is rejected at the α = 0.05
significance level.

This simulation isolates one specific source of model misspecification. All re-
maining model components are kept fixed. The state transition parameter is chosen
as θv = 0.1. Consequently, differences in the rejection rates can be attributed exclu-
sively to the incorrect specification of the reference state used. This allows a direct
assessment of the sensitivity of the proposed diagnostics to errors in the assumed
reference state of the system.

An overview of the various values tested and their scenario names can be found
in table 10.

Scenario en fn

True 0.9 0.1
Mild 0.8 0.2
Medium 0.7 0.3
Severe 0.6 0.4
Extreme 0.5 0.5
Zero 0.0 0.0

Table 10: List of used reference state vectors for v0 = (e1, f1, e2, f2, e3, f3) with
n = 1, 2, 3.

The simulation results for the state-dependent-noise EKF are shown for both
the non standardised and standardised residuals. The results of these analysis are
shown in the figure 8 for the non standardised residuals and in figure 44 for the
standardised residuals.

For the correctly specified model, all rejection rates are close to the significance
level. This is true for both the non standardised and standardised residuals. There
are not exactly at α = 0.05, but this is explained by the Monte Carlo uncertainty.

Both sets of residuals react for even the mild difference between the true and
the wrong reference state vector. The rejection rates of the depth values in the
mild scenario go up to at least 50%. The simplex-based methods even go up to a
rejection rate of 100% while the sign depth methods react not as strongly. From the
medium scenario onwards, all rejection rates of the depth methods are at a 100%.
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This means, that all depth values detect even a relatively small difference between
the true and assumed reference state reliably.
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Figure 8: Rejection rate of the depth value methods and the Shapiro-Wilk test for
different wrong parameters v0 used in the prediction of the filter with the state-
dependent-noise EKF and non standardised residuals.

The Shapiro–Wilk test also detects the wrong parameter but its increase in power
is more gradual. Its rejection rate is approximately 14% for the mild scenario and
increases to about 39% for the medium scenario. Only for the larger misspecifications
does its power approach one. Consequently, the depth-based procedures identify the
misspecification considerably earlier than the normality test.

The same behaviour can be observed for the standardised residuals of this EKF.
This time the rejection rates of the sign depth methods for the mild scenario are
even higher and lie at around 85%. This means that for standardised residuals the
sign depth methods are even better to detect the wrong parameter even for small
differences. The simplex depths and the Shapiro-Wilk test show the same rejection
as for the non standardised residuals.

4.3.4 Influence of the reference state vector v0 misspecification: constant-
noise EKF

Now this simulation study for a misspecified reference state vector is analysed for
the constant-noise EKF. Therefore, the rejection rates can be found in figure 9 for
the non standardised residuals and in figure 45 for the standardised residuals. For
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this EKF there is again no major difference in the rejection rates for the different
residuals. Looking at the mild scenario, it is visible that the rejection rates for the
sign depth of the non standardised residuals are lower that the rejection rates of the
standardised residuals. Interestingly, the rejection rates of the simple sign depth
methods of both residuals stay at around 90% for the medium and zero scenario.

The Shapiro-Wilk test only goes up to a rejection rate of 14% for the severe
scenario. This means, that the test reacts far later to the wrong reference state
parameter for the constant-noise EKF than it does for the state-dependent-noise
EKF. For the zero scenario the Shapiro-Wilk test goes up to a rejection rate of
about 65%.
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Figure 9: Rejection rate of the depth value methods and the Shapiro-Wilk test for
different wrong parameters v0 used in the prediction of the filter with the constant-
noise EKF and non standardised residuals.

In summary, the depth value methods are really good at detecting an incorrectly
specified reference state for both EKFs. The residuals, independent whether they
are standardised or not, allow even mild differences from the true reference state to
be identified with high probability. Across all considered scenarios, the depth-based
procedures consistently achieve higher rejection rates than the Shapiro–Wilk test.

4.4 Robustness to outliers

In this section the robustness of the filter towards outliers is analysed. Therefore,
first only positive additive outliers are considered. Afterwards two-sided additive
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outliers are added to the simulated data and their influence is analysed.

4.4.1 Positive outliers

To evaluate the robustness of the Kalman filter, additive outliers (AO) are intro-
duced into the measurement process. The state process is not modified and follows
the state-space model described in the previous section. Only the observations are
affected.

Without outliers, the observation model is given by

zt = h(vt) + ez
t ,

where ez
t ∼ N (0, Σz) denotes the measurement noise.

A constant offset of 1000 is added to the simulated observation vector at the
selected time points. The same offset is added to every component of the observation
vector. As a result, only the measurements are corrupted, while the underlying state
remains unchanged. The observation model then becomes

zt =

h(vt) + ez
t + 1000, if t ∈ T (i)

AO,

h(vt) + ez
t , otherwise,

where T (i)
AO with i = 1, 2, 3 denotes the set of time points at which additive

outliers are introduced into the observations. Three different outlier scenarios are
considered. The outlier time points are randomly selected before the simulation and
remain fixed during each simulation run. This allows the filter performance to be
compared under different levels of measurement contamination. The first scenario
contains two isolated outliers at the time points

T (1)
AO = {10, 80}.

The second scenario contains ten outliers at the time points

T (2)
AO = {1, 14, 34, 39, 43, 51, 59, 68, 82, 87},

which are randomly selected. The third scenario contains fifteen outliers with
the time points

T (3)
AO = {2, 6, 7, 15, 29, 37, 39, 42, 44, 47, 48, 53, 59, 73, 78}.

These scenarios represent increasing levels of measurement contamination.
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Since only the observations are affected, these disturbances are classified as ad-
ditive outliers. The purpose of these scenarios is to investigate how isolated and
repeated measurement errors influence the innovations and the resulting state esti-
mates of the Kalman filter.

The figure 40 shows an example of an illustrative simulation for the first node run
where ten additive outliers are added. It is clear to see that the influence of an outlier
is not restricted to the measurement update at the corresponding time step. Due
to the recursive nature of the Kalman filtering process, the corrupted measurement
is incorporated into the state estimate and causes an inaccurate correction of the
predicted state. As a result, the residuals remain significantly affected during the
following time steps before returning to their nominal range. This indicates that the
filter requires a certain recovery period to compensate for the erroneous measurement
and restore an accurate state estimate.

The following figures show the rejection rates of the depth methods and the
Shapiro-Wilk test for the different scenarios of outliers side by side. The rejection
rates for the state-dependent-noise EKF are displayed in figure 10.
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Figure 10: Rejection rates for the residuals of the state-dependent-noise EKF for
positive additive outlier scenarios with 2, 10, and 15 outliers.

In this figure it is clear to see that already two outliers are enough to let the
rejection rate of the Shapiro-Wilk test to go up to 100%. Meaning this test is
especially sensitive to outliers. Since the sign-based depth values are purely based
on the sign of the residuals, it is not surprising, that these tests do not change much
over the scenarios. The simplex-based methods start to react with increasing their
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rejection rates for ten and fifteen outliers. The rejection rate of the full and simple
simplex depth go up to 50% for fifteen additive outliers. This behaviour is discussed
in the following paragraph ’Influence of artificial outliers on the simplex depth’. The
standardised simplex depth versions stay in comparison quite low.

The same results can be seen for the constant-noise EKF in figure 11. The sign-
based depth do not show any big differences of the rejection rates. The rejection
rates for the full sign depths go up to 10% for fifteen outliers. For this filter, the
simplex methods also react to the outliers with a much higher rejection rate, but this
time the maximum rejection rate is about 20%. This means, that the depth tests
seem to be less influenced by the residuals with outliers when the constant-noise
EKF is used.
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Figure 11: Rejection rates for the residuals of the constant-noise EKF for positive
additive outlier scenarios with 2, 10, and 15 outliers.

The standardised residuals of the EKFs and the rejection rates obtained from
these residuals are shown in figure 47 and 48. The rejection rates of all considered
methods behave the same. This means, that the standardisation of the residuals do
not influence the rejection rate in this scenario as well.

Influence of artificial outliers on the simplex depth
Due to the dynamic nature of the filtering procedure, the addition of the outliers
not only produced an extremely large residual at the contaminated observation but
also caused a substantial negative residual at the next time point, typically of an
approximately size of −90.
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An example of the resulting simplices can be seen in the figures 35, 36, 37 and 38.
These figures show an illustration of the simplices of the simplex depth for K = 1 on
a subset of six observations generated with the state-dependent-noise EKF, including
one positive outlier. The main panel shows the zoomed-in region used for the simplex
depth, while the inset provides an overview of the complete subset and indicates the
location of the zoomed region. Triangles containing the origin are highlighted in
green, whereas triangles not containing the origin are outlined in red. In these
graphics you can clearly see the influence of the outlier and the resulting smaller
outlier.

This behaviour affects the simplex depth a lot. For example, the full 1-simplex
depth is defined as the proportion of all triangles formed by triples of residuals that
contain the origin. Under the null hypothesis, the residual vectors are approximately
centered around the origin, implying that a relatively large proportion of these
triangles contains the origin.

The introduction of artificial outliers changes the geometry of the residual cloud.
Rather than observing a single isolated extreme point, the filtering procedure gen-
erates a characteristic pattern consisting of a very large positive residual followed
by a pronounced negative residual. Resulting in residual vectors that are no longer
approximately symmetrically distributed around the origin. Since the simplex depth
depends on the geometric arrangement of all residual vectors, this distortion affects
a large number of simplices.

Although for example only 10% of the residuals are directly contaminated, the
effect on the simplex depth is considerably larger. For N = 100, the full 1-simplex
depth is based on (

100
3

)
= 161, 700

simplices. The number of simplices containing at least one contaminated residual
equals (

100
3

)
−
(

90
3

)
= 161, 700 − 117, 480 = 44, 220,

which corresponds to approximately 27.3% of all triangles. Hence, a relatively small
fraction of contaminated observations influences a substantial proportion of the sim-
plices contributing to the depth.

Since the rejection rule for the null hypotheses is given by

sup
θ∈Θ0

dj
K (r1(θ), . . . , rN(θ)) < qK,j(α),
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a reduction of the observed depth increases the probability of rejection. The sim-
ulated critical values qK,j(α) are obtained under the uncontaminated null model
and therefore correspond to approximately symmetric residual distributions. Artifi-
cial outliers together with the subsequent filter response alter the empirical residual
distribution and may reduce the observed simplex depth relative to this reference
distribution.

This indicates that the simplex depth is sensitive not only to the presence of
extreme observations but also to the dynamic residual patterns generated by the
filtering procedure after an outlier occurs.

4.4.2 Two-sided outliers

To investigate the influence of measurement outliers with varying directions, an
additional outlier scenario is considered. The state process remains unchanged and
follows the previously defined state-space model. Only the measurement process is
modified at selected time points.

At predefined time points, an additional random shift is introduced into the
observation vector. The modified observation model is given by

zt =

h(vt) + ez
t + ηt, if t ∈ T (i)

AO for i = 1, 2, 3,

h(vt) + ez
t , otherwise,

where ηt represents the outlier contribution. For each affected observation com-
ponent, the shift is randomly selected from

ηt ∈ {−1000, 1000}.

Therefore, each component of the observation vector receives either a positive or
a negative shift of scale 1000. The direction of the outlier is independent for each
measurement component. An example of this can be seen in figure 39. This figure
shows an example of ten added outliers to an illustrative run of the state-dependent-
noise EKF. It is clear to see that the direction of the outliers are random and do
not follow a specific pattern.

First, the rejection rate of the residuals obtained with the state-dependent-noise
EKF are looked at in figure 12. This time the rejection rate of the depth-based
methods only go up to maximal 10% for 10 and 15 outliers. It seems that the two-
sided outliers do not effect the simplices as much as the one-sided outliers did. The
Shapiro-Wilk tests rejection rate reacts the same as for one-sided outliers. These
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results are not influenced by standardising the residuals of the state-dependent-noise
EKF as shown in figure 49.
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Figure 12: Rejection rates for the residuals of the state-dependent-noise EKF for
two-sided additive outlier scenarios with 2, 10, and 15 outliers.

When looking at the residuals of the constant-noise EKF, not much difference
can be seen to before. These rejection rates are shown in figure 13 and for the
standardised residuals in figure 50. The depth-based rejection rate for this filter
stay consistently around the significance level for both types of residuals. For the
higher number of outliers the standardised simplex-based rates even get lower than
for the scenario of no outliers. The Shapiro-Wilk test again performs as before and
rejects the tests each time for even two outliers.

Overall, it can be noticed that one-sided residuals have a significant impact on
the simplex-based method and the responding rejection rates. This changes, if two-
sided additive outliers are introduced. The standardisation of residuals does not
have any impact on the rejection rates of both filters. For all scenarios, where
outliers are involved, the Shapiro-Wilk test react to this outliers and its rejection
rate goes up to 100%.
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Figure 13: Rejection rates for the residuals of the constant-noise EKF for two-sided
additive outlier scenarios with 2, 10, and 15 outliers.

4.5 Analysis for an alternative parameter setting (θv = 0.9)

In this section the studies from the previous sections are run again but this time
the considered true state transition parameter is chosen as θtrue = 0.9. For this
parameter value, the model shows a strong temporal dependence, meaning that
previous states have a much bigger influence on the current state than the reference
state v0.

4.5.1 Consequences of model parameter misspecification

The rejection rates for the scenario with a fixed true state transition parameter of
θtrue = 0.9 of the state-dependent-noise EKF are shown in figure 14. In this scenario,
decreasing values of θmodel represent an increasing mismatch between the model used
by the filter and the actual system dynamics. Since the previous analysis showed
that the use of standardised residuals does not lead to a significant difference in
the rejection rates, only the results based on the non-standardised residuals are
considered for both EKF.

For the correctly specified model, where θmodel = θtrue = 0.9, all investigated
methods show rejection rates close to the significance level of α = 0.05 when applying
the Monte Carlo uncertainty. This indicates that the tests maintain the expected
rejection probability when the assumed model matches the true system dynamics.

However, in contrast to the previous simulation scenarios, the rejection rates
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decrease as the mismatch between θmodel and θtrue increases. Most methods show
rejection probabilities close to zero for smaller values of θmodel, indicating that the
introduced model mismatch is not detected in this scenario. The decrease is partic-
ularly pronounced for the depth and simplex-based approaches, where the rejection
rates drop below the nominal level even for small deviations from the true parameter.

The Shapiro-Wilk test shows a different behaviour. Its rejection rate remains
approximately constant around the significance level of α = 0.05 over the entire
range of tested values. Therefore, similar to the previous experiments, it does not
show a notable sensitivity to the introduced model mismatch, but it also maintains
a stable rejection probability.
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Figure 14: Rejection rates of the depth value methods and the Shapiro-Wilk test for
different wrong parameter θ used in the voltage process in the simulation with the
state-dependent-noise EKF and non standardised residuals (true parameter θ = 0.9).

The results for the constant-noise EKF with θtrue = 0.9 are shown in Figure 43.
For the correctly specified model, where θmodel = θtrue = 0.9, all investigated

methods yield rejection rates close to the significance level of α = 0.05. This indi-
cates that the tests maintain an appropriate rejection probability when the assumed
dynamics correspond to the true system dynamics.
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Compared to the state-dependent-noise EKF, the rejection rates of the simple
depth are generally lower for the constant-noise EKF. The overall behaviour, how-
ever, remains similar, suggesting that the direction of the model mismatch has a
stronger influence on the detection performance than the specific noise model.

Overall, the results indicate that the investigated methods are sensitive to the
direction of the model mismatch. While deviations from a smaller true state transi-
tion parameter were detected in the previous experiments, deviations from the true
value θtrue = 0.9 are not reflected by increasing rejection rates. This suggests that
the detectability of a model mismatch depends on both the extent of the parameter
deviation and the underlying system dynamics.

For this alternative parameter θv = 0.9 the sensitiveness for a wrong reference
state vector is also analysed. The figure 15 shows the rejection rates for the state-
dependent-noise EKF and the figure 46 the ones for the constant-noise EKF. For
both EKFs the simplex-based methods detect the wrong parameter setting even for
the mild scenario. In these cases the rejection rate is at 100%.

Here, the sign-based methods also detect the wrong parameter, but the rejection
rates only reach 100% for the extreme scenario when it comes to the state-dependent-
noise EKF and for the severe scenario when it comes to the constant-noise EKF.
This means, that if the state transition parameter is higher, the rejection rates of
the sign-based depth methods are not as high for small differences in the reference
state vectors.
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Figure 15: Rejection rate of the depth value methods and the Shapiro-Wilk test
for different wrong parameters v0 used in the prediction of the filter with the state-
dependent-noise EKF and non standardised residuals with the parameter θ = 0.9.
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The Shapiro-Wilk test shows the same behaviour as before. Its rejection rates are
much higher for the state-dependent-noise EKF than for the constant-noise EKF.
However, there is one exception which is the zero scenario. Here the rejection rate
of the Shapiro-Wilk test only lies at about 25%. The rejection rate for the constant-
noise EKF for this scenario lies at about 70%.

Overall, the simplex-based methods are again more sensitive towards the wrong
reference vector that the sign-based methods. However, all looked at methods detect
the differences in the parameter quite good.

4.5.2 Robustness to outliers

In this section the influence of the outlier scenarios which have been defined before
will be analysed for the different state transition parameter.

Positive outliers
First, the one-sided additive outliers are analysed. Therefore, the rejection rates
obtained with the residuals of the state-dependent-noise EKF are shown in figure
16. This time the standardised residuals are not looked at because the results from
before show that the standardisation does not has an influence on the rejection rate
for this analysis.
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Figure 16: Rejection rates for the residuals of the state-dependent-noise EKF with
θ = 0.9 for positive additive outlier scenarios with 2, 10, and 15 outliers.

This time the rejection rates of all methods go up as soon as outliers are added.
If only two positive outliers are added, the full 4-sign depth and the 1-simplex depth
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with their standardised versions achieve the highest rejection rates with around 63%.
The Shapiro-Wilk tests rejection rate is 100% as soon as outliers are introduce. For
more outliers, the rejection rates of the full sign-methods and the full simplex-
methods as well as their standardised versions lie at 100%. The simplified methods
are less sensitive.

Similar to the results for the state-dependent-noise EKF, all methods have rejec-
tion rates for the constant-noise EKF close to the significance level when no outliers
are added (see figure 17). With an increasing number of outliers, the rejection rates
increase noticeable for most methods. The full sign-based methods, the full simplex-
based methods and the Shapiro–Wilk tests show the highest rejection rates, whereas
the simple methods remain less sensitive. Overall, the figure shows that the ability
to detect non-normality improves as the number of outliers increases.

In comparison to the case where the state transition vector was chosen as θv =
0.1, these rejection rates are much higher. This means that the outliers have a much
bigger effect for this models. This can be explained by the model definition for v.
When the state transition parameter θv = 0.9 is close to one, the weight assigned
to the reference state vector v0 becomes very small. As a result, the current state
vt depends mainly on the previous state vt−1. Therefore, an outlier in vt−1 has a
strong influence on vt, as most of its effect is carried over to the next time step. The
impact of an outlier can spread through the process over several later observations
because of this high level of persistence.
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Figure 17: Rejection rates for the residuals of the constant-noise EKF with θ = 0.9
for positive additive outlier scenarios with 2, 10, and 15 outliers.
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Two-sided outliers
For the two-sided additive outliers added to the residuals of the state-dependent-
noise EKF, all methods react to even two outliers with very high rejection rates (see
figure 18). For the scenario with only two outliers, all rejection rates lie above 50%.

0 outliers 2 outliers 10 outliers 15 outliers

0.00

0.25

0.50

0.75

1.00

R
ej

ec
tio

n 
ra

te

Full 3−sign

Std. Full 3−sign

Full 4−sign

Std. Full 4−sign

Simple 3−sign

Std. Simple 3−sign

Simple 4−sign

Std. Simple 4−sign

1−Simplex

Std. 1−Simplex

Simple 1−Simplex

Std. Simple 1−Simplex

2−Simplex

Std. 2−Simplex

Simple 2−Simplex

Std. Simple 2−Simplex

Shapiro−Wilk

Figure 18: Rejection rates for the residuals of the state-dependent-noise EKF with
θ = 0.9 for two-sided additive outlier scenarios with 2, 10, and 15 outliers.

The figure shows that the rejection rates raise simultaneously. This means, that
the outliers have an equal effect on the depth methods. For fifteen outliers, all
rejection rates lie at least at 75%.

For the constant-noise EKF the rejection rates look a bit different, but the overall
behaviour stays the same, as can be seen in figure 19. For this filter the rejection
rates do not raise as much as for the state-dependent-noise EKF for two outliers. The
maximum rejection rate in this scenario is 70%. For the scenarios with more that
two outliers, the rejection rates behave like the ones from the state-dependent-noise
filter.

Overall, it can be said, that outliers have much more effect on a model with a
high state transition parameter. This is because the current state of the model then
mainly depends on the previous state. Therefore the outliers have a lot of influence
on the process.
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Figure 19: Rejection rates for the residuals of the constant-noise EKF with θ = 0.9
for two-sided additive outlier scenarios with 2, 10, and 15 outliers.

5 Application to real data

This chapter shows how the suggested state estimation method can be applied to
measurements from a real low-voltage distribution network. The idea is to try out
the filtering approaches in real-life situations, not just on computer-generated data.

Therefore, this chapter is divided into seven sections. The first section explains
the data preparation and provides a descriptive analysis of the considered nodes
of the data. This is followed by a general description about the model set up of
the considered models. The next four sections explain and analyse the considered
models. A comparison of the models with each other can be found in the last section
of this chapter.

5.1 Data preparation and descriptive analysis of the nodes

This section first describes the data preparation for the models and gives an descrip-
tive analysis of the considered data. As described in chapter 2, the original network
consists of fourteen nodes arranged in a radial structure. For clarity, the nodes have
been renumbered using a consecutive numbering scheme, as shown in figure 20. The
correspondence between the original and new node labels is provided in table 11.
This renumbering was introduced solely to simplify the notation throughout the
remainder of this thesis and does not affect the underlying electrical model.
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Figure 20: Graph representation of the electrical network with renumbered nodes.

Old ID 1 2 3 4 5 6 7 8 9 10 11 12 13 14
New ID 1 2 13 14 9 8 5 10 3 12 11 6 4 7

Table 11: Mapping of old node numbers (from original graph) to new node numbers
(right to left, top-down).

Although measurements are available for the entire network, the following anal-
ysis only focused on three nodes. These correspond to nodes 1, 2 and 10 in the
renumbered network and are directly connected to the slack node (see figure 21).
Node 10 is referred to as Node 3 in the following. Restricting the study to these
nodes reduces computational complexity while preserving the essential character-
istics of the estimation problem. Active and reactive power measurements were
available for each node, resulting in six observed variables: P1, Q1, P2, Q2, P3, and
Q3. The application study is based on these variables.

14

1210

Figure 21: The electric network considered in this work.

Before the statistical methods that are described in chapter 3 are applied to the
real data, the considered data itself is shortly looked at. Therefore boxplots for the
considered components are shown in figure 22. This figure shows that the values
of the reactive power components Q are much smaller that the values of the active
power components P . The values of the node one, so P1 and Q1 have the highest
values in comparison. Furthermore, the boxplots show that each component of the
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considered data is right skewed. All components display outliers to the right of their
distribution, but especially the component Q3 got a lot of outliers in comparison to
the other components.

0.00

0.05

0.10

0.15

0.20

P1 P2 P3

V
al

ue
s

Active Power (P)

0.00

0.02

0.04

0.06

Q1 Q2 Q3

V
al

ue
s

Reactive Power (Q)

Figure 22: Boxplots of the consindered data in the following analysis (the first two
weeks of the whole data set).

For the following application of the statistical methods the nodes should be inde-
pendent of each other. To verify this assumption, a correlation matrix is displayed
in figure 23. The correlation matrix shows that the strongest correlations occur be-
tween the active and reactive power measurements at the same node. In particular,
the pair (P2, Q2) exhibits a very high correlation of 0.89, while the corresponding
correlations at nodes 1 and 3 are 0.72 and 0.49. Correlations between measurements
from different nodes are generally weaker, indicating that the relationship between
active and reactive power is strongest locally. Overall, the correlation structure sug-
gests that the measurements contain both node-specific dependencies and weaker
interactions across the network. To simplify the application and reduce the com-
plexity of the following models, the components are assumed to be independent
throughout the following analysis.
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Figure 23: Correlation matrix of the components of the considered nodes.

5.2 General model setup

For the application study a period of continuous observations over the first fourteen
days observed, with 336 hourly measurements taken for each variable is looked at.
The original data are recorded every fifteen minutes. To reduce the number of obser-
vations, the data was aggregated to hourly values. This allows a longer observation
period, covering more days, to be included in the analysis while maintaining a man-
ageable dataset. The used data set for the following analysis contains both weekday
and weekend consumption patterns. To model realistic data and ensure consis-
tency with the simulation study presented in the previous chapter, each observation
was given an independent Gaussian additive noise term. The standard deviation
of this noise was set to 0.5% of the absolute measurement value. Consequently, it
is assumed that the measurement covariance matrix Σz is known throughout the
estimation procedure.

For some models the smoothed load profiles for the data are used. These are
calculated with the definitions that are explained in section 3.2. These load profiles
were calculated for the whole data set, but because only a subsection of the data set
is later used, the smoothed profiles data was shortened accordingly. In figure 24 the
observed data from the electrical grid and the smoothed load profiles are shown.
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Figure 24: Observed data vs smoothed load profiles for the whole data set.

Parameter estimation and noise assumptions
For all considered models, the process and measurement noise assumptions are spec-
ified consistently. The process noise is assumed to follow a normal distribution,

Ev
t ∼ N (0, Σv),

where the covariance matrix is parameterised as

Σv = σ2
vI2N×2N .

Only one process variance parameter is estimated for all state components. This
reduces the number of unknown parameters and avoids estimating individual noise
levels for each voltage component.

The measurement noise is introduced to represent measurement uncertainty. The
standard deviation is chosen proportional to the magnitude of the measured power
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values:
σz,i,t = 0.005 · |Zi,t|.

Therefore, the measurement covariance matrix at time t is given by

Σz(t) = diag(σ2
z,1,t, . . . , σ2

z,2N,t).

The unknown model parameters are estimated using maximum likelihood. For
each parameter vector

ϑ = (θv, log(σ2
v)),

the Kalman filter is applied and the innovation likelihood is evaluated. The
negative log-likelihood function is defined in section 3.3.

The logarithm of the process variance is optimized instead of the variance itself
to guarantee positivity. The final parameter estimates are determined for every
model individually.

The initial reference state vector v0 is selected based on typical operating condi-
tions of an electrical power system. In power flow formulations, active and reactive
power represent the fundamental quantities describing the power exchange within
the grid Frank and Rebennack 2016, p. 1175. Therefore, the chosen initial values
should be within a physically reasonable operating range. The initial active power
values are selected close to one per unit, representing a normalised operating level,
while the reactive power values are initialized close to zero. This reflects an operat-
ing condition in which the power exchange is assumed to be primarily determined
by active power, while reactive power is not the dominant component. These ini-
tial values provide a suitable starting point for the estimation procedure, while the
actual states are subsequently adjusted based on the available measurements.

5.3 Model A: Random walk state-space model

The random walk model is used as a baseline model. It assumes that the state
has no preferred operating point. Therefore, the future state only depends on the
previous state and a random disturbance.

The state equation is

vt = vt−1 + ez
t .
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This corresponds to
θv = 1.

The process noise is defined as

ez
t ∼ N (0, σ2

vI6×6).

The random walk model does not use information about typical load conditions.
Therefore, it provides a simple reference for evaluating the benefit of additional load
information.

For this model, θv is fixed and only the process variance is specified.
The chosen process variance is:

σ̂2
v = 1.00 · 10−7.

The figure 25 shows the calculated NIS values for this model. Model A shows
a lower-than-expected mean NIS value of 4.662, compared to the theoretical value
of 6. This indicates that the filter is likely overestimating the uncertainty of its
predictions. Almost 50% of the NIS values are below the lower confidence bound,
suggesting that the estimated covariance is too large and the filter is operating too
conservatively. The percentage of values above the upper bound is slightly higher
than expected, indicating that occasional larger innovations still occur. All in all,
the random walk model as a baseline model performs quite alright.
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Figure 25: NIS values over time for the random walk model.
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Table 38 summarises the results of the univariate depth-based tests for the ran-
dom walk model of this model. The full K-sign depth does not reject the null hy-
pothesis for most nodes, regardless of whether the standardised or non-standardised
versions are considered. The one time where it is rejected for the α = 0.05 level for
the full 4-sign depth and its standardised version for P1. However, after applying
the Bonferroni correction, this rejection disappears.

In contrast, the simplified K-sign depth detects significant deviations at a few
nodes. For K=3, the null hypothesis is rejected for the components P2 and Q2,
both at the α = 0.05 significance level and after the Bonferroni correction. For
the simplified 4-sign depth, additional rejections are observed for Q1 and Q2 at the
α = 0.05 level, whereas only component P2 remains significant after the Bonferroni
adjustment. As shown in table 39, the bivariate K-simplex depth shows no rejections
for any component pair. Overall, these results suggest that the random walk model
provides a sufficient description of the data, with only a few local deviations detected
by the simplified K-sign depth.

5.4 Model B: Mean-reverting state-space model with a con-
stant reference state

The random walk model does not include any information about normal operating
conditions. However, electrical loads usually fluctuate around typical values.

Therefore, model B introduces a mean-reverting behaviour. The state is at-
tracted towards a constant reference state.

The state transition equation is

vt = θvvt−1 + (1 − θv)v0 + wt.

The reference state is constant:

v0 =
[
0.999 0.001 0.999 0.001 0.999 0.001

]T
.

The parameter θv determines the strength of the mean reversion. If θv is close
to one, the model behaves similar to a random walk. Lower values force the state
to return faster to the reference state.

The process noise is defined as

wt ∼ N (0, σ2
vI6×6).



5 APPLICATION TO REAL DATA 70

The parameters are estimated by maximum likelihood. The estimated parame-
ters are:

θ̂v = 0.988, σ̂2
v = 7.68 · 10−8.

This model achieves a mean NIS value of 6.021, which is very close to the expected
value of 6. The NIS values are displayed in figure 26. However, the distribution of
the NIS values does not fully match the expected chi-square distribution, as only
39.9% of the values are within the confidence band. A large fraction of values falls
below the lower bound, while 14.3% exceed the upper bound. This suggests that
although the average consistency is good, the uncertainty characterization is not
optimal and the filter covariance may not accurately represent the actual estimation
errors.
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Figure 26: NIS values over time for the mean−reverting model with a constant
reference state.

The tables 40 and 41 show the test results for this model. In contrast to the
random walk model, most depth tests reject the null hypothesis. For the univariate
analysis (refer to table 40), all depth measures detect significant differences at the
components of node 2 and 3. At the α = 0.05 significance level, component Q1 is also
rejected by most methods, whereas component P1 is consistently not rejected. These
conclusions remain unchanged after applying the Bonferroni correction, except for
the full K-sign depth, where Q1 is no longer significant. The bivariate results in
table 41 show a similar pattern. Both versions of the full K-simplex depth reject the
null hypothesis for all node pairs, while the simplified K-simplex depth rejects the
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pairs P2, Q2 and P3, Q3 but not P1, Q1. In summary, the residuals show significant
differences from the assumed reference distribution, as reflected by the large number
of rejections across the different depth-based methods.

5.5 Model C: Mean-reverting state-space model with sea-
sonal load profiles

Electrical loads usually show periodic behaviour. The expected load during night-
time differs from the expected load during daytime.

A constant reference state cannot represent these variations. Therefore, model
C introduces a time-dependent seasonal reference profile.

The state transition model becomes

vt = θvvt−1 + (1 − θv)v0,t + wt.

The time-dependent reference state v0,t is generated from the historical load data.
Instead of using one constant reference value, the average load for each hour of the
day is calculated and used as the corresponding reference state.

This results in a repeating 24-hour profile:

v0,t = v0,t+24.

For example, the first reference state of the profile is

v0,1 =
[
0.0555 0.0308 0.0143 0.0095 0.0059 0.0011

]T
.

The initial state of the Kalman filter is defined separately:

v0,init =
[
0.999 0.001 0.999 0.001 0.999 0.001

]T
.

This value only initializes the filter and does not represent the expected load
behaviour. The difference between v0,init and v0,t is caused by the independent
initialization of the state estimation. Due to the high value of θv, the influence of
the reference state in one time step is small. Therefore, the state converges gradually
towards the seasonal profile instead of immediately adopting its values.

The process noise allows deviations from this typical behaviour:

wt ∼ N (0, σ2
vI6×6).
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Compared to model A, the reference state is no longer constant. The model can
follow systematic daily variations while still applying mean reversion.

The estimated parameters are:

θ̂v = 0.999, σ̂2
v = 5.41 · 10−7.

The here introduced model provides the most consistent NIS behaviour (see
figure 27). The mean NIS value of 5.983 is very close to the theoretical expectation
of 6, and 98.2% of the values remain within the confidence bounds. This indicates
that the filter predictions are highly consistent with the measurements and that
the estimated uncertainty is well matched to the actual errors. The very small
percentages below and above the bounds suggest a stable filter behaviour with few
unexpected innovations. However, the unusually high percentage of NIS values
within the confidence bounds may suggests that the innovation sequence may have
a lower variance than expected from the theoretical chi-square distribution.
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Figure 27: NIS values over time for the mean−reverting model with seasonal load
profiles.

The depth test results for the mean-reverting state-space model with seasonal
load profiles are presented in the tables 42 and 43. In this case, all depth-based
tests indicate significant differences of the residuals from the assumed reference
distribution. The univariate results in table 42 show that both the full and simplified
K-sign depths reject the null hypothesis for all nodes. This result is consistent
across different values of K and remains unchanged after applying the Bonferroni
correction. The bivariate analysis in table 43 shows the same pattern, with all
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node pairs being rejected by both simplex depth methods. Overall, the results
suggest that the residuals contain systematic differences that are not explained by
the assumed model structure.

5.6 Model D: Mean-reverting state-space model with a time-
varying seasonal reference state

Model C assumes that the seasonal profile is directly available in the state-space.
However, the measurements are related to the states through a nonlinear measure-
ment function. Therefore, model D reconstructs the seasonal reference state from
the measurement space.

The seasonal reference state is obtained from

h(v0,t) = ẑt,

where ẑt is the smoothed seasonal load profile.
Because the measurement function is nonlinear, Newton’s method is used:

v
(k+1)
0,t = v

(k)
0,t − H(v(k)

0,t )−1(h(v(k)
0,t ) − ẑt).

For example, the first reconstructed reference state is

v0,1 =
[
1.0020 −0.0002 1.0001 −0.00001 1.0000 0.0000

]T
.

The reconstructed states are close to the nominal operating point. The active power
components are close to one, while the reactive power components are close to zero.
This corresponds to a typical operating condition of the electrical system (Frank
and Rebennack 2016, p.1175).

Compared to model C, the reference state is not calculated from an average load
profile. Instead, it is obtained by solving the inverse measurement problem and
therefore directly matches the smoothed measurements.

The reconstructed state is then used as the time-dependent reference state in
the mean-reverting model:

vt = θvvt−1 + (1 − θv)v0,t + wt.

The advantage of this approach is that the seasonal information is consistent
with the nonlinear measurement model. The reference state changes over time and
represents the expected hidden system state.
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The parameters are estimated by maximum likelihood. The estimated parame-
ters are:

θ̂v = 0.450, σ̂2
v = 4.83 · 10−8.

The NIS values for this model are shown in figure 28. This model has a mean NIS
value of 6.013, which is close to the expected value. Nevertheless, only about half of
the values are within the confidence band, while a large number of samples fall below
the lower threshold and some exceed the upper threshold. This indicates that the
mean consistency is acceptable, but the uncertainty model is not fully accurate. The
filter appears to be somewhat conservative most of the time, but it still produces
occasional larger-than-expected innovations.
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Figure 28: NIS values over time for the mean−reverting model with time−varying
seasonal reference state.

The depth test results for this methods are presented in tables 44 and 45. The
univariate tests in table 44 show that the null hypotheses is rejected for all depth
methods for the components of the first two nodes. For the components of the third
node, the null hypotheses is never rejected after the Bonferroni correction is applied
to the significance level. The same pattern is shown for the bivariate test (see table
45). Overall, the results indicate that the time-varying seasonal reference state
captures part of the systematic structure in the data, although some differences in
the residuals remain.
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5.7 Comparison of the models

This section compares the different state-space models from the previous sections
with each other. The goal is not to identify a perfect model, but to determine which
model provides a suitable description of the observed data.

The main differences between the model structures are shown in table 12. In
the following, model A is used as the baseline model. It is a random walk model
and does not use a reference state. The models B, C and D are mean reverting
state-space models. Model B uses a constant reference state, while models C and D
use seasonal reference information. The difference between model C and model D
is that the reference state of model D is reconstructed in the state-space using the
measurement model.

Model State transition Reference state
A vt = vt−1 + wt None
B vt = θvvt−1 + (1 − θv)v0 + wt Constant v0
C vt = θvvt−1 + (1 − θv)v0,t + wt Seasonal profile vseasonal

0,t

D vt = θvvt−1 + (1 − θv)v0,t + wt Reconstructed v0,t = h−1(ẑt)

Table 12: Overview of the investigated state-space models.

The estimated parameters and the NIS results are given in table 13. Models B
and C have values of θ̂v close to one, which means that these models put a higher
weight on the last prediction and less weight on the reference state vector. The
estimated value of model D is with θ̂v = 0.450 way lower. This shows that the
time-varying reference state has a stronger effect on the state evolution.

Model θ̂v σ̂2
v Mean NIS Within band Below Above

A 1 1.00 · 10−7 4.662 41.1% 49.7% 9.2%
B 0.988 7.68 · 10−8 6.021 39.9% 45.8% 14.3%
C 0.999 5.41 · 10−7 5.983 98.2% 0.3% 1.5%
D 0.450 4.83 · 10−8 6.013 50.9% 37.5% 11.6%

Table 13: Estimated model parameters and NIS evaluation.

The mean NIS values of all models are close to the expected value of 6. However,
not the expected 95% of the NIS values lie within the confidence band. Model
C shows the best NIS behaviour, with 98.2% of the values inside the confidence
band. This shows that the seasonal reference profile gives a good estimate of the
uncertainty. Models A and B have more values below the confidence band, which
indicates that the estimated uncertainty is slightly too large. Model D has a similar
mean NIS value, but only 50.9% of the values are inside the confidence band.
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The empirical process noise variances, which are shown in table 14, are calculated
via

ŵt = vt − θvvt−1 − (1 − θv)v0,t.

Models A, B, and C have very similar values. This means that the additional
reference information mainly changes the expected state behaviour and not the total
amount of process variation. Model D has a slightly lower process noise variance.
This indicates that the time-varying reference state explains more of the changes in
the system.

Model Mean process noise variance: mean(V ar(ŵt))
A 7.8150 × 10−8

B 7.7130 × 10−8

C 7.8140 × 10−8

D 4.3337 × 10−8

Table 14: Empirical process noise variance obtained from the reconstructed process
noise ŵt.

The depth-based tests offer another approach to evaluate the model performance.
Model A shows only a few rejected tests. Models B and C show more rejected tests,
even though model C has the best NIS results. Model D reduces the number of
rejected tests compared to model C, especially for the last node.

The differences between the NIS results and the depth-based tests show that
both methods evaluate different aspects of the residuals. The NIS analyses whether
the estimated uncertainty matches the measurement errors. The depth-based tests
tests whether the residuals follow the assumed reference distribution. Therefore,
rejected depth-based tests do not necessarily mean that the model is not suitable.
It just shows that the residuals maybe have some additional structures that are not
described by the models and therefore do not fit for the structure that depth-values
test.

Overall, the results show that the models with seasonal information describe the
load behaviour better than the random walk baseline. Model C provides the best
NIS results, while model D reduces some of the differences found by the depth-based
tests. Therefore, the most suitable model depends on the evaluation method and
the desired application.
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6 Summary

This thesis analyses the use of K-sign depth as a criteria for comparing state-space
models of electrical power grids. These models provide a flexible framework for
modelling the dynamic behaviour of complex systems, but selecting the most suitable
model can be challenging. Conventional model selection criteria often depend on
distributional assumptions and can be affected by outliers or model misspecifications,
which motivates the search for more robust alternatives.

The focus of this thesis is on evaluating whether K-sign depth can offer a robust
and reliable method for evaluating the performance of different state-space models.
It investigates whether depth values can tell the difference between well-specified
and misspecified models, and whether they remain informative in the presence of
outliers. Additionally, it compares different methods of K-sign depth to determine
the most suitable depth measure for model evaluation.

To answer these questions, the analysis is carried out in two stages. First, a
simulation study is performed in which different state-space models are analysed
under controlled conditions. This allows the effects of correct and incorrect param-
eter assumptions, different model specifications and outliers on the model residuals
and resulting depth values to be examined systematically. Secondly, the methods
are applied to data from a realistic electrical power network. Several state-space
models with different assumptions regarding state dynamics and seasonal structure
are fitted and compared based on the depth values of their residuals. This combina-
tion of simulation and real-world application allows the theoretical properties and
practical usefulness of K-sign depth for model comparison to be evaluated.

The simulation study shows that the investigated depth-based methods perform
as expected when the model assumptions are correctly specified. A state-dependent-
noise and constant-noise extended Kalman filter is considered. When a misspeci-
fication of the state transition parameter occurs, the depth-based values react to
this misspecification. The rejection rates increase with more pronounced differences
between the assumed and the true model parameters. This indicates that the pro-
posed methods are able to detect deviations from the underlying state-space model.
The simplex-based depth measures show the highest sensitivity to parameter mis-
specification. At the same time, all investigated depth measures are able to identify
incorrect reference state vectors with high probability, even for relatively small de-
viations. This only goes for the case when the parameter used in the state process
is smaller than the parameter used in the prediction model. The classical Shapiro-
Wilk test is unable to detect the misspecified parameter. Is a misspecification for
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the reference vector looked at, all considered methods detect this. Even though, the
Shapiro-Wilk test reacts slower than the depth-based methods.

The robustness analysis shows that the different depth measures react differently
to additive outliers. The Shapiro-Wilk test is strongly affected by even a small
number of outliers. In contrast, the sign-based depth methods remain more stable
because they only rely on the signs of the residuals. The simplex-based methods
are more sensitive to additive outliers when these are entirely positive, which can
be explained by the influence of extreme observations on the geometric structure
of the residuals. Therefore, the different depth measures provide complementary
information: sign-based depth offers a more robust assessment, whereas simplex-
based depth is more sensitive to changes in the residual distribution.

The application to electrical power grid data shows that the considered models
which incorporate seasonal information as load profiles describe the behaviour of
the real data sufficiently. A mean-reverting state-space model with seasonal load
profiles achieves the best Normalized Innovation Squared values, which were used to
compare the considered models. However, the corresponding curve of these values
suggest that maybe the innovation sequence of the data has a lower variance than
expected. Another factor that should be mentioned is, that the reference state vector
which was constructed using the load profiles differs quite a lot from the assumed
reference vector which was used by the other considered models. The depth test
results for the mean-reverting state-space model with seasonal load profiles indicate
significant differences of the residuals from the assumed reference distribution.

Additionally, a mean-reverting state-space model with time-varying seasonal ref-
erence state was considered. This model constructs the reference state for every
step using the measurement model. When evaluating this model via the Normalized
Innovation Squared, the mean of the values looks good, but only half of the consid-
ered values lie within the confidence band. The large number of values below this
confidence band indicate that the uncertainty model is not fully accurate. However,
the depth test results indicate that the time-varying seasonal reference state model
captures part of the systematic structure in the data, although some differences in
the residuals remain.

These real data applications show that state-space models work well for electri-
cal power grid data. Models which include additional information as load profiles
capture the underlying behaviour of the data even better. Both the considered
depth-based methods and the Normalized Innovation Squared proved to be a useful
evaluation methods.

Even though the depth-based methods seem to be quite robust and reliable
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when it comes to the simulation studies, they reach their limitations when they
are applied to residuals of state-space models of real data applications. Here they
seem to work better if the model is able to describe the underlying behaviour to a
high quality. They are however still able to provide more distinguished methods for
model comparison than the classical Shapiro-Wilk test. Therefore, the depth-based
tests are a promising approach as a comparison criteria.

A critical point that should be discussed is, that the empirical quantiles of the
depth values depend on the number of observations. That means that if a large
data set is considered, the computation of these quantiles for the depth tests can be
computationally demanding and is therefore unpractical. Especially for the simplex-
based depth these quantiles may be not computable due to the high amount of
considered simplices.

In conclusion, this thesis shows promising results with the depth-based methods
for state-space models used on simulated data and real electrical power grid data.
Furthermore, an analysis of state-space models used in an application shows which
approach to the modelling of electrical power grid data seems most promising.

Moving forward, it would be interesting to analyse further state-space models, es-
pecially models that include additional information about the load profile behaviour
of electrical power systems. The aim would be to identify models that describe the
underlying structure of the data well and at the same time achieve good results ac-
cording to both the Normalized Innovation Squared and the depth-based methods.

Furthermore, the combination of different evaluation criteria could be analysed in
more detail. The results of this thesis show that the Normalized Innovation Squared
and the depth-based methods provide different information about the models perfor-
mance. While the Normalized Innovation Squared evaluates the consistency of the
assumed uncertainty model, the depth-based methods provide additional informa-
tion about differences in the residual distribution. Therefore, using both approaches
together could provide a more detailed evaluation of state-space models.

Additionally, the influence of other types of model misspecifications and different
state-space model structures could be analysed. This would provide further insight
into the strengths and limitations of depth-based methods and help to evaluate their
potential as a criteria for state-space model comparison.
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List of Symbols

Data, Dimensions, and Indices

Symbol Brief description

d Calendar-day index.
d(t) Calendar day at time t.
h Hour index.
h(t) Hour at time t.
i General observation, component, or hypothesis-test index.
j Index identifying simplified or full depth method.
k Summation or iteration index.
m Simulation index for the quantile calculation or dimension of the

observation vector in the likelihood expression.
n Node or observation index.
nv Dimension of the state vector used in the NEES distribution.
nz Dimension of the measurement vector used in the NIS distribu-

tion.
N Number of nodes (excluding slack) in the electrical network,

number of residuals or observation size.
p Dimension of the residual vectors in the simplex-depth defini-

tion.
t Time index.
T Number of observed time points.
w Day-of-the-week index.
w(t) Day of the week at time t.
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Depth Measures and Depth-Based Tests

Symbol Brief description

d Generic depth function.
d(θ) Depth evaluated for the residuals generated under parameter

value θ.
dj

K General K-depth function, where j denotes the simplified or full
version.

du,F
K (r1, . . . , rN) Full K-sign depth of the residuals r1, . . . , rN .

du,S
K (r1, . . . , rN) Simplified K-sign depth of the residuals r1, . . . , rN .

dF
K(r1, . . . , rN) Full K-simplex depth of the residuals r1, . . . , rN .

dS
K(r1, . . . , rN) Simplified K-simplex depth of the residuals r1, . . . , rN .

Du,F
K (r1, . . . , rN) Standardised full K-sign depth of the residuals r1, . . . , rN .

Du,S
K (r1, . . . , rN) Standardised simplified K-sign depth of the residuals r1, . . . , rN .

DF
K(r1, . . . , rN) Standardised full K-simplex depth of the residuals r1, . . . , rN .

DS
K(r1, . . . , rN) Standardised simplified K-simplex depth of the residuals

r1, . . . , rN .
F Superscript denotes the full version of a depth measure.
K Parameter of the K-sign or K=simplex depth.
K Set of considered depth orders, such as {1, 2, 3, 4}.
0p Origin of the p-dimensional Euclidean space.
qd(α) Critical quantile for a generic depth-based test.
qK,j(α) Empirical α-quantile of the depth measure with order K and

version j.
Rd(α) Rejection indicator for the depth-based test associated with

depth function d.
S Superscript denotes the simplified version of a depth measure.
S(r1, . . . , rp+1) Open simplex spanned by the residual vectors r1, . . . , rp+1.
u Superscript identifying a univariate depth measure.
Θ0 Parameter space specified by the null hypothesis of a depth-

based test.
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Electrical Network and Power Quantities

Symbol Brief description

A Admittance matrix of the electrical network.
ank Admittance coefficient between nodes n and k.
a∗

nk Complex conjugate of the admittance coefficient ank.
A Real-valued block representation of the admittance matrix.
Ank Real-valued block associated with admittance coefficient ank.
An,slack Admittance block connecting node n to the slack node.
bnk Imaginary part of the admittance coefficient ank.
en Real part of the complex voltage at node n.
e0

n Initial real voltage part at node n.
fn Imaginary part of the complex voltage at node n.
f 0

n Initial imaginary voltage part at node n.
gnk Real part of the admittance coefficient ank.
j Imaginary unit.
P Active electrical power.
Pn(t) Active power at node n and time t.
Pn,d,h Active power at node n, calendar day d, and hour h.
Q Reactive electrical power.
Qn(t) Reactive power at node n and time t.
Qn,d,h Reactive power at node n, calendar day d, and hour h.
Sn Complex power injection at node n.
Un Matrix representing of the complex voltage vn.
Un Alternative matrix representing of the complex voltage vn.
vn Complex voltage en + jfn at node n.
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Functions, Operators, and Distributions

Symbol Brief description

| · | Componentwise absolute-value operator when applied to a vec-
tor.(

N
K

)
Number of possible subsets of size K selected from N elements.

Cov Covariance function.
det(·) Matrix determinant.
diag(·) Operator constructing a diagonal matrix from its arguments.
Diag(·) Operator constructing a block-diagonal matrix.
E Expected value.
F −1(α, n) Inverse cumulative distribution function of the chi-square dis-

tribution with n degrees of freedom.
h(v) Nonlinear link function computing voltage states to power in-

jections.
H(v) Jacobian matrix of the nonlinear link function h evaluated at

state vector v.
Iq×q Identity matrix of dimension q × q.
1(·) Indicator function.
Im(·) Imaginary-part operator.
K(·) Kernel function used in kernel density estimation.
log(·) Natural logarithm.
N (µ, Σ) Normal distribution with mean µ and covariance matrix Σ.
Nq(µ, Σ) q-dimensional multivariate normal distribution.
∥ · ∥ Euclidean norm.
P(·) Probability operator.
Re(·) Real-part operator.
R Real numbers.
sup Supremum.
(·)−1 Matrix inverse or inverse-function operator.
(·)⊤ Vector or matrix transpose.
χ2(n) Chi-square distribution with n degrees of freedom.
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Symbol Brief description

Φ−1(α) α-quantile of the standard normal distribution.

Kalman Filter and State-Space Models

Symbol Brief description

at Predicted state at time t.
bt Predicted observation at time t.
c0 Initial filtered state.
ct Updated state after observing zt.
C0 Initial state covariance matrix.
Ct Updated state covariance matrix at time t.
Ht(at) Jacobian matrix of ht evaluated at the predicted state at.
Kt Kalman gain matrix at time t.
Lt Lower-triangular Cholesky factor of the innovation covariance

St.
Rt Predicted state covariance matrix.
St Predicted innovation covariance matrix at time t.
Vt State process vector containing the real and imaginary voltage

components at time t.
vt Realisation of the voltage-state vector at time t.
v0 Initial or reference state vector.
v0,t Time-varying reference state vector.
v0,init State vector used only to initialise the Kalman filter.
wt Vector of explanatory variables included in the general state-

transition equation or empirical process noise variance in the
real-data state-space models.

Zt Observation process vector containing active and reactive power
values at time t.

zt Observed vector at time t.
z1:t−1 Collection of observations from time 1 through time t − 1.
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Symbol Brief description

Θv,t State transition matrix describing the autoregressive effect of
past states.

Θw,t Coefficient matrix describing the effect of explanatory variables.
θv State transition parameter.

Load Profiles and Regression

Symbol Brief description

d0 Calendar day representing the beginning of spring.
eP

n,d,h Regression-error term for active power at node n, day d, and
hour h.

eQ
n,d,h Regression-error term for reactive power at node n, day d, and

hour h.
x Sinusoidal regression-basis function.
x(d) Regression-design vector evaluated for calendar day d.
Xw Design matrix containing the regression-basis vectors for week-

day w.
Yn,w,h Response vector used to estimate the load profile at node n,

weekday w, and hour h.
βP

n,w,h Regression-coefficient vector for the active-power load profile.
βQ

n,w,h Regression-coefficient vector for the reactive-power load profile.
β̂n,w,h Least-squares estimate of a load-profile regression-coefficient

vector.
P̂n,d,h Smoothed active-power value at node n, day d, and hour h.
Q̂n,d,h Smoothed reactive-power value at node n, day d, and hour h.
Ẑt Smoothed load-profile vector at time t.
ẑt Smoothed seasonal measurement vector used to reconstruct a

reference state.
vseasonal

0,t Seasonal reference-state profile used in the state-space model.
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Noise, Covariance, and Model Parameters

Symbol Brief description

ev
t Gaussian process noise term.

ez
t Gaussian measurement noise term.

Ev
t Noise term used in the real-data model formulation.

Σv
t Process noise covariance matrix at time t.

Σz
t Measurement noise covariance matrix at time t.

Σconst
v Constant process noise covariance matrix.

Σstate
v State-dependent process noise covariance matrix.

Σz(t) Time-dependent measurement noise covariance matrix.
Σconst

z Constant measurement noise covariance matrix.
Σstate

z State-dependent measurement noise covariance matrix.
σ2

v Process-noise variance.
σ̂2

v Estimated process-noise variance.
σ2

z Measurement-noise variance.
σz,i,t Measurement-noise standard deviation for component i at time

t.

Residual Diagnostics and Statistical Tests

Symbol Brief description

ai Shapiro–Wilk coefficient of the ith ordered observation.
a′ Row vector containing the Shapiro–Wilk coefficients.
b1 Lower confidence bound for a NEES or NIS consistency test.
b2 Upper confidence bound for a NEES or NIS consistency test.
Ei Event that a type I error occurs in hypothesis test i.
G Covariance matrix of order statistics in the Shapiro–Wilk test.
H0 Null hypothesis of a statistical test.
m Vector of expected normal-order statistics in the Shapiro–Wilk

test.
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Symbol Brief description

P (k) State-estimation error covariance matrix used in the NEES
statistic.

P (k | k − 1) Predicted state covariance at time k before incorporating the
current measurement.

rt Innovation or prediction residual at time t.
ri Individual residual used in a depth or normality calculation.
r(i) ith ordered residual in the Shapiro–Wilk statistic.
r̄ Sample mean of the residuals.
R(k) Measurement noise covariance matrix in the NIS formulation.
S(k) Innovation covariance matrix used in the NIS statistic.
W Shapiro–Wilk test statistic.
z(k) Measurement vector at time k in the NIS formulation.
ẑ(k) Predicted measurement vector at time k.
α Significance level of a statistical test.
αBonf Bonferroni-adjusted significance level.
ϵv(k) Normalized Estimation Error Squared at time k.
ϵν(k) Normalized Innovation Squared at time k.
v̂(k) Estimated state vector at time k.
ṽ(k) State-estimation error v(k) − v̂(k).
ν(k) Innovation or measurement residual at time k.

Simulation, Estimation, and Outliers

Symbol Brief description

f̂(v) Estimated Kernel density function for value v.
hbw Bandwidth used in kernel density estimation.
M Number of Monte Carlo replications or simulated depth values.
p True rejection probability in a Monte Carlo experiment.
p̂ Empirical Monte Carlo rejection probability.
R Number of rejections observed in a Monte Carlo experiment.
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Symbol Brief description

SE(p̂) Monte Carlo standard error of the estimated rejection probabil-
ity.

T (i)
AO Set of time points contaminated by additive outliers in scenario

i.
v̂t|t−1 State predicted for time t using information available through

time t − 1.
v̂t−1|t−1 Updated state estimate at time t − 1.
ṽ0 Misspecified reference state vector assumed by the filter.
ŵt Reconstructed process noise vector used for empirical variance

calculations.
yt Solution of the triangular system Ltyt = rt in the likelihood

calculation.
ηt Additive outlier contribution applied to the observation vector

at time t.
θ Generic model parameter or parameter value considered in a

depth test.
θmodel State-transition parameter assumed by the Kalman filter.
θtrue State-transition parameter used to generate the simulated pro-

cess.
ϑ Parameter vector used for maximum-likelihood estimation.
ℓ(θ) Log-likelihood evaluated at parameter value θ.
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A Additional tables

A.1 Quantile tables

Quantile level K = 3 K = 4
0.8333% 0.2267 0.1078

1% 0.2276 0.1085
2% 0.2320 0.1115
5% 0.2375 0.1155
10% 0.2419 0.1186

Table 24: Simulated quantiles of the K-sign depth for K = 3 and K = 4 (Simula-
tions: M = 100 000, Sample size within a single simulation: N = 100).

Quantile level K = 3 K = 4
0.8333% −2.3296 −1.7185

1% −2.2369 −1.6467
2% −1.8040 −1.3489
5% −1.2486 −0.9476
10% −0.8145 −0.6400

Table 25: Simulated quantiles of the standardised K-sign depth for K = 3 and K = 4
(Simulations: M = 100 000, Sample size within a single simulation: N = 100).

Quantile level K = 3 K = 4
0.8333% 0.1224 0.0309

1% 0.1327 0.0309
2% 0.1429 0.0412
5% 0.1633 0.0515
10% 0.1837 0.0619

Table 26: Simulated quantiles of the simplified 3- and 4-sign depth (Simulations:
M = 100 000, Sample size within a single simulation: N = 100).
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Quantile level K = 1 K = 2
1% 0.2270 0.0733

1.667% 0.2303 0.0745
2% 0.2312 0.0750
5% 0.2376 0.0775
10% 0.2419 0.0793

Table 27: Simulated quantiles of the full K-simplex depth for K = 1 and K = 2
(Simulations: M = 10 000, Sample size within a single simulation: N = 100).

Quantile level K = 1 K = 2
1% −2.3049 −1.0080

1.667% −1.9672 −0.8810
2% −1.8782 −0.8326
5% −1.2362 −0.5867
10% −0.8108 −0.4007

Table 28: Simulated quantiles of the standardised full-simplex depth for K = 1 and
K = 2 (Simulations: M = 10000, Sample size within a single simulation: N = 100).

Quantile level K = 1 K = 2
1% 0.1429 0.0206

1.667% 0.1531 0.0206
2% 0.1531 0.0206
5% 0.1735 0.0309
10% 0.1837 0.0412

Table 29: Simulated quantiles of the simplified simplex depth for K = 1 and K = 2
(Simulations: M = 100 000, Sample size within a single simulation: N = 100).
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A.2 Result tables for the simulations

State-dependent-noise EKF

Methods Nodes Quantiles
P1 Q1 P2 Q2 P3 Q3 α αBonf

du,F
3 0.2527 0.2561 0.2503 0.2431 0.2527 0.2543 0.2375 0.2267

Du,F
3 0.2665 0.6141 0.0291 -0.6908 0.2727 0.4348 -1.2486 -2.3296

Rdu,F
3

(0.05) 0 0 0 0 0 1
RDu,F

3
(0.05) 0 0 0 0 0 1

Rdu,F
3

(0.0083) 0 0 0 0 0 0
RDu,F

3
(0.0083) 0 0 0 0 0 0

du,F
4 0.1288 0.1304 0.1237 0.1263 0.1269 0.1288 0.1155 0.1078

Du,F
4 0.3788 0.5410 -0.1325 0.1277 0.1884 0.3850 -0.9476 -1.7185

Rdu,F
4

(0.05) 0 0 0 0 0 0
RDu,F

4
(0.05) 0 0 0 0 0 0

Rdu,F
4

(0.0083) 0 0 0 0 0 0
RDu,F

4
(0.0083) 0 0 0 0 0 0

du,S
3 0.2653 0.3163 0.1837 0.2755 0.3367 0.3673 0.1633 0.1224

Du,S
3 0.2711 1.1746 -1.1746 0.4518 1.5360 2.0781 -1.6449 -2.3940

Rdu,S
3

(0.05) 0 0 0 0 0 0
RDu,S

3
(0.05) 0 0 0 0 0 0

Rdu,S
3

(0.0083) 0 0 0 0 0 0
RDu,S

3
(0.0083) 0 0 0 0 0 0

du,S
4 0.1340 0.1753 0.0825 0.1134 0.2474 0.1959 0.0515 0.0309

Du,S
4 0.1835 1.0224 -0.8651 -0.2359 2.4905 1.4419 -1.6449 -2.3940

Rdu,S
4

(0.05) 0 0 0 0 0 0
RDu,S

4
(0.05) 0 0 0 0 0 0

Rdu,S
4

(0.0083) 0 0 0 0 0 0
RDu,S

4
(0.0083) 0 0 0 0 0 0

Shapiro-Wilk 0.9787 0.6223 0.8867 0.5140 0.6729 0.1180

Table 30: Depth statistics, critical values, and rejection decisions of an illustrative
simulation from the state-dependent-noise EKF for Seed 1234.
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Methods Nodes Quantiles
(P1, Q1) (P2, Q2) (P3, Q3) α αBonf

dF
1 0.2532 0.2511 0.2548 0.2376 0.2303

DF
1 0.3173 0.1119 0.4842 -1.2362 -1.9672

RdF
1
(0.05) 0 0 0

RDF
1

(0.05) 0 0 0
RdF

1
(0.0167) 0 0 0

RDF
1

(0.0167) 0 0 0

dF
2 0.0851 0.0796 0.0854 0.0775 0.0745

DF
2 0.1759 -0.3708 0.2052 -0.5867 -0.8810

RdF
2
(0.05) 0 0 0

RDF
2

(0.05) 0 0 0
RdF

2
(0.0167) 0 0 0

RDF
2

(0.0167) 0 0 0

dS
1 0.2143 0.2755 0.2449 0.1735 0.1531

DS
1 -0.7385 0.5275 -0.1055 -1.6449 -2.1280

RdS
1
(0.05) 0 0 0

RDS
1
(0.05) 0 0 0

RdS
1
(0.0167) 0 0 0

RDS
1
(0.0167) 0 0 0

dS
2 0.0412 0.1340 0.0309 0.0309 0.0206

DS
2 -1.2102 1.4572 -1.5066 -1.6449 -2.1280

RdS
2
(0.05) 0 0 0

RDS
2
(0.05) 0 0 0

RdS
2
(0.0167) 0 0 0

RDS
2
(0.0167) 0 0 0

Table 31: Depth statistics, critical values, and rejection decisions of an illustrative
simulation from the state-dependent-noise EKF for Seed 1234.
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State-dependent-noise EKF with standardised residuals

Methods Nodes Quantiles
P1 Q1 P2 Q2 P3 Q3 α αBonf

du,F
3 0.2534 0.2520 0.2514 0.2550 0.2559 0.2379 0.2375 0.2267

Du,F
3 0.3383 0.1973 0.1404 0.4978 0.5894 -1.2066 -1.2486 -2.3296

Rdu,F
3

(0.05) 0 0 0 0 0 0
RDu,F

3
(0.05) 0 0 0 0 0 0

Rdu,F
3

(0.0083) 0 0 0 0 0 0
RDu,F

3
(0.0083) 0 0 0 0 0 0

du,F
4 0.1289 0.1258 0.1270 0.1294 0.1286 0.1160 0.1155 0.1078

Du,F
4 0.3868 0.0763 0.2028 0.4413 0.3596 -0.9004 -0.9476 -1.7185

Rdu,F
4

(0.05) 0 0 0 0 0 0
RDu,F

4
(0.05) 0 0 0 0 0 0

Rdu,F
4

(0.0083) 0 0 0 0 0 0
RDu,F

4
(0.0083) 0 0 0 0 0 0

du,S
3 0.2347 0.2959 0.2653 0.3571 0.2449 0.1735 0.1633 0.1224

Du,S
3 -0.2711 0.8132 0.2711 1.8974 -0.0904 -1.3553 -1.6449 -2.3940

Rdu,S
3

(0.05) 0 0 0 0 0 0
RDu,S

3
(0.05) 0 0 0 0 0 0

Rdu,S
3

(0.0083) 0 0 0 0 0 0
RDu,S

3
(0.0083) 0 0 0 0 0 0

du,S
4 0.1134 0.1753 0.1134 0.2680 0.0825 0.0722 0.0515 0.0309

Du,S
4 -0.2359 1.0224 -0.2359 2.9100 -0.8651 -1.0749 -1.6449 -2.3940

Rdu,S
4

(0.05) 0 0 0 0 0 0
RDu,S

4
(0.05) 0 0 0 0 0 0

Rdu,S
4

(0.0083) 0 0 0 0 0 0
RDu,S

4
(0.0083) 0 0 0 0 0 0

Shapiro-Wilk 0.4609 0.0188 0.0872 0.8097 0.3360 0.1093

Table 32: Depth statistics, critical values, and rejection decisions of an illustrative
simulation from the state-dependent-noise EKF with standardised residuals for Seed
1.
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Methods Nodes Quantiles
(P1, Q1) (P2, Q2) (P3, Q3) α αBonf

dF
1 0.2543 0.2478 0.2433 0.2376 0.2303

DF
1 0.4310 -0.2245 -0.6685 -1.2362 -1.9672

RdF
1
(0.05) 0 0 0

RDF
1

(0.05) 0 0 0
RdF

1
(0.0167) 0 0 0

RDF
1

(0.0167) 0 0 0

dF
2 0.0853 0.0828 0.0799 0.0775 0.0745

DF
2 0.1938 -0.0572 -0.3409 -0.5867 -0.8810

RdF
2
(0.05) 0 0 0

RDF
2

(0.05) 0 0 0
RdF

2
(0.0167) 0 0 0

RDF
2

(0.0167) 0 0 0

dS
1 0.2245 0.3061 0.3163 0.1735 0.1531

DS
1 -0.5275 1.1606 1.3716 -1.6449 -2.1280

RdS
1
(0.05) 0 0 0

RDS
1
(0.05) 0 0 0

RdS
1
(0.0167) 0 0 0

RDS
1
(0.0167) 0 0 0

dS
2 0.0515 0.0619 0.0928 0.0309 0.0206

DS
2 -0.9138 -0.6175 0.2717 -1.6449 -2.1280

RdS
2
(0.05) 0 0 0

RDS
2
(0.05) 0 0 0

RdS
2
(0.0167) 0 0 0

RDS
2
(0.0167) 0 0 0

Table 33: Depth statistics, critical values, and rejection decisions of an illustrative
simulation from the state-dependent-noise EKF with standardised residuals for Seed
1.
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Constant-noise EKF

Methods Nodes Quantiles
P1 Q1 P2 Q2 P3 Q3 α αBonf

du,F
3 0.2552 0.2536 0.2378 0.2562 0.2525 0.2352 0.2375 0.2267

Du,F
3 0.5238 0.3643 -1.2189 0.6240 0.2517 -1.4799 -1.2486 -2.3296

Rdu,F
3

(0.05) 0 0 0 0 0 1
RDu,F

3
(0.05) 0 0 0 0 0 1

Rdu,F
3

(0.0083) 0 0 0 0 0 0
RDu,F

3
(0.0083) 0 0 0 0 0 0

du,F
4 0.1286 0.1289 0.1174 0.1309 0.1284 0.1128 0.1155 0.1078

Du,F
4 0.3560 0.3883 -0.7608 0.5870 0.3359 -1.2215 -0.9476 -1.7185

Rdu,F
4

(0.05) 0 0 0 0 0 1
RDu,F

4
(0.05) 0 0 0 0 0 1

Rdu,F
4

(0.0083) 0 0 0 0 0 0
RDu,F

4
(0.0083) 0 0 0 0 0 0

du,S
3 0.2653 0.2857 0.3367 0.3367 0.2755 0.1531 0.1633 0.1224

Du,S
3 0.2711 0.6325 1.5360 1.5360 0.4518 -1.7167 -1.6449 -2.3940

Rdu,S
3

(0.05) 0 0 0 0 0 1
RDu,S

3
(0.05) 0 0 0 0 0 1

Rdu,S
3

(0.0083) 0 0 0 0 0 0
RDu,S

3
(0.0083) 0 0 0 0 0 0

du,S
4 0.1134 0.1753 0.2062 0.2371 0.1443 0.0515 0.0515 0.0309

Du,S
4 -0.2359 1.0224 1.6516 2.2808 0.3932 -1.4943 -1.6449 -2.3940

Rdu,S
4

(0.05) 0 0 0 0 0 0
RDu,S

4
(0.05) 0 0 0 0 0 0

Rdu,S
4

(0.0083) 0 0 0 0 0 0
RDu,S

4
(0.0083) 0 0 0 0 0 0

Shapiro-Wilk 0.2898 0.0211 0.4345 0.6597 0.8283 0.4321

Table 34: Depth statistics, critical values, and rejection decisions of an illustrative
simulation from the constant-noise EKF for Seed 1.
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Methods Nodes Quantiles
(P1, Q1) (P2, Q2) (P3, Q3) α αBonf

dF
1 0.2570 0.2393 0.2456 0.2376 0.2303

DF
1 0.6970 -1.0742 -0.4447 -1.2362 -1.9672

RdF
1
(0.05) 0 0 0

RDF
1

(0.05) 0 0 0
RdF

1
(0.0167) 0 0 0

RDF
1

(0.0167) 0 0 0

dF
2 0.0872 0.0795 0.0811 0.0775 0.0745

DF
2 0.3821 -0.3805 -0.2218 -0.5867 -0.8810

RdF
2
(0.05) 0 0 0

RDF
2

(0.05) 0 0 0
RdF

2
(0.0167) 0 0 0

RDF
2

(0.0167) 0 0 0

dS
1 0.2449 0.3469 0.2857 0.1735 0.1531

DS
1 -0.1055 2.0046 0.7385 -1.6449 -2.1280

RdS
1
(0.05) 0 0 0

RDS
1
(0.05) 0 0 0

RdS
1
(0.0167) 0 0 0

RDS
1
(0.0167) 0 0 0

dS
2 0.0722 0.1443 0.1031 0.0309 0.0206

DS
2 -0.3211 1.7536 0.5681 -1.6449 -2.1280

RdS
2
(0.05) 0 0 0

RDS
2
(0.05) 0 0 0

RdS
2
(0.0167) 0 0 0

RDS
2
(0.0167) 0 0 0

Table 35: Depth statistics, critical values, and rejection decisions of an illustrative
simulation from the constant-noise EKF for Seed 1.
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Constant-noise EKF with standardised residuals

Methods Nodes Quantiles
P1 Q1 P2 Q2 P3 Q3 α αBonf

du,F
3 0.2552 0.2536 0.2378 0.2562 0.2554 0.2362 0.2375 0.2267

Du,F
3 0.5238 0.3643 -1.2189 0.6240 0.5387 -1.3772 -1.2486 -2.3296

Rdu,F
3

(0.05) 0 0 0 0 0 1
RDu,F

3
(0.05) 0 0 0 0 0 1

Rdu,F
3

(0.0083) 0 0 0 0 0 0
RDu,F

3
(0.0083) 0 0 0 0 0 0

du,F
4 0.1286 0.1289 0.1174 0.1309 0.1309 0.1142 0.1155 0.1078

Du,F
4 0.3560 0.3883 -0.7608 0.5870 0.5889 -1.0829 -0.9476 -1.7185

Rdu,F
4

(0.05) 0 0 0 0 0 1
RDu,F

4
(0.05) 0 0 0 0 0 1

Rdu,F
4

(0.0083) 0 0 0 0 0 0
RDu,F

4
(0.0083) 0 0 0 0 0 0

du,S
3 0.2653 0 .2857 0.3367 0.3367 0.2959 0.1531 0.1633 0.1224

Du,S
3 0.2711 0.6325 1.5360 1.5360 0.8132 -1.7167 -1.6449 -2.3940

Rdu,S
3

(0.05) 0 0 0 0 0 1
RDu,S

3
(0.05) 0 0 0 0 0 1

Rdu,S
3

(0.0083) 0 0 0 0 0 0
RDu,S

3
(0.0083) 0 0 0 0 0 0

du,S
4 0.1134 0.1753 0.2062 0.2371 0.1340 0.0619 0.0515 0.0309

Du,S
4 -0.2359 1.0224 1.6516 2.2808 0.1835 -1.2846 -1.6449 -2.3940

Rdu,S
4

(0.05) 0 0 0 0 0 0
RDu,S

4
(0.05) 0 0 0 0 0 0

Rdu,S
4

(0.0083) 0 0 0 0 0 0
RDu,S

4
(0.0083) 0 0 0 0 0 0

Shapiro-Wilk 0.2899 0.0212 0.4298 0.6287 0.7248 0.5218

Table 36: Depth statistics, critical values, and rejection decisions of an illustrative
simulation from the constant-noise EKF with standardised residuals for Seed 1.
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Methods Nodes Quantiles
(P1, Q1) (P2, Q2) (P3, Q3) α αBonf

dF
1 0.2570 0.2393 0.2456 0.2376 0.2303

DF
1 0.6970 -1.0742 -0.4447 -1.2362 -1.9672

RdF
1
(0.05) 0 0 0

RDF
1

(0.05) 0 0 0
RdF

1
(0.0167) 0 0 0

RDF
1

(0.0167) 0 0 0

dF
2 0.0872 0.0795 0.0811 0.0775 0.0745

DF
2 0.3821 -0.3805 -0.2218 -0.5867 -0.8810

RdF
2
(0.05) 0 0 0

RDF
2

(0.05) 0 0 0
RdF

2
(0.0167) 0 0 0

RDF
2

(0.0167) 0 0 0

dS
1 0.2449 0.3469 0.2857 0.1735 0.1531

DS
1 -0.1055 2.0046 0.7385 -1.6449 -2.1280

RdS
1
(0.05) 0 0 0

RDS
1
(0.05) 0 0 0

RdS
1
(0.0167) 0 0 0

RDS
1
(0.0167) 0 0 0

dS
2 0.0722 0.1443 0.1031 0.0309 0.0206

DS
2 -0.3211 1.7536 0.5681 -1.6449 -2.1280

RdS
2
(0.05) 0 0 0

RDS
2
(0.05) 0 0 0

RdS
2
(0.0167) 0 0 0

RDS
2
(0.0167) 0 0 0

Table 37: Depth statistics, critical values, and rejection decisions of an illustrative
simulation from the constant-noise EKF with standardised residuals for Seed 1.
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A.3 Result tables for the data application

Model A: Random walk state-space model

Methods Nodes Quantiles
P1 Q1 P2 Q2 P3 Q3 α αBonf

du,F
3 0.2473 0.2519 0.2502 0.2506 0.2506 0.2507 0.2464 0.2431

Du,F
3 -0.8933 0.6403 0.0838 0.1871 0.1953 0.2285 -1.2218 -2.3279

Rdu,F
3

(0.05) 0 0 0 0 0 0
RDu,F

3
(0.05) 0 0 0 0 0 0

Rdu,F
3

(0.0083) 0 0 0 0 0 0
RDu,F

3
(0.0083) 0 0 0 0 0 0

du,F
4 0.1216 0.1268 0.1256 0.1253 0.1260 0.1262 0.1222 0.1199

Du,F
4 -1.1569 0.5905 0.2054 0.0948 0.3240 0.4109 -0.9383 -1.7199

Rdu,F
4

(0.05) 1 0 0 0 0 0
RDu,F

4
(0.05) 1 0 0 0 0 0

Rdu,F
4

(0.0083) 0 0 0 0 0 0
RDu,F

4
(0.0083) 0 0 0 0 0 0

du,S
3 0.2006 0.2006 0.1707 0.1557 0.2246 0.3952 0.2006 0.1796

Du,S
3 -1.6150 -1.6150 -2.5939 -3.0833 -0.8320 4.7473 -1.6449 -2.3940

Rdu,S
3

(0.05) 0 0 1 1 0 0
RDu,S

3
(0.05) 0 0 1 1 0 0

Rdu,S
3

(0.0083) 0 0 1 1 0 0
RDu,S

3
(0.0083) 0 0 1 1 0 0

du,S
4 0.1081 0.0811 0.0601 0.0691 0.1141 0.2372 0.0841 0.0661

Du,S
4 -0.6367 -1.6555 -2.4478 -2.1082 -0.4103 4.2306 -1.6449 -2.3940

Rdu,S
4

(0.05) 0 1 1 1 0 0
RDu,S

4
(0.05) 0 1 1 1 0 0

Rdu,S
4

(0.0083) 0 0 1 0 0 0
RDu,S

4
(0.0083) 0 0 1 0 0 0

Shapiro-Wilk 0 0 0 0 0 0

Table 38: Depth statistics, critical values, and rejection decisions for the random
walk state-space model (Quantile simulations: M = 100 000, Sample size within a
single simulation: N = 336).



APPENDIX 104

Methods Nodes Quantiles
(P1, Q1) (P2, Q2) (P3, Q3) α αBonf

dF
1 0.2475 0.2473 0.2509 0.2463 0.2443

DF
1 -0.8260 -0.9102 0.2859 -1.2269 -1.9009

RdF
1
(0.05) 0 0 0

RDF
1

(0.05) 0 0 0
RdF

1
(0.0167) 0 0 0

RDF
1

(0.0167) 0 0 0

dF
2 0.0832 0.0817 0.0839 0.0816 0.0808

DF
2 -0.0440 -0.5418 0.1977 -0.5872 -0.8650

RdF
2
(0.05) 0 0 0

RDF
2

(0.05) 0 0 0
RdF

2
(0.0167) 0 0 0

RDF
2

(0.0167) 0 0 0

dS
1 0.2275 0.2605 0.3323 0.2066 0.1946

DS
1 -0.8573 0.4001 3.1433 -1.6449 -2.1280

RdS
1
(0.05) 0 0 0

RDS
1
(0.05) 0 0 0

RdS
1
(0.0167) 0 0 0

RDS
1
(0.0167) 0 0 0

dS
2 0.0571 0.0661 0.1141 0.0541 0.0450

DS
2 -1.3997 -0.9198 1.6396 -1.6449 -2.1280

RdS
2
(0.05) 0 0 0

RDS
2
(0.05) 0 0 0

RdS
2
(0.0167) 0 0 0

RDS
2
(0.0167) 0 0 0

Table 39: Depth statistics, critical values, and rejection decisions for the random
walk state-space model(Quantile simulations: M = 100 000 - except for the full
K-simplex depth and the standardisation M = 10 000, Sample size within a single
simulation: N = 336).
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Model B: Mean-reverting state-space model with constant reference state

Methods Nodes Quantiles
P1 Q1 P2 Q2 P3 Q3 α αBonf

du,F
3 0.2514 0.2447 0.1247 0.0101 0.0781 0.0000 0.2464 0.2431

Du,F
3 0.4836 -1.7855 -42.1175 -80.6166 -57.7445 -84.0000 -1.2218 -2.3279

Rdu,F
3

(0.05) 0 1 1 1 1 1
RDu,F

3
(0.05) 0 1 1 1 1 1

Rdu,F
3

(0.0083) 0 0 1 1 1 1
RDu,F

3
(0.0083) 0 0 1 1 1 1

du,F
4 0.1259 0.1204 0.0369 0.0002 0.0109 0.0000 0.1222 0.1199

Du,F
4 0.3073 -1.5595 -29.6123 -41.9224 -38.3450 -42.0000 -0.9383 -1.7199

Rdu,F
4

(0.05) 0 1 1 1 1 1
RDu,F

4
(0.05) 0 1 1 1 1 1

Rdu,F
4

(0.0083) 0 0 1 1 1 1
RDu,F

4
(0.0083) 0 0 1 1 1 1

du,S
3 0.2126 0.1647 0.0898 0.0150 0.0838 0.0000 0.2006 0.1796

Du,S
3 -1.2235 -2.7896 -5.2367 -7.6837 -5.4324 -8.1731 -1.6449 -2.3940

Rdu,S
3

(0.05) 0 1 1 1 1 1
RDu,S

3
(0.05) 0 1 1 1 1 1

Rdu,S
3

(0.0083) 0 1 1 1 1 1
RDu,S

3
(0.0083) 0 1 1 1 1 1

du,S
4 0.1111 0.0571 0.0210 0.0000 0.0180 0.0000 0.0841 0.0661

Du,S
4 -0.5235 -2.5610 -3.9193 -4.7117 -4.0325 -4.7117 -1.6449 -2.3940

Rdu,S
4

(0.05) 0 1 1 1 1 1
RDu,S

4
(0.05) 0 1 1 1 1 1

Rdu,S
4

(0.0083) 0 1 1 1 1 1
RDu,S

4
(0.0083) 0 1 1 1 1 1

Shapiro-Wilk 0 0 0 0 0 0

Table 40: Depth statistics, critical values, and rejection decisions from the mean-
reverting state-space model with constant reference state (Quantile simulations:
M = 100 000, Sample size within a single simulation: N = 336).
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Methods Nodes Quantiles
(P1, Q1) (P2, Q2) (P3, Q3) α αBonf

dF
1 0.2402 0.0002 0.0000 0.2463 0.2443

DF
1 -3.2995 -83.9290 -84.0000 -1.2269 -1.9009

RdF
1
(0.05) 1 1 1

RDF
1

(0.05) 1 1 1
RdF

1
(0.0167) 1 1 1

RDF
1

(0.0167) 1 1 1

dF
2 0.0805 0.0001 0.0000 0.0816 0.0808

DF
2 -0.9410 -27.9636 -28.0000 -0.5872 -0.8650

RdF
2
(0.05) 1 1 1

RDF
2

(0.05) 1 1 1
RdF

2
(0.0167) 1 1 1

RDF
2

(0.0167) 1 1 1

dS
1 0.2186 0.0000 0.0000 0.2066 0.1946

DS
1 -1.2002 -9.5442 -9.5442 -1.6449 -2.1280

RdS
1
(0.05) 0 1 1

RDS
1
(0.05) 0 1 1

RdS
1
(0.0167) 0 1 1

RDS
1
(0.0167) 0 1 1

dS
2 0.0691 0.0000 0.0000 0.0541 0.0450

DS
2 -0.7598 -4.4389 -4.4389 -1.6449 -2.1280

RdS
2
(0.05) 0 1 1

RDS
2
(0.05) 0 1 1

RdS
2
(0.0167) 0 1 1

RDS
2
(0.0167) 0 1 1

Table 41: Depth statistics, critical values, and rejection decisions from the mean-
reverting state-space model with constant reference state (Quantile simulations:
M = 100 000 - except for the full K-simplex depth and the standardisation
M = 10 000, Sample size within a single simulation: N = 336).
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Model C: Mean-reverting state-space model with seasonal load profiles

Methods Nodes Quantiles
P1 Q1 P2 Q2 P3 Q3 α αBonf

du,F
3 0.0743 0.0065 0.0000 0.0000 0.0000 0.0000 0.2464 0.2431

Du,F
3 -59.0201 -81.8018 -84.0000 -84.0000 -84.0000 -84.0000 -1.2218 -2.3279

Rdu,F
3

(0.05) 1 1 1 1 1 1
RDu,F

3
(0.05) 1 1 1 1 1 1

Rdu,F
3

(0.0083) 1 1 1 1 1 1
RDu,F

3
(0.0083) 1 1 1 1 1 1

du,F
4 0.0127 0.0001 0.0000 0.0000 0.0000 0.0000 0.1222 0.1199

Du,F
4 -37.7373 -41.9563 -42.0000 -42.0000 -42.0000 -42.0000 -0.9383 -1.7199

Rdu,F
4

(0.05) 1 1 1 1 1 1
RDu,F

4
(0.05) 1 1 1 1 1 1

Rdu,F
4

(0.0083) 1 1 1 1 1 1
RDu,F

4
(0.0083) 1 1 1 1 1 1

du,S
3 0.0838 0.0060 0.0000 0.0000 0.0000 0.0000 0.2006 0.1796

Du,S
3 -5.4324 -7.9774 -8.1731 -8.1731 -8.1731 -8.1731 -1.6449 -2.3940

Rdu,S
3

(0.05) 1 1 1 1 1 1
RDu,S

3
(0.05) 1 1 1 1 1 1

Rdu,S
3

(0.0083) 1 1 1 1 1 1
RDu,S

3
(0.0083) 1 1 1 1 1 1

du,S
4 0.0150 0.0000 0.0000 0.0000 0.0000 0.0000 0.0841 0.0661

Du,S
4 -4.1457 -4.7117 -4.7117 -4.7117 -4.7117 -4.7117 -1.6449 -2.3940

Rdu,S
4

(0.05) 1 1 1 1 1 1
RDu,S

4
(0.05) 1 1 1 1 1 1

Rdu,S
4

(0.0083) 1 1 1 1 1 1
RDu,S

4
(0.0083) 1 1 1 1 1 1

Shapiro-Wilk 0 0 0 0 0 0

Table 42: Depth statistics, critical values, and rejection decisions from the mean-
reverting state-space model with seasonal load profiles (Quantile simulations: M =
100 000, Sample size within a single simulation: N = 336).
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Methods Nodes Quantiles
(P1, Q1) (P2, Q2) (P3, Q3) α αBonf

dF
1 0.0054 0.0000 0.0000 0.2463 0.2443

DF
1 -82.1790 -84.0000 -84.0000 -1.2269 -1.9009

RdF
1
(0.05) 1 1 1

RDF
1

(0.05) 1 1 1
RdF

1
(0.0167) 1 1 1

RDF
1

(0.0167) 1 1 1

dF
2 0.0009 0.0000 0.0000 0.0816 0.0808

DF
2 -27.6980 -28.0000 -28.0000 -0.5872 -0.8650

RdF
2
(0.05) 1 1 1

RDF
2

(0.05) 1 1 1
RdF

2
(0.0167) 1 1 1

RDF
2

(0.0167) 1 1 1

dS
1 0.0060 0.0000 0.0000 0.2066 0.1946

DS
1 -9.3156 -9.5442 -9.5442 -1.6449 -2.1280

RdS
1
(0.05) 1 1 1

RDS
1
(0.05) 1 1 1

RdS
1
(0.0167) 1 1 1

RDS
1
(0.0167) 1 1 1

dS
2 0.0030 0.0000 0.0000 0.0541 0.0450

DS
2 -4.2790 -4.4389 -4.4389 -1.6449 -2.1280

RdS
2
(0.05) 1 1 1

RDS
2
(0.05) 1 1 1

RdS
2
(0.0167) 1 1 1

RDS
2
(0.0167) 1 1 1

Table 43: Depth statistics, critical values, and rejection decisions from the mean-
reverting state-space model with seasonal load profiles (Quantile simulations: M =
100 000 - except for the full K-simplex depth and the standardisation M = 10 000,
Sample size within a single simulation: N = 336).
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Model D: Mean-reverting state-space model with time-varying seasonal
reference state

Methods Nodes Quantiles
P1 Q1 P2 Q2 P3 Q3 α αBonf

du,F
3 0.1959 0.2233 0.1535 0.1343 0.2450 0.2500 0.2464 0.2431

Du,F
3 -18.1622 -8.9696 -32.4245 -38.8770 -1.6666 0.0016 -1.2218 -2.3279

Rdu,F
3

(0.05) 1 1 1 1 1 0
RDu,F

3
(0.05) 1 1 1 1 1 0

Rdu,F
3

(0.0083) 1 1 1 1 0 0
RDu,F

3
(0.0083) 1 1 1 1 0 0

du,F
4 0.0868 0.1055 0.0782 0.0436 0.1207 0.1236 0.1222 0.1199

Du,F
4 -12.8409 -6.5354 -15.7317 -27.3347 -1.4301 -0.4717 -0.9383 -1.7199

Rdu,F
4

(0.05) 1 1 1 1 1 0
RDu,F

4
(0.05) 1 1 1 1 1 0

Rdu,F
4

(0.0083) 1 1 1 1 0 0
RDu,F

4
(0.0083) 1 1 1 1 0 0

du,S
3 0.1168 0.1826 0.0719 0.1138 0.1976 0.3353 0.2006 0.1796

Du,S
3 -4.3557 -2.2023 -5.8240 -4.4536 -1.7129 2.7896 -1.6449 -2.3940

Rdu,S
3

(0.05) 1 1 1 1 1 0
RDu,S

3
(0.05) 1 1 1 1 1 0

Rdu,S
3

(0.0083) 1 0 1 1 0 0
RDu,S

3
(0.0083) 1 0 1 1 0 0

du,S
4 0.0390 0.0571 0.0180 0.0360 0.1021 0.1952 0.0841 0.0661

Du,S
4 -3.2402 -2.5610 -4.0325 -3.3534 -0.8631 2.6459 -1.6449 -2.3940

Rdu,S
4

(0.05) 1 1 1 1 0 0
RDu,S

4
(0.05) 1 1 1 1 0 0

Rdu,S
4

(0.0083) 1 1 1 1 0 0
RDu,S

4
(0.0083) 1 1 1 1 0 0

Shapiro-Wilk 0 0 0 0 0 0

Table 44: Depth statistics, critical values, and rejection decisions from the mean-
reverting state-space model with time-varying seasonal reference state (Simulations:
M = 100 000, Sample size within a single simulation: N = 336).
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Methods Nodes Quantiles
(P1, Q1) (P2, Q2) (P3, Q3) α αBonf

dF
1 0.1969 0.1110 0.2471 0.2463 0.2443

DF
1 -17.8556 -46.6977 -0.9710 -1.2269 -1.9009

RdF
1
(0.05) 1 1 0

RDF
1

(0.05) 1 1 0
RdF

1
(0.0167) 1 1 0

RDF
1

(0.0167) 1 1 0

dF
2 0.0571 0.0198 0.0821 0.0816 0.0808

DF
2 -8.8082 -21.3516 -0.4107 -0.5872 -0.8650

RdF
2
(0.05) 1 1 0

RDF
2

(0.05) 1 1 0
RdF

2
(0.0167) 1 1 0

RDF
2

(0.0167) 1 1 0

dS
1 0.1826 0.0449 0.2994 0.2066 0.1946

DS
1 -2.5718 -7.8296 1.8860 -1.6449 -2.1280

RdS
1
(0.05) 1 1 0

RDS
1
(0.05) 1 1 0

RdS
1
(0.0167) 1 1 0

RDS
1
(0.0167) 1 1 0

dS
2 0.0691 0.0120 0.1231 0.0541 0.0450

DS
2 -0.7598 -3.7991 2.1195 -1.6449 -2.1280

RdS
2
(0.05) 0 1 0

RDS
2
(0.05) 0 1 0

RdS
2
(0.0167) 0 1 0

RDS
2
(0.0167) 0 1 0

Table 45: Depth statistics, critical values, and rejection decisions from the mean-
reverting state-space model with time-varying seasonal reference state (Quantile
simulations: M = 100 000 - except for the full K-simplex depth and the standardis-
ation M = 10 000, Sample size within a single simulation: N = 336).
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B Additional graphics

B.1 Descriptive graphics of the simulated data

State-dependent-noise EKF
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Figure 29: Descriptive graphics from data of an illustrative simulation run from the
state-dependent-noise EKF for the first node with the seed = 1.
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Figure 30: Descriptive graphics from data of an illustrative simulation run from the
state-dependent-noise EKF for the second node with the seed = 1.
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Figure 31: Descriptive graphics from data of an illustrative simulation run from the
state-dependent-noise EKF for the third node with the seed = 1.



APPENDIX 113

Constant-noise EKF
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Figure 32: Descriptive graphics from data of an illustrative simulation run from the
constant-noise EKF for the first node with the seed = 1.
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Figure 33: Descriptive graphics from data of an illustrative simulation run from the
constant-noise EKF for the second node with the seed = 1.
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Figure 34: Descriptive graphics from data of an illustrative simulation run from the
constant-noise EKF for the third node with the seed = 1.
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B.2 Simplices
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Figure 35: Illustration of the simplex depth for K = 1 on a subset of six observations
generated with the state-dependent-noise EKF, including one positive outlier (part
1). The main panel shows the zoomed-in region used for the simplex depth, while
the inset provides an overview of the complete subset and indicates the location of
the zoomed region. Triangles containing the origin are highlighted in green, whereas
triangles not containing the origin are outlined in red.
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Figure 36: Illustration of the simplex depth for K = 1 on a subset of six observations
generated with the state-dependent-noise EKF, including one positive outlier (part
2). The main panel shows the zoomed-in region used for the simplex depth, while
the inset provides an overview of the complete subset and indicates the location of
the zoomed region. Triangles containing the origin are highlighted in green, whereas
triangles not containing the origin are outlined in red.
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Figure 37: Illustration of the simplex depth for K = 1 on a subset of six observations
generated with the state-dependent-noise EKF, including one positive outlier (part
3). The main panel shows the zoomed-in region used for the simplex depth, while
the inset provides an overview of the complete subset and indicates the location of
the zoomed region. Triangles containing the origin are highlighted in green, whereas
triangles not containing the origin are outlined in red.
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Figure 38: Illustration of the simplex depth for K = 1 on a subset of six observations
generated with the state-dependent-noise EKF, including one positive outlier (part
4). The main panel shows the zoomed-in region used for the simplex depth, while
the inset provides an overview of the complete subset and indicates the location of
the zoomed region. Triangles containing the origin are highlighted in green, whereas
triangles not containing the origin are outlined in red.
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B.3 Outliers
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Figure 39: Example 10 Outliers two sided, sdn EKF.
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Figure 40: Example 10 Outliers one sided, sdn EKF.
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B.4 Rejection rates of the simulation study
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Figure 41: Rejection rates of the depth value methods and the Shapiro-Wilk test for
different wrong parameter θ used in the voltage process in the simulation with the
state-dependent-noise EKF and standardised residuals (true parameter θ = 0.1).
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Figure 42: Rejection rates of the depth value methods and the Shapiro-Wilk test
for different wrong parameter θ used in the voltage process in the simulation with
the constant-noise EKF and standardised residuals (true parameter θ = 0.1).
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Figure 43: Rejection rates of the depth value methods and the Shapiro-Wilk test
for different wrong parameter θ used in the voltage process in the simulation with
the constant-noise EKF and non standardised residuals (true parameter θ = 0.9).
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Figure 44: Rejection rate of the depth value methods and the Shapiro-Wilk test
for different wrong parameters v0 used in the prediction of the filter with the state-
dependent-noise EKF and standardised residuals.
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Figure 45: Rejection rate of the depth value methods and the Shapiro-Wilk test for
different wrong parameters v0 used in the prediction of the filter with the constant-
noise EKF and standardised residuals.



APPENDIX 124

0.00

0.25

0.50

0.75

1.00

true mild medium severe extreme zero

R
ej

ec
tio

n 
ra

te

 

Full 3−sign

Std. full 3−sign

Full 4−sign

Std. full 4−sign

Simple 3−sign

Std. simple 3−sign

Simple 4−sign

Std. simple 4−sign

1−Simplex

Std. 1−Simplex

2−Simplex

Std. 2−Simplex

1−Simplex simple

Std. 1−Simplex simple

2−Simplex simple

Std. 2−Simplex simple

Shapiro−Wilk

Figure 46: Rejection rate of the depth value methods and the Shapiro-Wilk test for
different wrong parameters v0 used in the prediction of the filter with the constant-
noise EKF and non standardised residuals with the parameter θ = 0.9.
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Figure 47: Rejection rates for the standardised residuals of the state-dependent-
noise EKF for positive additive outlier scenarios with 2, 10, and 15 outliers.
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Figure 48: Rejection rates for the standardised residuals of the constant-noise EKF
for positive additive outlier scenarios with 2, 10, and 15 outliers.
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Figure 49: Rejection rates for the standardised residuals of the state-dependent-
noise EKF for two-sided additive outlier scenarios with 2, 10, and 15 outliers.
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Figure 50: Rejection rates for the standardised residuals of the constant-noise EKF
for two-sided additive outlier scenarios with 2, 10, and 15 outliers.
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