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Chapter 1

Introduction

1.0.1 Example (Prestressed concrete beam)

Uo to now, there are eleven experiments at prestressed concrete beams which different stress
levels (TRO1 with Ag, = 200 MPa, TR02 with Ao, = 455 MPa, TR03 with Ao, = 200 MPa,
TRO04 with Ao, = 150 MPa, TR05 with Ao, = 98 MPa, SB01 with Ao, = 200 MPa, SB02 with
Ao, = 100 MPa, SB03 with Ao, = 60 MPa, SB04 with Ao, = 80 MPa, SB05 with Ac, = 80
MPa, SB06 with Ao, = 50 MPa). During the experiment the widening of an initial crack was
observed. The left hand side of Figure 1.1 shows the growth curves of the crack width for TR01
and TR02. The jumps which can be seen in the growth curve are caused by the breakening of
the tension wires, see the left hand side of Figure 1.1. There are 5 strands each with 7 wires in
each beam so that at most 35 jumps could be observed. However much less jumps are observed
before the failure of the beam. The data set failure_times_tension_wires.RData contains
the times, given by the variable t_jm, between these jumps and the corresponding stress levels,
given by the variable s. For the meaning of the third variable stress, see Section 6.3.
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Figure 1.1: Left: crack growth curves for TRO1 (black) and TRO2 (blue), right: and broken
tension wires

1.0.2 Example (Hudak crack grwoth data)

The data of Hudak et al. (1978) concern 21 steel specimen exposed to the same stress given by
cyclic load. These data are contained in the file Hudak_data.asc which can be read with the
R function source and was obtained from the R package dhglm. The observation of the crack
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growth at each specimen started at an initial crack of 0.9 inches and the crack length of the
crack was measured after specific numbers of load cycles. These load cycles are given in the data
set Hudak_data.asc by the variable cycle. The crack length is given by the variable cracko,
however it is the crack length at the predecessor time point. Figure 1.2 provides the crack growth
curves for the untransformed data and the data with a logarithmic transformation of the crack
length. The logarithmic transformation leads to an almost linear growth while this is clearly not
the cause for the untransformed data.
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Figure 1.2: Crack growth curves for the Hudak data, left with untransformed crack lengths, right
with the logarithm of the crack lengths

1.0.3 Example (Virkler data)

The data of Virkler et al. (1979) given by the data set BasicVirklerdata.xls and Virkler_
data.asc concern 68 steel specimen. For each specimen, the time was measured when an initial
crack of 9mm in the specimen reaches a given length value, i.e. the length is here the explanatory
variable and the time the dependent variable. The measurements are taken at 164 length values
which are the same for all specimens. The particular aim is to predict the time of a given length
value in a new specimen as seen in Figure 1.3.

1.0.4 Example (Crack growth from photos)

To study the crack growth behavior of micro cracks in a steel specimen exposed to cyclic load,
cracks were detected in photos of the steel surface by the crack detection package crackrec given
by Gunkel et al. (2012) and the 112 longest cracks at the end were traced back. The resulting
112 crack growth values are given in the data set top112.1length.P10.Rdata and the six longest
cracks at the end are shown in Figure 1.4. The data set top112.length.P10.Rdata does not
contain the time points of the photos. Hence it is important to know that these photos were
done at the beginning (time 0), and in steps of thousand load cycles up to 20 000 load cycles and
then at 25000, 30000, 35000, 37000, 39000, 40000, 42000, 44000 load cycles so that 29 time
points are available. Figure 1.4 shows that there is no strict increasing growth. This is due to
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Figure 1.3: Crack growth curves for the Virkler data with a series (red) for which a future time
shall be predicted

the varying quality of the photos. There is also a strange crack growth curve starting not near
zero. This is caused by a contamination of the steel surface resulting in a big pit so that the
automatic program detected this falsely as a crack.
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Figure 1.4: Growth curves of the six largest micro cracks obtained from photos by back tracing
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1.0.5 Example (Experiments with isolated tension wires)

Figure 1.5 shows the life times in load cycles until the failure of 32 tension wires, given by the data
set alter_Spannstahl.txt. There are 4 censored data since some tension wire did not break up
to 107 load cycles so that the experiment was stopped before the failure could be observed.
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Figure 1.5: Lifetimes of tension wires

1.0.6 Example (Lifetimes of diamonds in a drilling tool)

Figure 1.6 shows the diamonds on the surface of a segment of a drilling tool after two and
three minutes of drilling. Two diamonds are breaking out between the second and third minute
(red cycles) and two diamonds appear during this time (blue cycles). The appearance of new
diamonds is caused by the fact that hidden diamonds are contained in the steel matrix which
appear only when some steel has been removed. In this experiment the drilling tool was used for
25 minutes and after every minute the diamonds which are visible are reported. The data set
Diamonds_B28_Matrix.x1sx contains for each diamond when it is visible. Some diamonds which
are visible in the beginning are still visible after 25 minutes when the experiment was stopped.
Here we have censored observations.
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Figure 1.6: Visible diamonds after two minutes (left) and visible diamonds after three minutes
(right)

1.0.7 Example (Failures of throttles)

The data set throttle.csv provides the distances in km to failure of 50 throttles of load-
carrying vehicles. Some of them are shown in Table 1.1. In some cases, denoted by 1, no failure
was observed up to the observed distance. Such observations are called censored observations
and 1 stands for censoring while 0 denotes no censoring.

Censored Failure

1 0 478
2 1 484
3 0 o83
4 1 626
5 0 753
6 0 753
47 0 11019
48 0 12986
49 1 13103
50 1 23245

Table 1.1: Distance in km to failure of 50 trottles from Jiang, and Murthy (1995), see also
Blischke and Murthy (2000). The column "‘Censored"’” denotes whether a failure was observed
(0) or the observation was stopped before failure (1).
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1.0.8 Example (Lifetimes of electric lamps)
Table 1.2 provides the lifetime of 300 electric lamps given by the data set LAMPS.DAT.

Life time (in hours) Absolute frequency

950-1000 2
1000-1050 2
1050-1100 3
1100-1150 6
1150-1200 7
1200-1250 12
1250-1300 16
1300-1350 20
1350-1400 24
1400-1450 27
1450-1500 29
1500-1550 29
1550-1600 28
1600-1650 25
1650-1700 21
1700-1750 16
1750-1800 12
1800-1850 8
1850-1900 6
1900-1950 3
1950-2000 2
2000-2050 1
2050-2100 1

Table 1.2: Lifetimes of 300 electric lamps from Gupta (1952) given in Hand et al. (1994), p. 108
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Chapter 2

Experiments with one stress level

2.1 Lifetime distributions

Let be tq,...,tn observed lifetimes at the same stress level. Such observations are realizations of
independent and identically distributed (i.i.d.) random variables Ti,...,Tn. Let be T : Q — R
a random variable with the same distribution as that of Ti,...,Ty, where (Q,A, P) is the
underlying probability space. Important quantities of lifetime distributions are the cumulative
distribution function, the reliability or survival function, the hazard function and the cumulative
hazard function.

2.1.1 Definition (Cumulative distribution function, reliability or survival function)
a) The cumulative distribution function F' = Fr : R — [0,1] is defined by

F(t):=P(T <t).
b) The reliability function or survival function F := S : R — [0, 1] is defined by

F(t):=S@t)=PT >t)=1-F(t).

2.1.2 Theorem

If T has continuous distribution with cumulative distribution function F' and reliability function
F = S then F(T) ~ U(0,1) and S(T) ~ U(0,1) where U(0,1) is the uniform distribution on
(0,1).

Proof. For any a € (0,1), we have

P(F(T) <a) = P(F(T) < a) + P(F(T) = a)
= P(T < FYa))+ P(T € [F~Ya),sup{t; F(t) <a}])=P(T < F(a)=FF a)=a

which is the distribution function of the uniform distribution on (0,1). Note that we do not
assume that F is strictly increasing. With F(T') also S(T') = 1— F(T') has a uniform distribution
on (0,1). O
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2.1.3 Definition (Hazard function for continous distributions)
The hazard function (hazard rate) h : Ry — R for continuous distributions is defined by

Pt <T <t+AtT >1t)

t) = 1 .
ht) = fim At
2.1.4 Remark

The hazard function for a discrete distributions is defined by

h(t) == P(T = t|T > t).

As a time the lifetime T' has usually a continuous distribution with density f = fr which is the
derivative of F, i.e. f = F’. Of course, the lifetime can be measured by days, weeks, years,
load cycles, and then it will be a discrete variable. However, a continuous distribution is a good
approximation in these cases as well.

2.1.5 Theorem
If T has a continuous distribution, then

[t F@)

=50 1= F@)"

Proof. Since P(T >t) = P(T > t) = S(t) for continuous distributions, we obtain

Pt <T <t+At|T >1t) Pt <T <t+At)

ht) = tim, At = A T T oA
I Pt<T<t+A) 1 . Fl+A)—F@F) 1
S(t) At=o At S(t) Atso At HORAR

2.1.6 Definition (Cumulative hazard function for continuous distributions)
If T has a continuous distribution, then H : Ry — R given by

is called cumulative hazard function.

2.1.7 Theorem

F(t) =1—exp(=H(t)), S(t)=exp(—H(t)), f(t)=h(t) exp(—H(t)).

Proof. Since f(t) = —S’(t), we have with Theorem 2.1.5

) =S =~ S u(s0)
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so that with S(0) =1

H(t) = /0 h(s)ds = ; —g((::)) ds = —ln(S(s))‘g =—In(S(t)) + In(S(0)) = —In(S(¢))

follows. This provides the first assertion. Differentation leads to the second assertion. [

The simplest continuous lifetime distribution is the exponential distribution.

2.1.8 Definition (Exponential distribution)
T has an exponential distribution, shortly T ~ E(X), if

F(t)=1—e,

2.1.9 Theorem
If T ~ E(X) then

ft) =Xxe ™, S(t) =e ™M h(t) =\, H(t) = \t.

The exponential distribution is the only continuous distribution with constant hazard function.
A generalization of the exponential distribution with nonconstant hazard function is the Weibull
distribution.

2.1.10 Definition (Weibull distribution)
T has a Weibull distribution, shortly T ~ W(«, ), if

F(t) = 1 — exp [— <§>B] .

The parameters « and [ are called scale and shape parameter, respectively.

The exponential distribution £(X) is obtained from the Weibull distribution with 8 = 1 and

_1
OZ—A.

2.1.11 Theorem
If T ~W(a,3) then

f(t) = g (é)ﬁ_l exp [— <§>ﬁ] :
S() = exp [— (éﬂ Ch(t) = g <§>6_1, H(t) = a_lﬁtﬁ.

Another generalization of the exponential distribution is the Gamma distribution.
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2.1.12 Definition (Gamma distribution)
T has a Gamma distribution, shortly T ~ G(\, ), if

where I' denotes the Gamma function given by

I(z) = / s e85 ds.
0

The exponential distribution £(\) is obtained from the Gamma distribution with g = 1.

2.1.13 Theorem
If T ~ G(A, B) then

_ D LY -1 -
N e e e
I'(B) 1-— ﬁ OM sfle=sds [y 87 te*ds

2.1.14 Definition (Erlang distribution)
A Gamma distribution with 8 = N € IN is called an Erlang distribution.

2.1.15 Theorem
If T ~ G(\,N) with N € IN then

ANV N1 N-1 Y .
f(t) = CEnTA F(t):l—;)n' e ()

Proof. For the form of F' see https://en.wikipedia.org/wiki/Erlang distribution. [J

2.1.16 Definition (Lognormal distribution)
T has a lognormal distribution, shortly T ~ LN (u,0?), if in(T) has a normal distribution with
expectation y and variance o2, i.e. In(T) ~ N (u,0?).
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2.1.17 Theorem
If T ~ LN (u,0?) then

Fo = (M), g0 -2 exp[—w],

o Vorot 202
n _ 2

h(t) =

o ()

where ® is the cumulative distribution function of the standard normal distribution, i.e.

x 1 2
O(x) = / e 2 ds.
oo V2T

Proof. Since the logarithm function is a strictly increasing function we have

Flt) = P(T < 1) = P(In(T) < In(t)) = & <1n(t)T_“> .

This implies

2

since ®'(z) = 2.0

1
Vo ©
2.1.18 Theorem (See e.g. Kahle and Liebscher 2013, S. 36)
If T ~ LN (u,0?) then

0,2

E(T) = exp <,u + 7) , var(T) = exp(2u + 02) (exp(c?) — 1).

Proof. We obtain

E(T):/Oootf(t)dt:/ooot ! exp[—w] dt

Vorot 202
* 1 (In(t) = )] . / > 1 (y — w)?
— BRGSO P - v gt
/0 Voro P [ 202 oo V2T O P 202 c
B /°° L. [—% 4+ 2y — p? + 202y "
) Voo P i 202
B /°° 1 ox _—y2+2y(,u+a2)—,u2—2,ua2—a4+2,ua2+a4} it
oo V2T O P i 202
*© 1 [ = [p+0%)? o’
-~ - G
/—oo 2w o P i 202 CXP | p 2

S W = [p+°D*] o
= exp[,u+?} /_OO 27ranp[_ 952 } dt ‘= exp[,u—l—?},
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where (%*) follows from

o q 2 2112
/ S RCEESI
—oco V2T O 20

and in (%) the substitution y = In(t) <t = e¥ = g(y) is used so that ¢'(y) = e¥. O
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2.2 Properties of the exponential distribution

The exponential distribution has several interesting properties. The first property means that
the exponential distribution is memoryless and that it is the only continuous distribution with

this property.

2.2.1 Theorem
a) If T ~ E(X) then

P\(T >tT >s)=P\(T >t—s)

for allt > s > 0.
b) If T has continuous distribution with

P(T>tT>s)=P(T >t—s) (2.1)
is satisfied for allt > s > 0, then T' ~ E(X) with A = —In(P(T > 1)) > 0.
Proof.
a) If T'~ E(X) then

PAT > T > s) = ﬁig - 3 — S;(E((:i?) — exp(=A(t— ) = P\(T > t — s).

b) Let ¢ = ™ an arbitrary rational number with n,m € IN. The property (2.1) implies

n
= P<T>l>.p<T>m‘T>l>:p<T>l>.p<T>ﬂ_l>‘
n n n n non

Per induction, we get

|
P(T>q):P<T>%,T>—>

P(T>q):P<T>%>m.

In particular, we have
1 n
P(T>1):P<T>—>
n

so that the reliability function satisfies

F(g)=S(q) =P(T>q)=P(T>1)""=P(T>1)
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for all rational ¢ > 0. Since F' is monotone decreasing, it holds
F(t)=5(t)=P(T > 1)

for all t > 0. In particular, it follows 0 < P (7" > 1) < 1. Hence we have
Ai=—In(P(T >1))>0

and
F(t) = S(t) = exp(—\t)

for all t > 0 so that 7'~ £(X). O

2.2.2 Theorem
If T has continuous distribution with cumulative hazard function H then H(T') ~ £(1).

Proof. Theorem 2.1.7 provides
exp(—H(t)) =1- F(t) = F(t) = S(t) & H(t) = —In(S(t))
so that
P(H(T) > t) = P(~In(S(T)) > t) = P(S(T) < e~ ") = ¢

for all ¢ > 0 since S(T') has a uniform distribution on (0,1) according to Theorem 2.1.2. [J

2.2.3 Theorem
IfTy,...,Tn ~ E(N) are independent, then

N N N
a) Y T~ GAN), b)AY Tu~G(L,N), ¢)20) T~ xiy
n=1 n=1 n=1

where x2 is the x? distribution with n degrees of freedom.

Proof.

a) At first note that 7'~ G(A, N) implies fr(t) = ?xt_N{),l e . 10,00)(t). Then Sy := 27127:1 T, ~
G(A, N) follows by induction:

For N =1, we get fr(t) = Ae™ = fr, (1)
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If fs,(t) = %e‘” holds then the convolution theorem provides

fonin(t) = Fonaty,, (t) = /_ Fon (@) fry,, (t — x)dz

o9 )\NxN—l
= / 76_’\9”1[0700) (:E))\e_)‘(t_x)l[opo)(t —x)dx

(N1
)\N+1 v t N1
AN+ ANHLN
= oo N o) = TR M o ()

b) From Sy := Zivzl T, ~ G(\, N), we get for the distribution function with Definition 2.1.12

F <t> —1 /A; sV le%ds —1 /t sV le%ds
= S — = =
MAA L(N) Jo L'(N) Jo

which means AN T, ~ G(1, N).

c) Similar to b), we obtain

1 Aax N—1_—s 1 2 N-1_-s 1 t
FQ)\SN(t) = W/O S e °ds = P—]V)/O S e °ds =: WG <§>

with G'(t) = tV~le~t. Hence

) 1 1 (¢t 11/ e\,
f2>\5N(t):F2ASN(t):W§G <§> :Wi <§> e /2

so that 2\ zgzl T,, ~ X3y since the density of the x? distribution with n degrees of freedom
which is given by

1/2=1p—1/2
t) = —m—.
0= )
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2.2.4 Theorem (see e.g. Deshpande, Purohit (2016))

Let Ty,...,Tn ~ E(N\) be independent, T(1ys - -, T(n) the corresponding order statistics,

Yn = T(n) - T(n—1)7 n = 2, v ,N, Yl = T(l),
the consecutive sample spacings,
D,:=(N—-n+1)Y,, n=1,...,N,

the normalised sample spacings, then
a) Y1,...,Yyn are independent with Y,, ~ E(N —n+1)\) forn=1,..., N,
b) Dy,...,Dy ~ E(N) are independent.

Proof. The joint density of T := (T{y), ..., T(n)) is

fT* (t*) = fT(l),T(g),...,T(N) (tl, t2, e ,tN)
B { NEde ™M de™ 2 Ae™ N for 0 <ty <ty <... <ty < oo,

0 else.

Consider the transformation

g:{(t1,te,...,tiN); O<ty <ty <...<ty<oo} — {(y1,¥2,---,YN); Yn >0, n=1,2,...

given by
y1 = t1, t1 = y1,
Yo =t — 11, 1 la =y1 + Y2,
g: . g .
yn =ty —tn_1, tNn=wy1+... +yn.

g is a 1-1 transformation with the determinant of the Jacobian matrix given by

1 0 0 0 O

-1 1 0 0

, 2 0 -1 1 0 0
det(g'(tx)) = det (mg(tl, e ,tN)> = det 0 0 -1 0 0
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Then YV = (Y1,...,Yn) = g(T%) has the density
K@) = fonv) Wis - un) = fr (g7 @)/ | det(g' (g7 ()]
= Nl de™W yeutwz) e udtun)
= N-Xe VU (N —DAeMNVDvz Ly
N
H —n+ Dre”N7rFDAwn — HfYn (Yn)-
n=1 n=1
Hence Y7, ..., Yy are independent with Y,, ~ E(N—n+1)A)forn=1,...,N and Dy,...,Dy ~

E(N) are independent. OJ
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2.3 Classes of distributions with ageing properties

2.3.1 Definition (IFR distribution)
T with continuous distribution has a IFR distribution (Increasing Failure Rate) if

St1 (3) = Stz (3)

is satisfies for all s > 0, t; < to, where

2.3.2 Remark
If T has a continuous distribution then

S(t+s) PT>t+s) P(T>t+s)
Sty ~ P({IT>t)  P(T>t) =P(T >t+s|T >1t).

If T has not a continuous distribution, then S; is defined as

Sy(s) - S(t+s)

=———* =PI >t T>t
limth(t—h) ( = +S’ B )7

so that a discrete IFR distribution is defined via this conditional distribution, see Kahle and
Liebscher (2013), p. 43.

2.3.3 Theorem
T has a continuous IFR distribution if and only if its hazard function h is increasing.

Proof. Theorem 2.1.7 provides

_ S(t+s) exp <— fg+8 h(u)du) - ) t4s
Sils) = Sty exp (_ f(f h(u)du> = exp < /t h(u)du> .

As soon as h is increasing, we get for all t1 <ty

Si,(s) = exp (- /t H h(u)du> > exp <— /tt+ h(u)du> — S, (s)

for all s > 0. O
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2.3.4 Definition (AIFR distribution)
T has a AIFR distribution (Increasing Failure Rate in Average) if g given by

OEEION
is a decreasing function on R .

2.3.5 Remark
If S(t)'/* is decreasing then also

i (si0y) = S0) _ exeCH) _ =Hio )

t t t

)

: . _H(t . . .
is decreasing and T( can be interpreted as average cumulative failure rate.

2.3.6 Theorem
If a distribution is IFR then it is AIFR. The converse does not hold in general.

Proof. If a distribution is IFR then its hazard function h is increasing according to Theorem
2.3.3 so that

%ln (S(t)l/t) _O0ZH{E) _ —h(t)  HE) _ —h(t) | k)t

so that with In (S(t)l/t) also S(t)'/* is decreasing.
To show that the converse does not hold in general, consider the hazard function h of the
counterexample given by Kahle and Liebscher 2013, p. 46, which is defined as

0, t<0.5,
ht) =< 2, 05<t<1,
1, t>1.

Since h is not increasing, the corresponding distribution is not IFR. However, this distribution

is AIFR since

0, t < 0.5,
Ht)={ 2t—1, 05<t<]1,
, t>1,
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and
0, t < 0.5,
") _ 2-1 05<t<1
T - - oSt <l
1, t>1.
H(t)

—— 1s obviously increasing so that with #(t) =In (S ()Y t) also S(t)'/* is decreasing. [

2.3.7 Definition (NBU distribution)
T has a NBU distribution (New Better than Used) if

S(t+s) <S(t)-S(s)
for all t,s > 0.

2.3.8 Remark
If T has a continuous NBU distribution and S(t) > 0 then

Si(s) = < S(s), (2.3)

i.e. the conditional survival probability given a survival of an individual used up to ¢ is not larger
then the unconditional survival probability of a new individual without usage, i.e. new better
than used.

Moreover, a distribution is NBU if and only if its cumulative hazard function H satisfies

—H(t+s)=In(S(t+s)) <In(S(t)) +In(S(s)) = —H(t) — H(s) (2.4)

or H(t+ s) > H(t) + H(s), respectively.
Moreover, note that equality in (2.3) means that the distribution is memoryless, where the
exponential distribution is the only continuous distribution which is memoryless.

2.3.9 Theorem
If a distribution is AIFR then it is NBU. The converse does not hold in general.

Proof. If a distribution is AIFR then
S(t+ s)V/Hs) < )V, St + )/ Hs) < g(s)l/s
implying

S(t+ s)/ ) < S(1), St +5)+9) < 5(s).
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Multiplying both inequalities yields
S(t+5) = S(t+ )/ St + )0 < S(t) - S(s),

which means that the distribution is NBU.
To show that the converse does not hold in general, consider the hazard function A of the
counterexample given by Kahle and Liebscher 2013, p. 47, which is defined as

0, t<1,
1, 1<t<1.5,
h(t) = - (2.5)
0, 1.5<t<2,
1, t>2.

That this hazard function indeed defines an NBU distribution which is not an AIFR distribution
is an exercise. [

2.3.1 Example (Weibull distribution)
If T ~W(a, ) then the hazard function h is according to Theorem 2.1.11 given by

h(t) = g (é)ﬁ_l.

This function is strictly increasing for S > 1, constant for § = 1 and decreasing for g < 1.
Hence the Weibull distribution is IFR and thus AIFR and NBU for 8 > 1. In particular, the
exponential distribution is IFR, AIFR, and NBU. A Weibull distribution is not AIFR and thus
not IFR for 8 < 1 since

o ) b

is increasing in ¢ for § < 1. For 8 < 1, the Weibull distribution is also not NBU, since the NBU
property is according to (2.4) equivalent to

1 1 1

—5(t+ $)P = H(t+s)> H(t)+ H(s) = Jtﬁ + Jsﬁ
for all s,¢ > 0. This would mean in particular for s = ¢

2 >2t" & 2°>2 o pg>1

so that the Weibull distribution with S < 1 cannot be NBU.
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2.4 Censored lifetimes

Usually lifetime experiments in engineering are very time consuming and costly so that not every
object can be observed until failure.

2.4.1 Definition (Type I censoring)
The objects are only observed until a predefined fixed time ¢, so that instead of the real lifetimes
tl, v ,tN on]y

1, if failure of the n’th object is observed, i.e. t, < ¢,

0, if no failure of the n’th object is observed, i.e. t, > c,

zp, = min(t,,c), d, = 1{t, <c} = {

is observed for n = 1,..., N. Thereby, 1{t, < c} := 1 4(t,) denotes the indicator function.

2.4.2 Definition (Progressive Type I censoring)

There are predefined fixed progressive censoring times ¢ < ¢y < ... < cg and given samples
sizes 0 = Ny < N1 < Ng < ... < Ng = N so that objects with n € {Ny_1 + 1,..., Ny} are only
observed until ¢, for k =1,..., K. This means that instead of the real lifetimes t1,...,ty only

1, ift, <cp,

zp = min(ty,, cg), dp = 1{t, <} = { 0. ift > e
3 n k‘?

is observed forn € {Ny_1+1,..., Ny} fork=1,..., K.

If the lifetime experiments are running parallel then also Type II censoring can be used.

2.4.3 Definition (Type II censoring)
The objects are only observed until a predefined fixed number R of failures are observed. If
ta) <ty < ... <) are the ordered real lifetimes then only

1, ift, <),

n = min(tn, tg)), dn = H{tn <t} =
2z = min(ty, t(g)) { (®)} {0, ift, >t(g),

is observed for n = 1,...,N. This means that N — R observations are censored.

The corresponding random variables are always denoted by Z1,...,Zy and Dq,..., Dy.

2.4.4 Definition (Progressive Type II censoring)

Here integers Ry, ..., Rx and Ny,. .., Ni are predefined such that Ri+. ..+ Rg+N1+...+Ng <
N. At first the objects are observed until Ry failures are noted. From the remaining N — Ry
objects, Ny objects are removed so that observations of these objects are censored by t(g,).
Then the remaining N — Ry — Ny objects are observed until they provide Rs failures. From
the remaining N — Ry — N1 — Ry objects, Ny objects are removed. This is repeated until
N—(Ri+...+Rxg+ N1+ ...+ Ng) > 0 objects remain and provide censored observations
as well. At all Ry + ...+ Ry failures are observed and N — (R; + ...+ Rk) observations are
censored.
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2.4.5 Definition (Random censoring)

The objects are only observed until different censoring constants c1, ..., cy which are realizations
of i.i.d. random variables C1,...,Cy. This means that instead of the real lifetimes t1,...,tn
only

1, iftn, <cn,

zp = min(ty, ), dp = W{t, <cp} = )
0, ift, > cp,

is observed forn =1,...,N.

Note that Type I censoring is a special case of random censoring where the distribution of
Ci,...,Cp is given by a one-point measure on c.

Sometimes the life times of N objects can be only observed at predefined fixed time points
O0=19< 7 <...<71 <7741 =00. Then we have interval censored data.

2.4.6 Definition (Interval censoring)
The objects are only observed at predefined fixed time points 0 =19 < 71 < ... < 77 < Ty4+1 = 00.

This means that instead of the real life times ty,...,tx only
- 1, iftnE(Ti_l,Ti] fori=1,...,1,
" I+1, ift, € (r7,00),

is observed forn € 1,...,N.

Often objects are not entering at the same time in a study. We will denote the time point when
the nth object has entered the study by b, (b for beginning or birth time) and assume that
bi,...,by are realizations of random variables By,..., By. If we can observe by,...,by then
tn = t, — by, are the life times where ¢,, n = 1,..., N, are the observed failure times. If the
study has a predefined fixed end point 7 then we have randomly censored data with ¢, =7 —b,.
However, the situation becomes more complicated if the birth times and life times can be only
observed at predefined fixed time points 0 =19 < 7 < ... < 77 < Tr41 = 00.

2.4.7 Example (Diamonds pull outs)

The data set Diamonds_B28_Matrix.x1lsx shows the appearance of 46 diamonds on a segment of
a drilling tool. At the beginning of the experiments, only 22 diamonds are visible on the surface
of the segment. During the drilling process, diamonds are pulled out but also new diamonds
appear which are lying in deeper layers of the metal matrix. However, this can be only observed
at predefined time points because the drilling process has to be interrupted for this. In this
experiment, the process was interrupted every 60 seconds and this was done 25 times. If one
would consider only the 22 diamonds which are visible at the beginning of the experiments then
the data are interval censored data in the sense of Definition 2.4.6. To include the observations
concerning the remaining 44 diamonds then Definition 2.4.6 must be extended. Since the time of
the first appearance of a diamond can be interpreted as a birth of the diamond and the pull out
time of a diamond as a death of a diamond, we call this type of censored data interval censored
births and deaths data.



Christine Miiller, Statistics of Reliability and Material Fatigue, WS 2021 /22
26 2.4 Censored lifetimes

2.4.8 Definition (Doubly interval censoring)

The births (first appearance) and deaths (life time) are only observed at predefined fixed time
points 0 = 79 < 1 < ... < 771 < 7741 = oo. This means that instead of the real lifetimes
tl,...,tN on]y

0,17) if b,=0,t, € (15_1,7) fori=1,...,1,

h, ) if by, € (Th—1,Th], tn + by € (Ti—1, 73] for hyi=1,... 1, h <1,
h,I1+1), if b, € (Th—1,7h), tn + by € (77,00) for h=1,...,1,

0,I+1), if b,=0, t, € (17,00),

is observed forn € 1,...,N.
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2.5 Estimation for parametric lifetime distributions

Let be 6 € © the unknown parameter of the lifetime distribution. Then Py, fg, Fp, and Sy denote
the corresponding probability measure, the corresponding density function, the corresponding
cumulative distribution function and the corresponding survival function, respectively.

.5.1 Definition (Maximum likelihood estimate for uncensored observations)

2
6 = O(t1,...,tn) is called maximum likelihood estimate for 6 if

N
f € arg max H fo(tn)

n=1

For censoring, we consider at first progressive Type I censoring which includes Type I censoring
as a special case. Then we get the following likelihood function (see e.g. Klein and Moeschberger
2003)

N
1(6) := H fo(2n) % Sp(zn) 4.
n=1
This is also the likelihood function for random censoring if the censoring variable C1,...,Cx
and the life time variables T1,...,TxN are independent and the distributions of Cy,...,Cx do

not depend on 6.

2.5.2 Definition (Maximum likelihood estimate for progressive Type I and random censored
observations)

6 = é\((zl,dl), ...y (2n,dnN)) is called maximum likelihood estimate for 6 based on progressive
Type I and random censored observations if

N
0 e arg max H fe(Zn)d"SG(Zn)l_dn-

n=1

To derive the maximum likelihood estimate for this type of censored observations (z1,d;),...,
(zn,dn) we can regard the loglikelihood function

N
L(0) :=In <H Fo(zn)™ Sg(zn)'~ dn) Zln (fo(zn)™) + Zln So(zn)' =)

n=1 n=1 n=1

N
n(fo(zn)) + (1 = dn) In(Sy(2n)).
n=1

||M2

020

If %L(ﬁ)‘g ;= 0 and Q;L(G)‘g ; is negative definite then § = 8 is the maximum likelihood

estimate.
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2.5.3 Example (Exponential distribution with progressive Type I or random censoring)
The loglikelihood function is here with z, = min(t,,¢,) and J := 22;1 dn,

N N
L) =Y dyIn(Ae™) + ) (1 —dy) In(e ")
n=1

n=1

N
= JIn(A\) =2 2z
n=1

Then we have

;X
/ _ _
L(A)_JX—;%_O
if and only if + = % Zﬁf:l zn 80 that the maximum likelihood estimator for A is
_J
Ziv:l n

For Type I censoring with ¢ = ¢, n =1,..., N, this simplifies to

=

J

p N
(N—=J)e+ >, dnty

If there are no censored observations then J = N and
N

A= ——.
St tn

The likelihood function for Type II censoring is given for the ordered sample (y),...,¢n) by
(see e.g. Deshpande, Purohit 2016)

R N
l(@) = <JF\{7> R' H fg(t(n))SQ(t(R))N_R = <JF\{7> R' H fg(zn)d”S(;(zn)l_d”.

2.5.4 Definition (Maximum likelihood estimate for Type II censored observations)

0 = 0((z1,d1),...,(2n,dN)) is called maximum likelihood estimate for 6 based on Type II
censored observations if

N
0 € arg max H fo(zn) ™ Sp(zn) .

n=1
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2.5.5 Example (Exponential distribution with Type II censoring)
Since the likelihood function is the same as for progressive Type I censoring with R = Zﬁf:l dn
the maximum likelihood estimator is given by

~ R R
A= 7 = 7 .
Yomm1zn  (N=R)tr) + > —1tm)

2.5.6 Theorem (Likelihood function for interval censored data)
If Ty, ..., Ty are independent with cumulative distribution function Fy, then the likelihood func-
tion for interval censored data zi,...,zN is given by

N 1
o) =11 (H (Fy(m:) = Fy(riea) 5= (1 - Fe(TI))H{Z":IH}) ,

n=1 \i=1

where 1 denotes the indicator function.

2.5.7 Theorem (Likelihood function for doubly interval censored birth and death data)

If By,...,Bn,T1,..., TN are independent so that B, has cumulative distribution function Gy
and T, has cumulative distribution function Fy for n = 1,..., N, then the likelihood function
for doubly interval censored birth and death data z1,...,zy satisfies

™ 1{zn=(h,i)}
</ (Fg(Ti — u) - Fg(Ti_l - u)) ng(u)) . (2.6)

Proof. Set D,, = B,, + T, for the "death time". Then we have

N I+1
l(e):l(eazlvva):HPQ(Zn H HPG n = hZ))

n=1 n=1 h,i=0

h<i

B € (Th—1,7n); Dn € (Ti—laTi])]l{Zn:(hJ)}'

i :]+
’:|+

=

Al
O

Since Ty, := D, — B,, n=1,...,N, we can rewrite

Py(Bp € (Th-1,7h), Dy € (1i—1,7i]) = Pyo(Bn € (Th—1, 71}, Bn + Ty € (1i—1,7i))

By, Bn+Tn
- //RQ ]l(Thﬂ,Th](yl) ]1(7—1'71,7—1-} (y2) dPG( + )(yl,yg).

Using the elementary transformation theorem from the measure theory and then the indepen-
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dence of B,, and T}, we obtain
Brn,Bn+Th
//]Rz]l(’fhuTh](yl) ]1(7'2'7177'1'} (y2) dPé)( " )(y17y2)
Bn,Tn
= //]R2 ﬂ(‘mqﬁh](u) ﬂ(Tithi](U + u) dpe( )(u,v)
= 1 1 dP]"(v) dPPr
- R? (Th—lyTh](u) (Tiﬂm](v + u) 0 (v) [ (u)
Th Ti—Uu Th
= / / ng(?}) ng(u) = / (Fg(Ti - u) - Fg(Ti_l - u)) ng(u)
Th—1 Y Ti—1—u

Th—1

This implies the assertion. [
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2.6 Goodness-of-fit tests

Let be F = {Fjy;0 € O} a family of given cumulative distribution functions for # € © C R" and
F the true cumulative distribution function, then we want to test

Hy: F e F, HliFgé./."

If we have an estimate 6 of 0, we can use Fj for a test. There are several goodnes-of-fit tests based
on Fj to test the null hypothesis. The most flexible goodness-of-fit test is the x? goodness-of-fit
test.

2.6.1 Definition (x? goodness-of-fit test, see e.g. Schervish 1997, Theorem 7.133)
Let be I, I, ..., I, disjoint intervals such that Ulel I; =[0,00),

I :=[a1,b1]) with a; =0, I} := (a;, b)) forl =2,..., L —1, Iy, := (ar,br) with by = 0o
p1 = Fy(bi) — Fylar), Ny == #{n; t, € I},

L
(N; — Np)?
T2 = Tya(ty, ... tx ; Vo,

and X2L—r—1~1—a the (1 — a)-quantile of the x? distribution with L —r — 1 degrees of freedom,
then the x? goodness-of-fit test is given by the decision rule

reject Hy: F € F if T2 > X%_T_l;l_a.

This is an approximate a-level test for Hy: F' € F if N p; > 5 holds for all [ = 1,..., L. Hence
the a; and b; must be chosen so that this is satisfied.

2.6.2 Example
A natural choice for interval censored data is Iy = (0,7, Is = (7, 72),... I = (771-1,71],
Ityy = (171,00) so that L =1+ 1. If N p; > 5 is not satisfied then classes should be combined.

2.6.3 Lemma
If Fy is continuous and strictly increasing and k € IN then

(-1 T - N
al—Fg <T ,bl—Fé\ N fOTl—l,..., ?

satifies
N (F3(b) — Fy(w)) =k for 1 =1 N
7 5 SO

Proof. Since Fg(Fg_l(a:)) =z for all z € R, it holds

lk
Fylb) = Fylar) = 5w~ —x— =
N
foralllzl,...,L?J. U
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2.6.4 Corollary
Ifk € IV satisfies k > 5, L = ||, Ny = {n, Fy(ta) € [0, 4]}, N =t {n, Fyta) € (5%, %]}

forl=2,....L—1, Ny :ﬁ{n, Fytn) € <(L;V1>k,oo)},

L

T2 = sz(tl,...,tN) = Z
=1

(N, — k)?
k b

then the decision rule
reject Hy : F' € F if TXz > X2L—r—1;1—a'

is an approximate a-level test for Hy : F' € F.

Proof. The assertion follows with

e (S ] = e (5 (5) 5 (5)

and Lemma 2.6.3. O
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2.7 Confidence sets and prediction intervals

Let be P(R") the set of all subsets of R". The following definitions, lemmas and theorems are

given for uncensored data tq,...,ty. However, they hold also for censored data z1,...,zy and in
more general situations so that we provide the general concepts for data of the form zq,..., zn.
We assume that z1,...,zy are realizations of Z1,..., Zy.

2.7.1 Definition (Confidence set)
C:[0,00)" 3 (21,...,2n) = C(21,...,2n) € P(R®) is a (1 — a)-confidence set function for the
aspect a(0) € R® of 0 if

Py(a(@) € C(Z1,...,ZN)) > 1 —«

is satisfied for all 0 € ©.

2.7.2 Lemma
If0 = (61,...,0,)7 € R" and C; : [0,00)" 3 (21,...,2n) = Ci(21,...,2n5) € P(R) are (1 — a)-
confidence set functions for 6; fori =1,...,r then C : [0,00)N > (z1,...,2n5) = C(z1,...,2N) €

P(R") given by
(C(Zl,...,ZN) :(Cl(zl,...,zN) X (CQ(Zl,...,ZN) X ... X (Cr(zl,...,zN)

is a (1 — ra)-confidence set function for 6.

Proof. Since Py(0; ¢ Ci(Z1,...,2Zn)) =1 —Py(0; € Ci(Z1,...,Zn)) <1—(1 — ) = a, we

obtain

P9(9 S (C(Zl,. .. ,ZN)) = P9(91 S (Cl(Zl, .. .,ZN) and ... and 6, € (CT»(Zl,. .. ,ZN))
=1 —Pg(el ¢ (Cl(Zl,...,ZN) or ... or 97« ¢ (CT(Zl,...,ZN))
> 1-Y Py(0; ¢ Ci(Zy,...,Zn)) =1 —ra.0

1=1

Let be Zj the random variable for a future observation. Typically we have here that Z1, ..., Zxn, Zy
are independent and identically distributed.

2.7.3 Definition (Prediction interval)
P:[0,00)Y 3 (21,...,2n) = P(z1,...,2n) € P(R) is a (1 — a)-prediction interval function for
Zy if

Po(Zo €P(Zy,....2N)) 21—«

is satisfied for all 0 € ©.
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To compare several prediction intervals, one can consider the length of the prediction intervals
and the coverage rate, i.e. add the relative number of future observations falling in the prediction
interval. A combination of the length and the coverage rate of a prediction interval is the interval
score of Gneiting und Raftery (2007).

2.7.4 Definition (Gneiting und Raftery (2007))
Is [l,u] :=[I(z1,...,2N),u(z1,...,2N)] :=P(21,...,2n) a (1 — a)-prediction interval for Zy and
2o a future observation, then

(I —20)1{zp <1} + %(Z(] —u)l{zp > u}

Ll

S(P(z1,...,2N),20) = (u—1)+

~—

is called an interval score of the (1 — a)-prediction interval P(z1,...,zyN) for Zy at z.

2.7.5 Remark (Naive or plug-in prediction interval) L
If Zy, Z1,...,ZnN are ii.d., each with cumulative distribution function Fy and 0 := 0(z1,...,2zn)
is an estimate for € then a naive or plug-in (1 — a)-prediction interval P is given by

]P)(Zl, . ,ZN) = |:F€:1(771)7F§_1(772)

where 0 < 77 < 12 <1 with 72 — ) = 1 — «. For finite samples IV, these prediction intervals
are usually too small so that Pp(Zy € P(Z1,...,ZN)) > 1 — « is not satisfied. However, if the
estimator Oy (Z1,...,Zy) is a consistent estimator for 6 then

. -1 _ p—1 . —1 _ p-1
Jim Fo () = Fy(m), lim Fy H(n2) = Fy(n2)

N

if Fe_l(n) is continuous in @ for nn = 1y, 72. Then
. o —1 _ —1
dm Fy(Zo € B(Zy, ..., ZN)) = lim (Fe(FgN (112)) — Fp(Fy (771)))
= Fp(F, () — Fo(Fy m)=m—m=1-a.

For finite samples, the uncertainty of an estimator 9 must be taken into account. A general
simple approach for doing this is to base the prediction interval on a confidence set for 6.

2.7.6 Theorem (Prediction intervals based on confidence sets for indenpendet observations)
If Zy,...,Zn, Zy are independent distributed, 0 < n; < mo <1 with o —1m =1 — a1, and C is
a (1 — ag)-confidence set function, then P given by

]P)(Zl,...,ZN): U [Fe_l(nl)vFe_l(UQ)]
0€C(z1,...,2N)

is a (1 — a1)(1 — ag)-prediction interval function for Z.

Proof. At first note that for any 6, € ©

Py, (Zo € [Fy (m), Fy (m2)]) = Fo, (Fy'(m2)) — Fo, (Fy'(m)) =m—m=1—o
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is satisfied. Then we obtain for any 6, € © with the independence of Zy and Z1,..., Zy

Py (Zo €P(Zy,...,7ZN) =Py, | Zp € U [ (), By Y ()]
0eC(Z1,..,Zn)

> P |Zoe  |J  [Fy'm),Fyl(m)], 6. €C(Z,..., Zn)
0eC(Z1,....ZN)
> Py, (%0 € [Fy'(m), Fy' ()], 0. € C(Z1,..., ZN))

= P (Zo € [F (m), Fyt(m2)]) - Po, (0« € C(Z1,..., Zx)) > (1 — 1) (1 —an) O

2.7.7 Remark

Usually a1 = ag with (1 — a;)? = 1 — a is used in Theorem 2.7.6. However, for large sample
sizes N, it is better to use a3 > ag with (1 — a1)(1 — az) = 1 — « to be competitive with the
naive prediction interval. In particular one should use a;(N) 1 a and as(N) | 0 for N — oo
to get the same asymptotic behavior as the naive prediction interval. One has only to ensure
that ag(N) is skrinking not too quickly to 0 so that the confidence set is not shrinking to one
point which is the underlying parameter. But usually a rate a(N) | 0 can be found so that the
confidence set is shrinking to the true parameter.

Observations with exponential distribution

2.7.8 Lemma
IfTy,..., Ty are independent and T,, ~ G(\, B,) forn =1,... N, then anzl Tn ~ G(A, anzl Bn)-

Proof. By induction as in the proof of Theorem 2.2.3.

2.7.9 Lemma
IfTy,...,Tn ~ E(A) are independent and F) y is the cumulative distribution function of the
Gamma distribution with parameters A and N, then C given by

Clty, ... tx) = {A; f:tn < [FQJIV (%) Fiw <1_ %ﬂ}
n=1

is a (1 — a)-confidence set function for \.

2.7.10 Corollary
IfT,...,Tn,Ty ~ E(N) are independent, 0 < my < ng <1 with ng —n1 =1 — «, and C is given
by Lemma 2.7.9, then P given by

]P’(tl,...,tN): U [F,\_,l(m)aF,\_,l(Th)]
AeC(t1,....,tN)

is a (1 — a)?-prediction interval function for Ty.
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2.7.11 Theorem (Meeker and Escobar (1998), p. 300)

IfTy,...,Tn,To ~ E(N) are independent with ordering T(yy < ... < Ty, Zn = min(T,, T(g)),
n =1,...,N, are the Typ II censored observations with R < N, §(Z1, ..., ZN) Is the maxi-
mum likelihood estimator for § = L based on Zi,...,Zy and frm;a is the a-quantile of the F
distribution with n and m degrees of freedom, then P given by

~

]P’(Zl,-~7ZN) = [5(2’17---7ZN)f2,2R;a/279(21,~-7ZN)f2,2R;1—a/2 )

is a (1 — «)-prediction interval function for Tj.

Proof. According to Example 2.5.5, the maximum likelihood estimator for A is given by

~ R
NZy, ..., Zn) =
(N = R) t(r) + >ny tn)
so that
~ (N=R)T(ry+ XN Ty  (N—R+1)T(r + S0 Ty
0(2y,...,2y) = -

R R

is the maximum likelihood estimator for § = % Using the normalised sample spacings
D, = (N —-n+ 1)(T(n) — T(n—l))7 n=2,...,N, D;:= NT(l),
we get

R
—~ D,
6(217"'7ZN):ZTL_T97

where Dy, ..., Dg ~ E(A) are independent according to Theorem 2.2.4. Theorem 2.2.3 provides

R
2\ "Dy, ~ \3p

n=1
and 2\ Ty ~ x3. Hence

2) T
Th 5

Xt b,
0(Z1,...,ZN) .

has a F' distribution with 2 and 2R degrees of freedom. This implies

~

PA(TO S ]P)(Zh e 7ZN)) = P)\ <f2,2R;a/2 < T0/9(217 oo 7ZN) < f2,2R;1—a/2) =1-cal

2.7.12 Remark

Theorem 2.7.11 provides in particular a prediction interval for uncensored data with exponential
distribution. Since the exponential dsitribution is a special Gamma distribution, prediction
intervals for Gamma distributions can be used as well.
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Observations with Gamma distribution

2.7.13 Lemma
If X, Y are independent and X ~ G(\, 31), Y ~ G(\, B2), then

X
X+Y

~ 8(517 52)7

where B(a,b) denotes the Beta distribution given by the density

@) = P a1 = ) o),

Proof. See Kahle et al. (2016) Proposition 2.6.

2.7.14 Theorem
IfTy,...,Tn, Ty ~ G(\, B) are independent, [ is a known parameter, S(ti,...,ty) = Zﬁ;l tn,
n2 —m =1 — a and by, the a-quantile of the B(a,b) distribution, then P given by

S(tlv ‘- 7tN)(1 — bNﬁﬁ;??z) S(t17' .- 7tN)(1 — bNB,ﬁ;m)

]P)(tl,...,tN): b , b
NB,Bim2 NB.Bm

)

is a (1 — «)-prediction interval function for Tj.

Proof. We have S(T1,...,Tn) ~ G(\, Nj) according to 2.7.8 so that

S(Tlu"'aTN)
S(Th, .. Tn) + To

~ B(N, )

according to Lemma 2.7.13. This implies

Py 5(Ty € P(T,...,TN))
_ <S(T1,...,TN)(1 — bN g Bimn)
>‘7

<Tp < S(T, ..., Tv)(1 — bNﬁﬁ;m))
bNBﬁWz bNﬁ,B;m
= P\ (S(Th,....,Tn) < bng g (S(Th,...,TN) + Tp),
bng,gm (ST, ..., Tn) +To) < S(T1,...,Tn))
S(Ty,...,Tw)

= P b o < <b .
AB < NB,Bsm = S(Ty,....Tn)+ Ty — Nﬁﬁﬂ?z)
= m-m=1-—al
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Observations with (log)normal distribution

Assume now that T3, ..., T are independent with a lognormal distribution. Then Y; = In(7,),..., YNy =
In(7v) have a normal distribution. Set

N N
1 . 1 _
y=1.-yn) ", @ZNZyn, a(y)Q:mZ(yn—y.)Q
n=1 n=1

and let be Y, Y., and 5(Y)? the corresponding random variables. If Y, ~ N(p,0?), then
Y.~ N(pu, %02), (N — 1)%};)2 has a x2-distribution with N — 1 degrees of freedom and Y. and

7(Y)? are independent.

2.7.15 Lemma
IfYy,..., Yy ~ N(u,0?) are independent and tN—1.a Is the a-quantile of the t distribution with
N — 1 degrees of freedom, then C,, given by

~ ~

a(y)

g
Culyt,- - yn) = [@ - % IN-1,1—a/2; U-+ N IN-1;1—a/2

is a (1 — «)-confidence set (interval) function for p.

Proof.

P;L,UQ(MG (CH(YVlvaN)) =P,

w02

(-7, cu-v.< 20, )
N N-Ljl-a/2 S M =/N N-Ll-a/2

< 751\7—1;1—a/2> =1l-a

Y. —u
a(Y)

= }),u,cr2 <tN—1;a/2 < \/N
since VN % has a t-distribution with NV — 1 degree of freedom. [J

2.7.16 Lemma
IfY1,...,YN ~ N(u,0?) are independent and X?V—l;a is the a-quantile of the x? distribution
with N — 1 degrees of freedom, then C_2 given by

(N-1g(Y)>? (N-1)5(Y)

)

(c02(y1,...,yN) = [

2 2
XN-11-a/2 XN-1;a/2

is a (1 — a)-confidence set (interval) function for o2.

Proof.
N —1)o(Y 2 N —1o(Y 2
&Mﬁegm@”mngw(Lrlilgg§L7l1L>
XN-1;1-a/2 XN-1;0/2
1 0'2 1
= P o2 < — <
. <X?V—1;1—a/2 (N =1)a(Y)? X?V—l;a/2)
g(Y)?
= PMJZ <X?V—1;a/2 < (N - 1) o2 < X?V—l;l—a/2> =1—«
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since (N —1) S0 has a x2-distribution with N — 1 degree of freedom. [J

o2

2.7.17 Corollary
Let Y1,...,Yn ~ N(u,0?) be independent and C given by

(c(yla"'ayN) :(cu(yla"'ayN) XCUQ(y17"'7yN)7

where C,, and C2 are (1 — «)-confidence interval functions for y1 and o? given by Lemma 2.7.15
and Lemma 2.7.16, respectively. Then C is a (1 — 2a)-confidence set function for (u,0?).

Proof. The assertion follows from Lemma 2.7.2.

2.7.18 Remark
A first (1 — aq)(1 — a)-prediction interval for Yj is given according to Theorem 2.7.6 by

Bl ---ouw) = U Fooy (5) +Foory (1= 5|

(1,02)€C(y1,..,yN)

where C is a (1 — ag)-confidence set function for (11, 0%). Because of the symmetry of the normal

distribution, the choice 7y = % and m2 = 1 — S+ is the best choice. However, here a better

prediction interval can be obtained by the following theorem.

2.7.19 Theorem
IfY1,...,YN,Yy ~ N(u,0?) are independent, then P given by

. 1 N 1
P(y1,....yn) = [y —o(yn/1+ N tN—1;1—a/2, Y-+ 0O(y)y/1+ N tN—l;l—a/2]

is a (1 — «)-predition interval function for Y.

Proof. Since Yy and Y. are independent, it holds Yy — Y. ~ N(0, aﬂ%) with

— — 1
ot = var(Yy — Y.) = var(¥p) + var(Y.) = o <1 + N) .

This implies

1+

zl=
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has a t-distribution with N — 1 degrees of freedom. Hence we can conclude

P,u,,o2(yb € ]P(Yb' i 7YN))

= . / 1 = . / 1
= P/%O'z <Y - O'(Y) 1 + N tN—l;l—a/2 S }/0 S Y. — O'(Y) 1 + N tN—l;l—a/2>

1 Yo—-Y
a(Y)

= PBuo2 | —tn-11-as2 < - < tn_ti—age | =1- a0

2.7.20 Corollary
IfTy,...,Tn, Ty ~ LN (1, 0?) are independent, then P given by

- 1 N 1
P(ti,...,tn) = [eXP <§ —a(y)y/1+ N tN—l;l—a/2> , €Xp (?J- +0(y)\/1+ N tN—l;l—a/2>)]

with y, = log(t,), n=1,..., N, is a (1 — a)-predition interval function for Ty.
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2.8 Convergence in distribution

Asymptotic prediction intervals can be used in situations where exact predictions intervals cannot
be calculated. To derive approximate prediction intervals, some results about convergence in
distribution are necessary.

2.8.1 Definition (Convergence in probability and almost surely convergence)

Let be (X, )nen, X random variables on (2, A, P) with values in R".

(i) (X,)nen converges almost surely to X (briefly X,, — X P-a.s.)
= P({w e li_>m Xp(w)=X(w)}) =1.

(ii)) (X, )nen converges in probability to X (briefly X, N X)
& li_I)Il P{w € Q; | Xp(w) — X (w)|| > €}) =0.
OTL o0

>

A general definition of convergence in distribution (also called weak convergence) is the following.

2.8.2 Definition (Convergence in distribution)

Let be (P,,)nen, P probability measures on (R, B,.) where B, is the Borel-o-algebra on R", then
(Py)nen converges in distribution (converges weakly) to P

=

lim P,(B) = P(B) for all B € B, with P(0B) =0, where 0B is the border of B.

n—oo

The assumption (R", B,) can be weakened but here it will be enough.

2.8.3 Theorem (Theorem of Portmanteau, see e.g. Witting and Miiller-Funk 1995, Satz 5.40)
(Py)nen converges in distribution (converges weakly) to P

=

lim [ fdP, = [ fdP for all continuous and bounded f : R" — R.

n—oo

2.8.4 Definition (Convergence in distribution for random variables)
Let be (Xp)nen, X random variables on (2, A, P) with values in R".

(Xn)nen converges in distribution to X (briefly X, I X)
=
lim PXn(B) = PX(B) for all B € B, with PX(9B)) = 0.

n—oo

The following Theorem is sometimes used also as the definition of convergence in distribution.
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2.8.5 Theorem (Convergence in distribution to a continuous distribution, see e.g. Witting and
Miiller-Funk 1995, Satz 5.58)

Let (X, )nen, X be random variables on (2, A, P) with values in R" and cumulative distribution
functions (Fx, )nen and Fx. If Fx is continuous then

(Xn)nen converges in distribution to X

=

lim Fx,(z) = Fx(x) for all x € R".

n—oo

If Fx is not continuous, then lim Fy,(z) = Fx(z) must be satisfied for all € R", at which Fx
n—o0

is continuous. However, here Fx will be always continuous so that the more general definition
is not necessary.

2.8.6 Lemma (Lemma of Slutzky, see e.g. Witting and Miiller-Funk 1995, Korollar 5.84)

If (X;)nen and (Yy,)nen are sequences of random variables, X a random variable. If (X,,)neN
converges in distribution to X and (|| X, — Yy ||)nen converges in probability to 0, then (Y;,)nen
converges to X. Shortly:

X, 25X, X - Yol 25 0= Y, 2 X.

2.8.7 Corollary
. P D
(ii) The reverse implication is not satisfied in general.
(iii) (Xn)new — a € R = (Xp)nen —+ a.
(iv) (ViXn)nen = X = (Xn)ne = 0.
2.8.8 Corollary
P

Let be (X3)nen, (Yn)nen, (Zn)nen sequences of random variables with X, Piac R", Y, —
A e R*" and Z, L. Z. Then we have:

() Xn+Zn 2> a+2,

(ii) Y, Z, =5 AZ.

Both corollaries can be shown as in the one-dimensional case. For alternative proofs see also
Witting and Miiller-Funk (1995), Satz 5.83 and Korollar 5.84. To see in particular the assertions
of Corollary 2.8.8 (iii) and (iv), the Cramér-Wold device is helpful.

2.8.9 Theorem (Cramér-Wold, see e.g. Witting and Miiller-Funk 1995, Korollar 5.69)
If (X )nen, X are random varibales with values in R”, then

X, 2 X —=u'X, 20X forall uck.
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2.8.10 Lemma (See e.g. Witting and Miiller-Funk 1995, Hilfssatz 5.80)
If (X)nen, X are random varibales with values in R", (Y;,)nen, Y are random varibales with
values in R® and X,, and Y,, are independent for all n € N, then

X, 5 X, ¥, BY = (X,Y,) > (X,Y).
In particular, if r = s,

Xp 25X, Vo2V = Xo+Y, -2 X+Y
2.8.11 Theorem (Continuous mapping thoerem, see e.g. Witting and Miiller-Funk 1995, Satz

5.43)
If (Xp)nen, X are random variables with values in R" and f : R” — R® is continuous, then

()Xo =2 X = f(Xa) = f(X),
(i) Xn T X = f(Xn) 2 F(X).

2.8.12 Theorem (Delta method, see e.g. Witting and Miiller-Funk 1995, Satz 5.78)

(Xn)nen, X are random variables with values in R", f : R" — R*® is differentiable at 6 with

derivative f(0) = %f(m) , € R™# and (¢p)nen is a sequence in (0, 00) with ¢, — 0o, then
r=

n(Xn —0) 25 X = ca(f(X0) — £(0) 2> f(0)TX.
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2.9 Asymptotic confidence sets and prediction intervals

We present here the results for Type I censored data so that z, = min(t,,c) forn =1,..., N
and ¢ € (0,00). The special case of uncensored observations is included by ¢ = oo which means
that no censoring occurs.

2.9.1 Definition (Asymptotic confidence set)
Cn : [0,00)N 3 (21,...,2n8) = Cn(z1,...,2x5) € P(R") is an asymptotic (1 — a)-confidence set
function for a(0) if

lim Pg(a(@) S (CN(Zl, .. .,ZN)) >1—a
N—o0

is satisfied for all 0 € ©.

2.9.2 Definition (Asymptotic prediction interval)
Py : [0,00)Y 2 (21,...,2n8) = Pn(z1,...,2nv) € P(R) is an asymptotic (1 — a)-prediction
interval function for Ty if

lim P@(TO S ]P)N(Zl,...,ZN)) >1l1—«
N—o00

is satisfied for all 0 € ©.

2.9.3 Theorem (Naive / plug-in prediction interval)

Let §N = gN(Zl, ..., ZnN) be a weak consistent estimator for § and Fy the cumulative distribution
of Ty so that Fy(t) is continuous in t and Fe_l(n) is continuous in 6 for n = ny,me. If 0 < m <
e <1 and 2 —n1 = 1 — « then the naive or plug-in prediction interval function Py given by

Py (21, 2n) = |F (), Fz (1)
N N
is an asymptotic 1 — a-prediction interval function for Ty.

Proof. Since Fe_l(n) is continuous in 6 for n = 11,12, the weak consistency of §N implies for
any 6 € © and any € > 0

. -1 -1
ngnoope(FgN (m) > Fy ~(m) +e)

< lim Py(|F5 () — Fy ()| > €) < lim Py(|[6 — 6] > &) =0
N—oo N N—o0
so that

lim Pg(Fa_Nl(m) > F; ) +¢€) = 0.

N—oo

Analogously, it follows

lim Pe(F@il(W) < Fy'(m) —e€) =0,

N—oo



Christine Miiller, Statistics of Reliability and Material Fatigue, WS 2021 /22

2 Experiments with one stress level 45

Hence

. . -1 —1
Jim Py(Ty ¢ Pa(Z,., Zw)) < Jim Py (To < Byt m)) + Po (To > F; ') ) )
. -1 -1 -1
< lim (P (To < By (m) + €) + Py(F5 () > Fy ) + )

Py (T > By m) =€) + Py(Fy () < By () = )
= Fp(Fy'(m)+e)+1—Fy (F; () —e).

This holds for any € > 0. Since Fy(t) is continuous in ¢, there exists for all € > 0 a € > 0 with
[Fo (Fy () £ ) = Fy (Fy ") < €
for 7 = 11, n2. This implies for any €* > 0

lim Pg(T() Qé ]PN(Zl, vy ZN))
N—oo
< Fp(Fy'm) +1=Fy (Fy () +26  =m+1—m=1—(n2—m) + 26 = a+ 2"

and thus limy_, o Py(To ¢ Pn(Z1,...,2ZN)) < a. O

Recall that the likelihood function for Type I censored observations is given by
10, 2,) =10, 2, dn) := fo(2n)™ Sp(2n)'
where dj, 1= 1jg g (t,) and f is the density of T},. In particular, we have then

In (0, zn) = In fo(zn) N ¢(tn) +In (1 — Fp(2n)) L(c,00) (tn)-

2.9.4 Definition
Is T' a random variable with density fg and Z = min(T, c) then

I(Z) = qu%lnz(e,Z)r) if € R,
I(Z) = Eg<[%mz<9,z>%mz(e,sz ifg € R,

is called the Fisher information of Z at 6.
2.9.5 Theorem
a) The Fisher information satisfies under regularity conditions

2

1y(Z) = —Ey [% Ini(6, 2)}

for all 0 € ©.
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b) If Zy,...,ZN are i.i.d., then with Z, = (Z1,...,ZN)
«@(Z*):“N M(Z1)

for all 0 € ©.

Proof.
a) At first note that it holds

If the regularity conditions ensure that the differentiation can be exchanged with the expectation
then

92 2210,2) 210,2) Z10,2)"
By |y it0.2)| = £ | Dy | BEED
90 [I6.2) 9 0
SogE 1]~ ) = gy 1~ 1) = ~1(2)

b) The independence of Zy,..., Zy implies that the likelihood function of Z, is given by

N N
100, 2) = ] folzn)™ So(zn)' =" = ] 10, 2n)
n=1 n=1

so that the assertion follows from a). OJ

2.9.6 Lemma

¢ 2c 2 2
2 A Ac 2
C) /0 /\e ydy =€ |:—C — X — §:| + ﬁ

Yy
C 1 [ee)
d) /0 <X — y) e Mdy — c/ e Mdy = 0.

1 2 o0 1
X y) e Mdy + 02/ e Mdy = 2 (1 — e_’\c> .

C
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Proof.

b) Using partial integration and a) we get

C c C
/ yre Ndy = —y e_)‘y‘ —/ —e My
0 0 0

1 [€ 1
—ce M4 = / e Mdy = —ce ™+ — (1 - e_’\c> .
A Jo A

c¢) Using partial integration and b) we get

c c c
/ P e Mdy = —y? e_/\y‘o — / —2y e Ndy
0 0

2 (&
—Pe My 2 / y e Mdy
A Jo

—cZe M4 ; [—c e+ % <1 - e_’\c>]

2c 2 2
—Ac 2
‘ [_c _T_V} Y

d) Using a) and b) we obtain

/0 (% — y) e Mdy — c/ e Mdy

% <1 - e_AC> - [—c e N+ % (1 - e_)‘c)} —ce =0

e) Finally, we get with a), b), and ¢)

A

1 2 o
3 y) e M dy + 02/ e Mdy

¢/ 1 2
/ <ﬁ — Xy + y2> )\e_’\ydy + e
0

1 2 1 2 2 2
(1 _e—)\c) _“ |:_Ce—)\c+ - <1 —6_)\0>:| _|_e—>\c |:—C2 _ _C _ _:| + = —|—C2 e—)\c

Y A A A A2
1 1 2c _, 2 2 9 _) 2c _\ 2 9 _)
= 2 Rt C—I—Xe C—ﬁ—l—ﬁe c—c"e C—Xe C—ﬁe C—I—ﬁ—l—ce ¢
1 A
= — 1—6_6).|:|
7 (
2.9.7 Lemma

Let be T ~ E(N\) and Z = min{T, c} (Typ I censoring). Then
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Proof. a) We have

2= Zoet = a0 = 5o (31
so that
9 ’ FHD] L
I\(T) = E\ ([alnf,\(T)] ) = E, ( a})\(T) ) N ([X —T] > -

since E)\(T) = % and var(T) = 35.

b) In the censored case, we have
Ini(A\,z) =In f)\(z)ﬂ[o,c} (t) +In S)\(Z)ﬂ(cpo)(t) =(nX— )\t)ﬂ[o,c] (t) — /\Cﬂ(cpo)(t)

so that
o 1
RO = (5= ) Loglt) — elieany0)

Hence, Lemma 2.9.6 ) provides

2 C 2 o0
I\(Z) = E, ([a%mz(A,Z)] ):/ G—t) Ae‘Atdt—I—/ 02)\6_)‘tdt:% (1_6—A0),D
0

[

2.9.8 Lemma

L0
Lo (Y) = % Tk

Proof. We have

8 8 1 1 N2 y — 'u/
@f(ﬂvﬂ)(y):@\/me 202 (W) :f(M702)(y)< o2 >
and
0 0 1 — L (y—p)? 1 (y — p)?
sl 0) = o 7 P = fuon(0) (5 + U
so that

8 2
Eu0%) ([@ I f.02)(Y) )
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0 0
E(MUQ) ( |:@ In f(u’02) (Y):| |:a—0_ In f(‘u’Uz) (Y):| >

B . aiuf(u,UQ)(Y) %f(u,(ﬂ)(y)
(m,02) f(u’og)(Y) f(MUz)(Y)
_ _ 3
— By <_(y204u) n (y%ét) ) o,

8 2
E(,u,oQ) [W ln f(“702)(Y):|

2
_ |5 feen ™)
i) f(p,o‘z)(y)

1 (y—p?
= Bl ([‘@ T

N S S ey 1) S U ) WS S A LA
(,02) 404 2056 408

4ot 206 408 2047
Hence the assertion follows. [OJ

2.9.9 Theorem (Schervish 1997, Theorem 7.57 or Theorem 7.63)
If Zy,...,ZN are iid., Oy = On(Z1,...,ZN) Is the maximum likelihood estimator for 0, then
under regularity conditions (see Schervish 1997, Theorem 7.57 or Theorem 7.63),

a) §N — 0, Py«-almost surely,
D) VN@Oy —0,) = N (0, Ip. (Z1) ), (2.7)

if 0, is the true parameter, i.e. the maximum likelihood estimator converges in distribution to a
normal distribution.

Proof. R
a) At first we show Oy — 6, Py, -almost surely.
The strong law of large numbers provides

N
an(0,w) == %Zlnl(@, Zn(w)) —> By, (n1(6, Z1)) =: ¢(8) for all 6 €O (2.8)
n=1

for Py,-almost all w. Consider any w satisfying (2.8). If the regularity conditions ensure that
g has a unique maximum at 6, € © and © is compact then we obtain the following properties.
The compactness of @ implies uniform convergence which means that for any § > 0, there exists
Ny such that

lgn (0, w) — g(0)] < forall N> Ng, 6 € O. (2.9)



Christine Miiller, Statistics of Reliability and Material Fatigue, WS 2021 /22

50 2.9 Asymptotic confidence sets and prediction intervals

Now let B.(f.) be an e-ball around 6,. The uniqueness of the maximum of g at 6, provides the
existence of an €y > 0 so that for all 0 < € < ¢g a § > 0 exists with

0 0.) — 26.
eeé@f{(e*)g( ) < g(0)

The uniform convergence in (2.9) implies then for N > Nj

gn(O,w) < [gn(0,w) — g(0)] +g(0) <0+ g(0i) — 20 = g(0.) — & for 6 € ©\ Be(0s)
> —!gN(H*,w) - 9(9*)’ + 9(6*) > 9(9*) — 4.

This means

N
Oy = argmaxIn H 10, Z,(w)) = argmax gy (0, w) € Be(6s)

n=1

for all N > Nj so that §N — 0, Py -almost surely.

b) To show VN (By — 0,) - N'(0y, Iy, (Z1)~1) we use a necessary condition for
R N
On = argmalenl(@, Zn)

n=1

and the mean value theorem so that we get

f:ﬁ :fjﬁlnz(e Zy) +§: 8—21nl(9 Zy) Oy —6,)
n—1 90 0:§N o 90 ’ 0=0. p—1 20 ’ 0=0n
where 0y = (1 —an)b.+ aNgN with ay € (0,1). Hence we get
Vi :\/Nif: anz(e,zn) :—ifja—nzez VN(@by —6,)
N £~ 89 oo, N 3% s

so that
VN@y —0,) = Wy'Vy

with
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With §N — 64 Py, -almost surely, we have also §N — 64 Py, -almost surely. The weak law of
large numbers provides with Theorem 2.9.5

1 o~ & P 0°
Wi = —+ > 525 10, Zn) . ~Ep | 535 010, Z1) 1= Ip. (Z1)
n=1 =0 =0.
so that with a regularity condition (for example lnl (0, z) is continuous in # uniformly in z)
Wy = Wy — Wi + Wi - Io. (Z1). (2.10)

Again with the regularity assumption that differentiation and expectation can be exchanged, we
get

9 1m0, Z,)

Ee. 06

10, Zy,)

[ #1020l ] 0, [Wzn}
6=0. o B 0

and for any u € R”

0
u' %lnl(e Zn)

2
Var 0. = UTIQ* (Zl)u
0=0.

0
- = Ep, (u %lnl(HZ)

Hence the central limit theorem provides

N oul Zinl 0,Z,)
o0 ( |€=9* 3)./\/'(0, 1)

\/_ Z VA4 TIg*(Zl)’LL

and thus

N
1 T 8 D T
\/NN nE:1U %lnl(e,Zn) —>N(0,U Ig*(Zl)U)

6=0.

or, respectively, with the Cramér-Wold device of Theorem 2.8.9

D

V, = VL Z —lnl 0, Z,) — N0y, Iy, (Z1))

0=0+

With Corollary 2.8.8 we get finally with (2.10)

VN(Oy —0.) = WyViy 25 N, (0y, I, (Z1) 1.0

If a: © — Ais an aspect function, then a(@) is a maximum likelihood estimator for a(f) if g is
the maximum likelihood estimator forA f. The delta method, Theorem 2.8.12, provides at once
the asymptotic distribution of v N(a(f) — a(6,)).
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2.9.10 Corollary R R
If Zy,...,ZN are i.id., Oy := ON(Z4, ..., ZN) is the maximum likelihood estimator for € © C

R", a : © — R® is a differentiable aspect function with derivative a(0,) = %a(m) € R"*s,
0=0

then under regularity conditions

-~

VN(a(@y) — a(6,)) =5 N (0, a(0,)  Ip. (Z1) " a(6,)), (2.11)

if 0, is the true parameter.

Proof. Since
VN@Oy — 0.) 25 Y ~ Ny(0,, I, (Z1) 1),

the & method, Theorem 2.8.12, provides

VN(a(By) — a(8.)) 2 a(0.)TY ~ N(05,a(6:) I, (Z1) " a(6.)).0

2.9.11 Definition

Loo)(2) = [a(0) " 1o(2) ()]
is called the Fisher information of Z for a(6).

2.9.12 Theorem (Wald-type confidence set)
If Zy,...,Zn are iid., Oy := On(21,...,2N) Is the maximum likelihood estimator for § € R”,
a: R" — R?® is a differentiable aspect function, then under regularity conditions, Cy given by

Ch (a1, 2n) = {aw); N (alBy) ~ al0)) ' 1,5,,(20) (aBx) ~a(6)) < x}

is an asymptotic (1 — a)-confidence set function for a(6).

*)(Z1)1/2 exists with
T T
Loy (Z1) = (Iao.)(Z0)Y?) Ioe(Z0)Y? and Io.)(Z10)Y? Toe0(Z1) 7" (Iae.)(Z0)V?) =

Iy, where Ioys LS the s x s identity matrix. The convergence in (2.11) implies with Corollary

2.8.7 (iv) that a(fxn) converges to a(f,) if 0, is the true parameter. If the regularity conditions

mean that I,(,)(Z1) and thus I,,) (Z1)'/? is continuous in a(f), then also Ia((;N)(Zl)l/2 converges
1/2

Proof. Let be 0. € © arbitrary. Since I,(,)(Z1) is a symmetric matrix, I,

in probability to I,g,)(Z1)"/< if 6, is the true parameter. Hence

VN(a(By) — a(8.)) 2 X ~ N (0, Lo, (Z1) 1)
implies with Corollary 2.8.8 (ii)

VN L (202 (aBn) = a(8.)) =5 V 1= Ly, (Z1)/2 X

.
~/\/<08,Ia(9*)(21)1/2 Lo.y(Z1)~" (fa(eu(Zl)l/z) )ZN(Ostxs)-
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Sine f: R" > u — f(u) = u'u € R is a continuous function, the Continuous Mapping Theorem
(Theorem 2.8.11) provides then

o~

N(a(@y) — a(0:)TT 5

wn)(Z1) (@(On) = a(0.) > VTV ~ o2,

where x? is the y2-distribution with r degrees of freedom. Hence we obtain

lim Py, (a(f«) € Cn(t1,...,tN))

N—o00
= lim Py (N(al@y) — a(0.)) L q, (1) (aOx) — a(0)) < x2a_.,)
= 2 (VIV<xd ) =1-a0
2.9.13 Corollary (One dimensional aspect)

If Zy,...,ZN are iid., Oy := On(21,...,2N) Is the maximum likelihood estimator for § € R",
a : R" — R is a differentiable aspect function, then under regularity conditions, Cy given by

Cn(z1,...,2n8) = leN \/N (20730 albn) + \/N (41" 1><i1_a]

is an asymptotic (1 — a)-confidence interval function for a(9).

Note that we have , /Xil—a = ¢1—a/2 Where q;_, /5 is the 1—a/2-quantile of the standard normal
distribution.

2.9.14 Corollary (One-sided confidence intervals)

If Zy,...,Zn are i.id., Oy = On(21,...,2N) Is the maximum likelihood estimator for 8 € R",
a : R" — R is a differentiable aspect function, then under regularity conditions, C%; and (ClN
given by

ClN(Z1,...,zN)= \/N Z1 1 g0, OO]

(Cqﬁf(zlw")ZN): -0, CL \/N 1q1—a]

are asymptotic one-sided (1 — «)-confidence interval function for a(6).

2.9.15 Corollary R R
If Zy,...,Zn are i.id., Oy = On(21,...,2N) Is the maximum likelihood estimator for 6 € R",
then under regularity conditions, Cn given by

Cn(z1,... 2n) = {9; N <§N—9)T1§ (Z1) <9N 0) < XPa- a}

is an asymptotic (1 — a)-confidence set function for .
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2.9.16 Example ((Log)normal distribution: Confidence set for (u,o?))
At first, we check that g(u,0?) = B, 02) (ln(f(u,oz)(Y)) has a unique maximum at (i, o2). To
see this, note that

1 1
9(p,0%) = B, 02) (111 (W) - ﬁ(y - N)2>

1 1
= Bt (0 55) ~ ga® e )
1 1 9 9
= In ooz ) 992 Plueod) (Y = p)” +2(Y = ) (e — 1) + (11 — p0)°)

g
1 1 2 L 2
= —gln(%)—iln(ff )—ﬁ(o’*‘?(ﬂ*—#) )
= 1 1., 5 1lo? 1 1 9o, 02
S —5111(271')—5111(0' )—§§:—§IH(2W)—§ <1n(U )+;> N

* O

where "<" is satisfied in (%) if and only if p. # u. The function f given by f(0?) := In(0?) + Z
has a unique minimum at o2 because of

)

2 2
f’(az):i—&:i<l—ﬁ>:0 & 0% =o?

o2 o4t o2 02
and
o2\ 1 20’3 o‘zicrf 1 0
) =—m+2s = >

Hence g has a unique maximum at (p,,o2).

According to Corollary 2.9.15, an asymptotic (1 — a)-confidence interval function for (u,o?) is
given by

Catnoou) = {noty v (L E o) <,

204
where (71,52) is the maximum likelihood estimator for (u,0?). This follows with Lemma 2.9.8
from
T m T L 0 m
~ A i—p > i p
0—0) I;(Y)(0—-0)= o .
(0=0) 151 (7-9) <32—02> (0 %><32—02>

2.9.17 Example ((Log)normal distribution: Confidence set for p)
We have a(f) = a(u,0?) = p so that a() = (é) which implies with Lemma 2.9.8

1 -1
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Hence Corollary 2.9.13 provides that

(CN(ylv"wyN [M_V_/O-\lel a?iu+ N/O-\ 1;1— a]

o

= 1 /2, B+ «a
|:,U, \/NQ1 /2 ,U, \/qu /2:|

is an asymptotic (1 — «)-confidence interval function for yu if (7i,52) is the maximum likelihood
estimator for (u,o?).

The statistic N(6y — 9*)TI§N(Z1) (O — 6) can be used to test Hy : 6 = 0, against Hy : 6 # 0,.
This test known as Wald test. An alternative test for testing this hypotheses is given by the
likelihood ratio test based on the test statistic

10, (21,...,2N))
1On, (21,...,25))

where Oy := §N(21, ..., 2N) Is again the maximum likelihood estimator for 6 and I(6, (21, ..., 2N)) :=
Hivzl l(ev zn)‘

Ly(6s) :== Ly(z1,...,2N) :=

)

2.9.18 Theorem (Likelihood-ratio confidence set)
If Zy,...,Zy are i.id., Oy := On(21,...,2N) Is the maximum likelihood estimator for § € R",
then under regularity conditions, Cn given by

Cn(21,-.-,2n) = {0; =2 In(Ln(0)) < X2 o}

is an asymptotic (1 — a)-confidence set function for 6.

Proof. See for example Schervish (1997), Section 7.5.1. Set In(0) := In (0, (21,...,2Nn)) =
Zivzl In [(, z,,). Then Taylor expansion provides for arbitrary 6, € ©

8 1 o T 82
29N 30 =0N) Fagln ©)]o—s,

where Oy = 6, + ay(fy — 6,) for some ay € (0,1). The definition of a maximum likelihood

IN(02) = In(ON) + (0 — On) =51 (0)] 5., + (6 —6)

estimator means that %ZN(H)‘QZ@V = 0, so that
~ ~ 2 ~
—2In(Ly(6,)) = —2 (zN(e*) —zN(eN)) = (0. = B)" 55 (0)],_g, (6. — D).
The law of large numbers and Theorem 2.9.5 imply
N
1 02 0? P 0?
~ 525V Oloo, Z%mzw*,zn)\g:g* — Bo. | 535 10, 20) |y, | = —10.(Z1).
n:l

According to Theorem 2.9.9 a), §N converges to 6, in probability if 6, is the true parameter.

With 0y also 0 converges to 6, in probability. Completely analog to the proof of Theorem

2.9.12 we obtain
1 82

P
N 929 O)p_g, — —Lo.(Z1).
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and

-~ 2 -~
(0. —0)" (—%JN(9)|9:§N> (6, — ) = x2.0

2.9.19 Theorem (Prediction intervals based on confidence sets)

If Ty, 11, ..., Ty are independent distributed with cumulative distribution function Fy, 0 < 11 <
n2 < 1 with ne —n; = 1 — «y, and Cy is an asymptotic (1 — ag)-confidence set function based
on z, = min(t,,c),n=1,..., N, then Py given by

Pn(z15...,2n) = U [FyH(m), Fy ' (m2)]
0€Cn(21,---,2N)

is an asymptotic (1 — aq)(1 — ag)-prediction interval function for T.

Proof. The proof is the same as for Theorem 2.7.6.

Another type of prediction intervals can be constructed by one-sided asymptotic confidence
intervals for a1 (0) = F; (1) and a;(6) = F, ' (11) obtained with the d-method.

2.9.20 Theorem (Prediction intervals based on the d-method)

Let Ty, Th,...,Tn be iid. with distribution function Fy, Z, = min(T,,c) forn = 1,... N,
§N = §N(Z1, ..., ZnN) is the maximum likelihood estimator for 6 € R", 0 < < ny < 1 with
m—m=1—ai, a;,a2 : R" — R with a1(0) = Fe_l(m) and as(0) = Fe_l(ng) are differentiable
aspect functions, and

1
v = \/N Ial(gN)(Zl)_l d1-as/25

1
v = \/N Ia2(§N)(Zl)_1 A—ay/2-

Then Py given by
By(zt.oon) = By ) = v, Fy () + v

is an asymptotic (1 — aq)(1 — ag)-prediction interval function for T.

Proof. At first note

By (Ty € Px(Z1, ..., Zx)) = Py <F§_N1(771) — o STy < Fyl(m) + ’Ug)

> Py (To = FyOm) A By (m) = Fy(m) = vr ATy < By () A By () < F () + v

*) - - - - _ _
2R (B m) < Ty < By m) Po (B ) = By m) = o0 AFy () < ) + o)

= r—m) (1= P (£ m) < E; ) =01V F; () > By ) + 02 ) )

N

> (1—a) (1 — Py (Fg_l(m) < F(;_Nl(m) - Ul) - Py (F9_1(772) > F@il(m) + Uz)) :
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where () holds because of the independence of Ty and §N(Z1, ..., Zn). Corollary 2.9.14 provides

Jm Py (o) 2 Fylom) — o) 21

lim P(F—1 < Ft + )>1_
Nl 0 0 (772) = oy (772) v2) =2 9
so that

lim Py (Ty € Pn(Z1,...,2ZN))
N—o0

2.9.21 Example (Asymptotic prediction intervals for the exponential distribution)
Here we have T,, ~ E()).

1. Asymptotic prediction interval based on the §-method

Since

Fil(n) = inf{t; Fa(t) > n} =inf{t; 1 — e >n} =inf{t; 1 —n>e M}

—1In(1 —
= inf{t; 1—n>e M} =inf{t; —M <In(1—1n)} = y = a(\)
and I(Ty) = % according to Lemma 2.9.7 a), we obtain
S =y In(1 — n)? In(1 — n)?
Ly (@)™ = a1y a() = RIS e o)

o1 a1

Setting for example 7y = % and 72 = 1 — 5 so that a1()\) = F)\_l(m), as(\) = F>\_1(772), then
the asymptotic (1 — ay)(1 — ag)-prediction interval for Ty based on the §-method is given by

]P)N(tl, .. ,tN)
_ 1 _ 1
= Fle (m) — \/ﬁ L ooy M) dimagy2 FXNI (m2) + \/ﬁ Lo,y (T QI—a2/2]
_ [Qom) o)l o Z@om) @ om)] 2]
_ )\N \/N/\N —a2/2 > /\N \/N_A/\N —az/
_ [—In(1 —m) <1 B Q1—a2/2> —In(1 —n2) <1 n Q1—az/2>]
Y VN ’ AN VN

where XN is the ML estimate. If ay = agy converges to zero so that

91—-a3/2 N—co
_—

0 2.12
VN 212
then the constistency of the ML estimate leads to

N—oo

Pa(ty, ... tn) =5 [Fat(m) ) ()] (2.13)
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which would be used if the underlying parameter A, is known.

2. Asymptotic prediction interval based on the Wald-type confidence set
Since I\(Th) = )\2 according to Lemma 2.9.7, we get with Corollary 2.9.15 that

(CN(tl, e ,tN) = {)\; N(/)\\N — )\)[X (Tl)()\N )\) S X%;l—ag}

32 2. - 2. - - 2.
- {)\; (ANXQ SR Xl’;\;w} = I A < Ry - R R
N
-3 S S
= {A; A= otiap SASAn+ J—%ql_w} = [N A

with A\ :== Ay — \)}—%%—%/2 and A\, == Ay + %ql_QQ/g is an asymptotic Wald-type (1 — ag)-
confidence interval for . Since the cumulative distribution F of the exponential distribution is
an increasing function of A and thus F s an decreasing function of A, we get that

_ aq 1 aq
e =[5 (3) 55 (-2
n(t N) Au \ 2 Al 2
is an asymptotic (1 — aq)(1 — ag)-prediction interval for Ty. Here again, the convergence (2.12)
implies the convergence (2.13) of the prediction interval.

3. Asymptotic prediction interval based on the likelihood-ratio confidence set
The asymptotic prediction interval can be also created with Theorem 2.9.18 via the likelihood

ratio statistics. Since Ay = N , and thus
n=1""'"
N N N N
ION, (t1, . tn) = [ Aw e = AR e Znea o = A e~V
we get

In(Ly(A)) =1In <>\N exp(=A ZnNz1 tn))

X]Nvexp(—N)
N N N
tn n
= In /\N<Zn%> exp(—)\Ztn+N> :Nln<)\zn L > )\Ztn+N
n=1

Hence

Cn(t1,...,tn) = {/\; 2)\275” — 2N (1 +1In (A"ﬁln)) < xil_m}

n=1

2
= {/\ 2N [i—l—ln< A )} SX%I—QQ} =\ Ai—l—ln <,\i> < X110y
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is an asymptotic (1 — ag)-confidence set for A. The asymptotic prediction interval is given by
Theorem 2.9.19. However, in this case, a more explicit version is not possible. However, since

X%;lfaz . <q17a2/2
N VN
the underlying parameter A, and hence the convergence (2.13) of the corresponding prediction

interval follows as well.

2
> , the convergence (2.12) implies again that the confidence set shrinks to

2.9.22 Example (Asymptotic prediction interval for the (log)normal distribution)
If Y, = In(T},) ~ N(p, 0?) then F(W,g)(y) = Flo) (%) so that

_ _ | o
Flom () = inf{z; F,o2)(2) > n} = inf {z; Fo) < o M) > 77}

z=0u-+tp

inf {ou+ 4 Foy (w) > n} = 0 Fghy () + 1= Vo2 gy + 1= a((1,0%)) = a(6)

where ¢, := F(B}l)(n). With

we get
2 2 2
_ ) 1. q o 0 1 q; o
Loy (Y1)~ = a(0)T Tuony(¥) " a(0) = (1. 5%) ( 0 20 ) < 2 ) ST
20

Because of the symmetry of the normal distribution, we can set 71 = % and 72 = 1 — 5. Then

the asymptotic (1 — aq)(1 — ag)-prediction interval for Yy = In(7p) based on the §-method is
given by

Pn(y1s---,yn)
P 1 (.,  4q30* L 1 (.,  4q30?
= u+0qn1—\/ﬁ<02+17 Qe s B4 OQ T |02+ =5 ) qi_ez |

where (1,52) is the maximum likelihood estimator for § = (u, o?).
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2.10 Nonparametric methods

If the distribution class of the lifetime distribution is unknown then nonparametric methods can
be used. However, prediction intervals cannot be derived.

If there are no censored observations then the empirical distribution function

N
1
En(t) =+ D Moo(tn)
n=1
is a nonparametric estimator of the underlying distribution function F(¢) and 1 — Fy(t) is a

nonparametric estimator of the survival function S(t) := 1 — F(¢).

2.10.1 Theorem
a) An asymptotic (1 — «)-confidence interval for F(t) for noncensored observations is given by

VEN(D) (1 — Fy(1))
VN

7FN(t) + Q1—Oc/2

Fn(t) = qi—a)2 \/FN(t)\(/lN_ Fv(®)

b) An asymptotic naive (1 — «)-prediction interval for T; for noncensored observations is given
by

[Fyt (m), Frl(m2)]
where 13 —m = 1 — « and F&_li_(n) :=sup{z; Fn(z) < n}.

Proof. By central limit theorem and law of large numbers for Bernoulli variables.[]
However, this does not work anymore as soon as there are censored observations.

Since an empirical distribution function provides always a discrete distribution we shall consider
at first discrete lifetime distributions.

2.10.2 Definition (Hazard function for discrete distribution)
The hazard function (hazard rate) h : R — R for a discrete random variable T' is defined by

h(t) == P(T = t|T > t).
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2.10.3 Theorem
The hazard function for a discrete distribution with support 0 < 71 < 79 < 73 < ... satisfies:

=1- & wi = lim S(s
a) h(t) =1 S (1) th S_(t) = lsTt S(s),

k
) S(m) =[]0 —h(n)) for ke{1,2,3,...}.
i=1

Proof. a) The definition provides

P(T =1t)
= = > = - @7
h(t) :== P(T =t|T > t) PTS1)
F(t) —limg F(s)  1—S(t) —limgy(1 —S(s))  S_(t) —S(t) 1— S(t)
1 —limgy F(s) limgyy S(s) I S_(t)
b) The assertion a) implies
S(Tz) S(Tz) . S(Tl)
1—h(n) = = f 2,3,... d 1-h = =S
(13) S ()~ S(ny) or i€ } an (1) S () (11)
so that
k
S(ra)  S(13) S(7k)
1 —h(r)) =S(m1) - = S(m).0
E( ( )) ( 1) S(Tl) S(TQ) S(Tk_l) ( k)
Let 21,...,2n With z, = min{t,, c,} be right censored observations, d,, = 1y, (ts), and 71 <
Ty < T3 < ... < 77 be ordered distinct time points of observed failures (deaths) of the noncensored
observations z, with z, =t, and d, = 1. Define fori =1,...,1

b= t{n e {l,...,N}izn =7 and dy =1},
Yi = ﬁ{nE{L...,N};anTZ’},

where § stands for the number of elements of a set. Thereby y; is the number of individuals at
risk at time point 7; and b; is the number of individuals which fails (dies) at time point 7;. An

estimator of the hazard rate at 7; for ¢ = 1,...,1 is given by
) = 2
(i) Yi

Theorem 2.10.3 provides then an estimate for the survival function based on zi,..., zN.
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2.10.4 Definition (Kaplan-Meier estimator / Product-Limit estimator, see Klein and Moeschberger
2003, p. 92)

The Kaplan-Meier estimate (Product-Limit estimate) of the survival function S of the underlying
distribution based on censored observations z1,...,zy is given by

5 0 1 fort < mp,
KMm(t) == .
IL: < (1 — Z—) formy <t < 7.
If by = y; then §(T1) —0and S is decreasing from 1 to 0.

If the observations are coming from a continuous distribution then the uncensored observations
are usually pairwise different. If no observation is censored then the Kaplan-Meier estimate
provides the empirical distribution function.

2.10.5 Theorem
If there are no censored observations and the observations are pairwise different then

Fy =1-Skwm,
i.e. the Kaplan-Meier estimate provides the empirical distribution function.
Proof. The assumption means 71 = (1) < T2 = t(9) < ... < TN = t(y), Where t(y),...,{v) are

the ordered noncensored observations. This implies b; =1 and y; = N —i+1fori=1,..., N
so that for any t € [1g, 7ky1) with k=1,...,N —1

i T <t i T <t
_ 1 H N —1 B N—-1 N-2 N-3 N —k
N N—i+1 N N-1 N-2 N—k+1
i T <t
N
N —k k 1
= 1_T:N:N;ﬂ(m,t}(tn)—FN(ﬂ

Obviously, we have 1 — Sga(t) =1—1= Fy(t) for t < 7 and 1 — Sgpr(t) = 1 — 0 = Fy(t) for
t>7n. U

2.10.6 Theorem (See Kahle and Liebscher 2013, p. 99)
The Kaplan-Meier estimator is a generalized maximum likelihood estimator for S in the class of
step functions with jumps at 71,...,77.

Proof. The observations consist of the event times 7i,...,77, the number of failures/deaths
b; at event time 7;, and the number y; of individuals under risk at event time =, ¢ = 1,...,1.
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Unknown parameters are h; = h(r;) with i =1,... 1. Set
jri=argmax{i e {1,...,1}; 7; <t}

and
0 := (hi,...,hy).

Then we have

so that an ML estimate 6 for 6 provides an ML estimate g(@) for S(t). To derive the ML estimate
for 6, note that b; can be interpreted as realization of B; ~ B(y;, h;), i.e. B; has binomial
distribution with parameters y; and h;. Then the likelihood function of the observations is given

by

10; (b, ..., b)) =100 (b1, b5), (Y1, 95)s (Tas ey T H<y2>hb hi)¥ibi

=1

so that

and

P - _bi yi—bi
o O (b b7)) = 50 = T =0
<:>bi—hibi:hiyi_hibi<:>hi:§'

Lo b;
Hence we obtain 6 = (&, ..., 2 ). O
Y1 Yj

Since the Kaplan-Meier estimator is a generalized maximum likelihood estimator for .S, it has
an asymptotic normal distribution and confidence sets for S(t) can be derived.
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2.10.7 Theorem (See Kahle and Liebscher 2013, p. 100, Klein and Moeschberger 2003, p. 92)
An asymptotic (1 — «)-confidence interval for S(t) is given by

~

[Skca(t) = 12 Grcaa (8), Skar(t) + q1—ayo G (t)],

where q,, Is the a-quantile of the standard normal distribution and G g p(t) is given by Green-
wood’s formula

Proof. The number of failures/deaths b; at event time 7; can be interpreted as realization of
B; ~ B(yi, h;), i.e. B; has binomial distribution with parameters y; and h;. In particular we

have E(B;) = y; h; or

E <§> = h; and var <§> _hil=hi) (1= o)

so that with the central limit theorem

Bi _
Yi

hi (1—h;)
Yi

)

2y N(0,1)

B
Yi

By —h 25 ~N<0, Llyﬁ hﬁ) |

which means with ﬁl =

With the d-method, we get

) — T N SR 1 hi(I=hi)\ _ h;
(1 =) — (1 = ko) 25 Wi s= T N<0,(1_hi)2 - >_N<0,7yi(1_hi)>.

Then we obtain with the martingale central limit theorem

J J J
In(Sgar(t)) — Z(lnl— —In(1—h ) ZWi~N<O,Zy 1_ )
=1 Z

=1 i=1

Again applying the J-method leads to
Skm(t) = S(t) = eXp(ln(SKM( ))) — exp(In(S(¢)))

2, exp(In(S ZW S(t ZWNN( (t)zzﬁ>
i— Ji %
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A consistent estimate of the asymptotic variance S(t)? g:l % is

h ~ : ~ B; ~
———— = Sgm(t)* Y — = Skm(t) Y ———= = Fru(t)’

§KM(t)2 : — =
T i (1= hi) = v (L= 5) i Vil = Bi)

J T J B;
1=

so that with Lemma 2.8.8

§KM(t) — S(t) D

An alternative estimator for the survival function can be obtained via the cumulative hazard
function for discrete distributions.

2.10.8 Definition (Cumulative hazard function for discrete distributions)

If T has a discrete distribution with support 0 < 11 < 75 < 13 < ..., then H : Ry — R given by

is called cumulative hazard function.

An estimator for H(t) is given via the estimates 71(7'2) = % for h(r;).

2.10.9 Definition (Nelson-Aalen estimator, see Klein and Moeschberger 2003, p. 94)
The Nelson-Aalen estimate of the cumulative hazard function H of the underlying distribution

based on censored observations z1,...,zy is given by
~ b;
H(t)= > —.
i T <t Yi

2.10.10 Theorem R
If T has a continuous distribution and H(t) is the Nelson-Aalen estimate of the cumulative
hazard function H then

Sna(t) == exp(—H(t))

is an estimate for the survival function S(t).

Proof. This follows at once from Theorem 2.1.7.00

Note that for small z > 0 we have 1 — 2 = exp(—=x) so that

Sxat) = exp(—H @) = [[ e (—Z—) ~ ] (1—"—%) — Sk,

i T <t i T <t
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An estimated variance of the Nelson-Aalen estimate H (t) is given by

Gna(t)? = ) L3

27
i<t i

see Klein and Moeschberger 2003, p. 94.
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Chapter 3

Experiments with different stress levels

Usually lifetime experiments under realistic stress are lasting very long so that a failure often
cannot be observed. To overcome this problem are step-stress experiments or accelerated lifetime
experiments.

3.1 Step-stress experiments

Before the experiment, stress levels 0 < s1 < s9 < ... < sk and censoring times ¢; < ¢ <
... < ¢k are fixed. Then each experiment starts with a the first stress level s;. If no failure is
observed until time ¢; then the stress is increased to so. If no failure is observed until time cy
then the stress is increased to s3. And so on until time cg is reached. The question is how to
model the influence of the increased stress. Balakrishnan (2009) proposed to make the following
assumption:

Fy, (t) for 0 <t <e¢,
F(91,~~,9K)(t) = Fy, (t+ ag—1 — ck—1) forep_ 1 <t<cg, k=2,..., K —1, (3.1)
FgK (t +ag_1— CK—l) for cx_1 <t < o0,

where

k-1
Ap—_1 := sz <CZ_0$> for k=2,..., K,

i=1

co:=0,a9:=0and Fyp,, k =1,..., K, is the camulative distribution function of a scale family
of distributions, i.e. Fp (t) = F <%) for some cumulative distribution function F'. Note that

ap_1 — Cp—1 is a location shift.
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3.1.1 Lemma
Flo,,...0) given by (3.1) is continuous and the density is given by

fo, (1) for 0 <t < ey,
for,..0000 ) = fo,(t+ag—1—cr—1)  forep1 <t<cp, k=2,...,K—1,
ng(t +ag_1— CK—l) forex_1 <t< 00,

where fo, (t) = Fy (t) fork=1,... K.

Proof. For £k =1,..., K we have

ag—1 + Cp — Ck—1
Fy, (ck +ag—1 —cp—1) = F ( >

O

k k
¢ — Ci_1 c—ci—1) 1
= F E - =FI|6 E
(z‘:1 < 0i >> ( o i—1 < 0; ) 9"“’1)

F9k+1 (ak) - F€k+1 (Ck + ak - Ck)

Similarly

for(ck +ar—1 —cr—1) = fo, ., (cx +ar —c). O

For the family of exponential distributions with scale parameter 6 = % we obtain

1— et/ for 0 <t < ¢y,

(a2 _
1-—e¢ (tHgper—c1)/62 for c; <t < co,
1 — e~ (tHrar—1—cr—1)/0k forcp 1 <t<cg, k=2,..., K —1,

1 — e~ (rax—1—cx-1)/0k  for cpr 4 < t < 00.

Flg,,..00)(t) ==

The parameter (61,...,0k) can be estimated with the maximum likelihood method if at least
one observations is obtained in each of the intervals (0, c1], (c1,¢2], ..., (cxk—1,ck]. Note that
the observations are given by z,...,zy with 2z, = min(t,,cx) and d, = 1{t, < ck} for

n=1,...,N. Then the likelihood function is given by

N
1—dn
FOrtie) (Z15- 5 28) = [ flor.i) ()™ (1= Foy. o) ()
n=1

The problem is that the maximum likelihood estimator and corresponding confidence sets and
prediction intervals cannot be determined if there is no observation in [0, ¢1].
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3.2 Accelerated lifetime experiments

In accelerated lifetime experiments, different experiments are run under different stress levels,
usual at stress level larger then the stress level which is of interest. Then the expected lifetime
E(T(s)) depends on the stress level s and the dependence is given by via a given link function.
Here it is assumed that this function is known up to a parametervector . We assume that N
life time experiments at different stress levels s, € S forn = 1,..., N are executed and that the
lifetime 77, of the product shall be observed in each lifetime experiment. However, if the stress is
too low then often the lifetime cannot be observed since the time up to the event, the "death",
is too long. Therefore usually a time c is fixed at which the lifetime experiment is stopped.
Then the only information is that the product has survived the time c¢. Such observations are
socalled censored observations. It is clear that the censored observations should also be used in
an analysis of lifetime data. Therefore define

Tn7 .f Tn S b 17 .f Tn S b
Z, ;:{ ' “  and D, ;:{ ' ¢

c, if T,, > ¢, 0, ifT, >c
Then (Z1,D1,$1),...,(Zn,Dn,SN) are the available informations where D,, is the censoring
variable. Let be t,, z,, and d, the realizations of T}, Z, and D, respectively and z, =
(z1,...,28)", dv = (dy1,...,dN)T, 84 = (51,...,5n) . The likelihood function is then given

by (see e.g. Klein and Moeschberger 2003, p.75)

N
L9(2*7 Ay, 3*) = H fG,sn(zn)dnSG,sn (Zn)l_dn

n=1

it fg s, is the lifetime distribution density of 7;, at stress s,, and

S5, (1) 3:/t fo,5,(w) du

the survival function of 7,, at time ¢ and stress s,,. Assume T,, ~ T'(s;,).

Typical link functions (see e.g. Haibach 2006, S.25)

1870  Wohler: log(E(T'(s))) =0y — 61 s

1910 Basquin: log(E(T(s))) = 0y — 61 log(s)

1914 Stromeyer: log(E(T'(s))) = 6y — 01 log(s — sr.)

1963 Bastenaire: log(E(T(s))) = 0y — log(s — s1) — 61(s — s1)%

Thereby, sz, is the fatigue limit (in German Dauerfestigkeit), i.e. the stress level at which no
failure can be observed. This is an unknown parameter like the other parameter g, 61, 62 and
must be estimated as well. However, a fatigue limit greater zero cause problems in estimation.
Moreover, it is not clear what log(E(7T'(s))) should be when s < sy, is used in this case.

S-N curves (in German Wdhlerlinien)
Since lifetime is often measures in number of load cycles when the stress is given by cyclic
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load, engineers use IV instead of ¢t for the dependent variable. They plot this variable on the
horizontal axis of a diagram. And the vertical axis provides then the levels of the stress, given
by the amplitude of the cyclic load. The estimated link functions are then the S-N curves. Since
the dependent variable is plotted on the horizontal axis, the S-N curves are often not correctly
estimated when the method of least squares is used in direction of the vertical axis. This is the
reason that the fatigue limit sy can be estimated then. However this is not correct since then
the lifetime, the number of load cycles, is not anymore the dependent variable.

Hence it makes more sense to regard the following link function:

with
gg(s) = 90 — 91 S, (3.2)
go(s) = 0y — 61 log(s), (3.3)
1
gg(s) =0y + 61 ;, (3.4)

02
als) =t 01 (3) (35)
go(s) = 0y — 01 s — 05 log(s), (3.6)

03
go(s) = 0y — 61 log(s) + 02 <§> . (3.7)

with g, 01,602,035 > 0.

A better definition of the fatigue limit would be the largest stress level s with gy(s) > L where
L is a large number so that experiments having this lifetime can be considered as experiments
without failure in a relevant time period.

3.2.1 Definition (Alternative definition of fatigue limit)
Is L a large value, then the stress level sy with go(sp) = L, i.e. sp = ge_l(L) is called fatigue
limit.

Of interest are especially the estimators and confidence sets for two one-dimensional aspects.
Namely the fatigue limit az(0) = g, L(L) and the lifetime time at a given stress level sg, i.e.

ao(0) = exp(go(s0))-
The aspects ar(0) = g, '(L) and ag(#) = exp(go(so)) can be estimated by the maximum likeli-

hood method by aL(g) and ao(g) if § is the maximum likelihood estimator for §. The maximum
likelihood estimator for € is given by

~ ~

0 := (24, dy, s4) := arg m;meg(z*,d*, Sx)

N N
=TT fonzn)*So.6,(20)' " = TT S50 (t) 010 (1= Fy 5, () Heemr )
n=1

n=1
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Set

1(0,t,s) :=1n (f(;’s(t)ﬂ[o,c] ® 1 - FO’S(C))H@,OO)@))
= In(fo,s(t) Lo, (t) +1n (1 — Fps(c) Lc,o0) (1)

and

i(6,t,s) := %l(@,t, s).

Further we assume that (¢1,s1),..., (tn, sn) are realizations of i.i.d. random variables (771, S1),
..., (T, Sn) where PT19=5([0,t]) = Fy ; and P¥ = §. This means that the stress levels sy, ..., sy
are given by the design measure ¢, i.e. they follow a random design. If (¢1,s1),..., (tn, sn) are re-
alizations of i.i.d. random variables (71,S51),...,(Tn,Sn) then also (z1,dy,$1),- .., (2n,dN, SN)
are realizations of i.i.d. random variables (21, D1,S1),...,(Zn,Dn,Sn). Assuming that z, =
(z1,...,28) ", dy = (d1,...,dN)T, 5. = (51,...,sn) " are realizations of Z, = (Zy,...,2Zn)",
D, = (D1,...,DN)", S, = (S1,...,Sn) " then a modification of Theorem 2.9.9 holds.

3.2.2 Theorem (Schervish 1997, Theorem 7.57 or Theorem 7.63)
If (Th,51),...,(Tn,Sn) are i.id., O := On(Z,, Dy, Si) is the maximum likelihood estimator for
6, then under regularity conditions (see Schervish 1997, Theorem 7.57 or Theorem 7.63),

VN(Oy —8.) 25 N(0,, I, (5) 1), (3.8)

if 8, is the true parameter, where

Ip. (6) := Ep, (z‘(e*,:rl,sl) z‘(e*,Tl,sl)T) - /Eg* (i(e*,Tl,s) z’(e*,Tl,s)T) 5(ds).

If the design measure § is a discrete probability measure, i.e. § = Zszl apez, with Z£{=1 ar =1,
then we have

K
1.(8) =" ax Ep. (1(9*,T1,’§k) 1(9*,T1,’§k)T) .
k=1
If 0 is a continuous probability measure with probability density g then

Iy, (0) = /Eg* (i(H*,Tl,s) i(H*,Tl,s)T> g(s) ds.

Usually one would use concrete designs where s1,...,sy are given by the experimenter and
not by random. However, each concrete design dy = (s1,...,sy) can be associated with the
probability measure given by

L
ON = NZesn
n=1
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where e; denotes the one-point (Dirac) measure on the point s, i.e. es(A) = 1if s € A and
es(A) =0if s ¢ A for any A of the Borel-o-algebra. The probability measure dy is also called
generalized design.

Often the generalized design dy converges weakly to a probability measure 0 which is then
considered as asymptotic design measure.

3.2.3 Example (Example of convergent generalized designs)
a) A concrete design with

T
dN = (317327317327 .3 81,89 )7

where s1, so is repeated % times, has the generalized design given by

1 /N N 1 1
5N = N Eesl -+ Eesl = 5631 + 5632

so that the convergence to § = es1 + 652 is obvious.
b) A concrete design with

1 2 N -1
dy=—,—,...,—,1
N <N7N7 ) N7>

has a generalized design measure dy which converges weakly to the uniform measure on [0, 1],
i.e. to a continuous design measure J with density g(s) = 1 1)(s)-

3.2.4 Lemma
If s1,...,sN are realizations of independent Si,...,Sy ~ 6, 0 has finite support, and éy =
% Zivzl es,, then oy — 0 weakly almost surely.

Proof. Let {51,...,57} be the finite support of §. The strong law of large numbers provides

N N
Jim o ((5)) = Jim > eq ({5 = Jim S (Su() = Bl (51) = 6({5:)

for all w € Qp with P(Qg) = 1. Each w € Qg satisfies

I
tim [ F(s)on(ds) = tim Zfsz o ({5) = 32 7660 3((5) - [ 16

for all all continuous and bounded functions f : [0,00) — R. Hence dy converges weakly to &
according to the Theorem of Portmanteau (Theorem 2.8.3) for all w € Q. This means oy —
weakly almost surely. [
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3.2.5 Corollary
It Ty,..., Ty are independent and dy converges weakly to § almost surely then the maximum
likelihood estimator Oy for 0 satisfies

VN(@by = 60.) = N (07, 10.(5) ™),
if 0, is the true parameter and Iy, (0) is given by Theorem 3.2.2.

3.2.6 Corollary
It Ty,..., Ty are independent and dy converges weakly to § almost surely then the maximum
likelihood estimator a(fy) for a(6) € R® satisfies

-~

VN(a(By) — a(6.)) = N0, 1p.(5) ", ),
if 0, is the true parameter, I, (0) is given by Theorem 3.2.2 and ag = %a(@).

3.2.7 Lemma
If O is the maximum likelihood estimator for 6, then under regularity conditions,

N
1 A~ L~ P
[§N(5N) = N Z:lEgN (l(@N,Tl,Sn) l(@N,Tl,Sn)T> — [9*(5).

Proof. If 65 has support included in [Sin, Smaz] and

sup ||E§N <i(§N,T1,Sn) i(@N,TI,sn)T> — Ey, <i(9*,T1,sn) i(e*,Tl,sn)T> | — 0

s€ [smin 75max}

then
P
I@\N(éN) — Ig* (5]\1) — 0.
The Theorem of Portmanteau (Theorem 2.8.3) provides
P
Iy, (On) — 15.(9)

so that the assertion follows. [

If ag is continuous in @ then also

T 1.
ag. IgN (On) ag,,
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is a consistent estimator of a, Iy, (6) 'ag. If additional a(f) € R, i.e. a(f) is one-dimensional,
then Corollary 3.2.6 implies

a(@n) — a(6,)

VN—= — 2 N(0,1)
i, To, (o)™ i,

so that we get the following theorem.

3.2.8 Theorem
Cn given by

Cn (24, dx, Sx)

[ \/—a I; On) g iag2 a(f \/—a Iz (On)tag  qioay

is an asymptotic (1 — a)-confidence interval function for a(f) € R.

Hence Theorem 3.2.8 provides confidence intervals for the fatigue limit ar,(6) = g, ' (L) and the
expected lifetime time at a given stress level sg, i.e. ag(8) = exp(go(s0)). Since gp is a decreasing
function, we can conclude that on

the fatigue limit given by L is satisfied in (1 — «) - 100% of cases. Prediction intervals for the
lifetime T at a stress level sy are given by the following theorems.

3.2.9 Theorem (Naive / plug-in prediction interval)

Let Oy = HN(Z*, dy, s«) be a weakly consistent estimator for 6 and Fy 4 (t) is continuous in t and
F(,_’slo(n) continuous in 6 at n =ny,me. If 0 < ny <my <1 and ny —m =1 — « then the naive or
plug-in prediction interval function Py given by

PN(’Z*7d*7S*): Fé\_l (771) ’ F:l

NS0 0N ,s0

(12)

is an asymptotic 1 — a-prediction interval function for Ty.
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3.2.10 /’\I‘hem:gm
Let be Oy := On(Zy, Dy, Sy) be the maximum likelihood estimator for 6. Then Cy given by

Cn (24, ds, 84) = {9 eR"; N (5]\/ — 9>TI§N(5N) (§N - 9) < X%;l—az}

or

N d"S 1—d,
T (2 duy ) = {0 € R"; 2 1n< Lo J0.00(20) S50 (20) ) < x?;l_m}

N —
[I0o fo, ., (2n) ™S5 (2n) 1

is an asymptotic (1 — ag)-confidence set function for @ and Py given by

P (24, dy, 55) = U |:F9_7810 (M), Fg_,slo (172)
0EC N (22,ds,55)

with 0 <1y <mne <1 and ny —m =1 — 3 is an asymptotic (1 — aq)(1 — ag)-prediction interval
function for Ty at sg.

3.2.11 Theorem (Prediction intervals based on on the d-method)

Let Ty, T4, ..., Ty be independent, §N = §N(Z*,D*,S ) is the maximum likelihood estimator
for0 e R", 0 <m <mp <1 withne —m =1—aq, aj,ae : R" — R with a1(0) = Fe_’slo(m) and
as(0) = Fg_’glO (n2) are differentiable aspect functions, and

1. .
UIN = \/—CLTA I" (5]\[)_1&16]\], q1—a2/27

- T —14 o
UoN = \/N 29 oN) Gogy d1—aa/2-

Then Py given by

P (2o, duss) = [F5! () —vin o B3 () +van
N5S0

NS0

is an asymptotic (1 — aq)(1 — ag)-prediction interval function for Ty at sg.

Proof. The proof is the same as for Theorem 2.9.20.
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3.3 Accelerated lifetime experiments with exponential distribu-
tion

At first, we consider also the exponential distribution which is the simplest lifetime distribution
so that

fo,s(t) = Ag(s) exp(—Ag(s)t)

is the lifetime density. Here the link function \g : & — (0,00) is known up to the parameter
vector 6 € R". The expected lifetime is then

1
o )\Q(Sn) ’

Simple reasonable functions for Ay are the following:

Ey(T,)

Mo(s) = 0Os, 0€(0,00), (3.9)

No(s) = Og+6is, 0=(0,601)" € (0,00)2, (3.10)

Mo(s) = exp(fp +61s), 0= (60,01)" € R x (0,00), (3.11)
1

Ao(s) = ()’ (3.12)

where gy is given by (3.2) to ((3.7). All these functions ensure that the expected life time is
decreasing with increasing stress s. The function given by (3.9) provides an infinite life time if
there is no stress while function (3.10) is more flexible allowing a finite expected life time for
no stress. A similar flexibility is achieved by function (3.11), however without allowing infinte
expected life time at s = 0. Function (3.11) is function proposed by Wohler.

We derive now the maximum likelihood estimator of 8 given by
- arg m;LXLg(z*,d*, Sx)

and the information matrix.

Since the survival function for the exponential distribution satisfies Sps(t) =
exp(—Ag(s)t), the loglikelihood function has the form

N
10g Lg(2s, dv, 5:) = Y (log Mg(sn) — Ma(sn)zn) + > (—Na(sn)c) = > 10, tn, sn)
dn=1 dn=0 n=1

with
1(0,t,5) == (log Aa(s) — Aa(s)t) Wjo (1) — Ag(8)e (e 00y (2)-

The maximum likelihood estimator 5 is a solution of

N .o~
Z 1(07 tny Sn) = 07
n=1
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7

where

. 0 0 1
l(@,t,s) = @l(e,t,s) = %/\9(8) |:<T — t> 1[0,0](t) — Cl(c,oo)(t) .

Set also

. o 62 1
1(0,t,5) == @1(9 ts) = s55M0(s) KW - t) Lo, (t) — c1<c,oo>(t)]

#5006 35200 (~ 5757 ) Loa®:

3.3.1 Lemma (See for the proof Lemma 2.9.6)

a) / e Ndy = —e_)‘y‘c =1—e
0 0
¢ 1
—Ay _ .= Ac | _ ,—Ac
b) /Oy)\e dy = —ce —|—>\<1 e )

2 A Ac 2

C 1 o
d) /0 <X — y> e Ny — c/ e Mdy = 0.

c /1 2 - o 1 Y
e) /0 (X—y> Ae )‘ydy+c2/ Ae /\ydy:p<l—eA>.

C

3.3.2 Lemma

Let be S a random variable giving the stress levels s by the distribution 6 and T the life time
which has the exponential distribution with parameter \g(s) as conditional distribution given

S = s . Then we have

15(6) = (eTS) (eTS) )

- [+t o (1= ) (s) e ra(s) To(ds) = — By (i(0,7.5))
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Proof Since 1|y () (,0)(t) = 0, we have with Lemma 3.3.1 e)

((eTS) 0,T,5) )

— %/\g(s)%/\g(S)T S Wio,¢(t) — ¢ W 00 () 2
0 0 Ao(s)

“Xo(s)e™ @ dt 5(ds)

c 2
_ %Ag( ) gexg() [ /0 (Ael(s)—t> No(s)e gy

+c2/ Ag(s)e_)‘e(s)tdt} o(ds)

_ /ﬁ (1 _e—Ae(S)c) %)\ (s )geAg( )To(ds).

Lemma 3.3.1 a) and d) implies

Ey (i’(e T, S))

S [ P

+%A9(s)%xg(5f <—ﬁ> 1jo.q (t)} No(s)e™ St 5(ds)

— /{88729)\9(3) [/0 <%(S) - t) Ao(s)e Mo gp — c/:o )\g(s)e_/\e(s)tdt]

+%A9(s)%xg(5f <—ﬁ> /O ’ /\g(s)e_/\e(s)tdt} 5(ds)

- 0—/ ! (1 - e—M(s)C) 9 % (s)%)\g(s)—rd(ds). O
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3.4 Accelerated lifetime experiments with lognormal distribution

Here we will consider only uncensored independent observations.

If T ~ LN (pg(s),0?) then In(T) ~ N (u(s), o) and In E(T) = In (exp(ug(s) + 507%)) = pg(s) +
02, Hence we can work with normally distributed random variables Yy = In(Tp) ~ N (ug(so),0%), Y1 =
In(T1) ~ N(po(s1),0%), ..., Yn = In(Tn) ~ N(pg(sn),0°) with

po(s) = go(s),

where gy is given by (3.2) to (3.7), for example. We should have only in mind that the unknown
parameter are 6 and o2 here.

Classical linear model
If

po(s) = x(s)' 0
then we have a classical linear model.

3.4.1 Example

If Y, = In(T,) ~ N(ug(sn),0?) then In(Ey(T},)) = po(sn) + 302 according to Theorem 2.1.18.
Then we get in particular the Basquin model In(Ey(T,)) = 6y — 611n(s,) if 6y = 302 and
to(sn) = —61In(sy,).

Letbed € R", y. = (y1,...,yn) ' therealization of Y, = (Y1,...,Yn)" andset s, = (s1,...,5n5) ",

~

X = (z(s1),...,2(s ~))". Then the maximum likelihood estimator @ for  is the least squares
estimator, i.e. §# = (X T X)~'X Ty,. Moreover,

N
1 ~
~2 Z B TH\2

is an unbiased estimator of 0. Then pz(so) = $(80)T§ is an unbiased estimator for pg(sg) =
z(s0) "0 and pz(so)+ ZnNzl(yn —2(s,) T6)? is the maximum likelihood estimator for In(E(Tp)).

3.4.2 Theorem
If 0 € R", then C given by

Clr50) = | a(o0) 0 alon) T (XTX) Tal50) 3 typt-ao

is a (1 — a)-confidence interval function for pg(sq) = x(sg) 6.

Proof. Since Y, ~ N (X6,0%Inxn) we have
Eg(x(s0)0) = a(s0) " (XTX) ' XTX 0 = a(s0) 0

and

varg(z(so) ' 0) = o2 x(s0) " (X X) " x(s0),
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so that

(so)Té— 2(s0) 70

Vo2 z(s0) T (X1 X)L (so) ~NOD).

Since @ and &2 are independent and (N — r)g—j ~ X% _,, we obtain

(so)Té— 2(s0) 70

~ty_p. O
Va2a(s0)T (X X)La(so)

A confidence set for In(Ep(Tp)) = pa(s0) + 0% = go(s0) or Eg(Tp) = exp(ug(so) + 502) is not
that easy to obtain. However for prediction intervals, the transfer from Y{ to Tj is more easy.

3.4.3 Theorem
If 0 € R", then P given by

Ple52) = | alon) 0 (1 +-0(o0)TOCTX) alo0) 52t

is a (1 — «)-predition interval function for Yy at so.

Proof. Since Ey(Yy) = x(s0) "6, we have
E@(YO - IE(SO)Té\) =0
and

varg(Yp — (s0) | 0) = 0 + 02 x(s0) " (X X) " z(s0)

since Yy and Y, = (Y1,...,Yn)T are independent. Hence we obtain
Yo — a(s0) "0
0 — 2(%0) ~ N(0,1).
Vo2 (14 (so) T (XTX) 1 a(s0))
Since Yy — x(so)Té\ and o2 are independent and (N — 7‘)% X3r_,» We obtain
Yo — a(s0) "0
0 — 2(s0) ~ ity O

Vo2 (1+ z(s0) T (XTX) " x(s0))

3.4.4 Corollary
If 0 € R"and P given by

By 52) = [L(yer52) » Ulyrss)] = [z(a)fé £ /(L4 2(50)T(XTX)1(s50) 32 o ritae

is a (1 — a)-prediction interval for Yy based on y, and y, = (In(t1),...,In(tx))", then

]P)O(t*vs*) = [exp (L(y*vs*)) , €Xp (U(y*vs*)) ]

is a (1 — «)-predition interval function for Ty at so based on t, = (t1,...,tN).
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Proof. Since Ty = exp(Yy), we get

Py(To € Po(Tx, 54)) = Py (exp (L(Yx, 84)) < To < exp (U(Ya, 84)))
= Pp(L(Yi,84) <Yy <U(Yy,84) =1—0a.0O

Nonlinear model
If pg(s) is not linear in € R” then we have a classical nonlinear model given by

Yn = N@(Sn) + En

with E, ~ N(0,0%) forn=1,...,N.

3.4.5 Example
If Y, = In(T,) ~ N (pg(sn),0?) with In(Eg(T5,)) = pe(sn) + 30 according to Theorem 2.1.18,

02
then we get in particular the model In(Ey(T},)) = 6o + 61 (é) if 6y = 20 and pg(s,) =

0
o (&)
The Taylor expansion provides
Y = po(sn) + En = pig, (sn) + 1o, (s0) " (6 — 6.) + E
so that
Zy =Yy — g, (50) = flo, (Sn)Té + En.

Hence Z,, follows approximately a linear model. Using this approximation, approximate con-
fidence intervals and prediction intervals can be derived. Again let On be the least squares
estimator, which is also the maximum likelihood estimator of the nonlinear model, and

N
1
X = D (Wn — g, (sn)?

n=1

the estimator of o2. Thereby 8]2\, is a consistent estimator of o2. If the concrete design measure
ony = ZnNzl es, 1S again converging to the a design J, then the least squares estimator has an
asymptotic normal distribution.

3.4.6 Theorem (Jennrich 1969) R
If 0,, converges weakly to § almost surely and 6y is the least squares estimator in the nonlinear
model, then

VN (§N . 0*) DN (or,a%*((s)*) (3.13)

with Ip, ( = [ f10.(5) f10.(s) T 6(ds), fig,(s) := 80:“9 ‘9 _p, if 0« Is the true parameter.
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Proof. The proof follows as for any maximum likelihood estimator. Hence we have only to
calculate the information matrix. At first note

0 0

79 n(fe.s(y) = 5 B <\/%7 exp (—%(y - ,ug(s))2>>

— % (—%(y - Me(s))2> = %(y - Ma(S))%Me(S)

so that

19(5)=/ <—ln(fes( ))%ln(fg,s(Y))T> 5(ds)
2
= % /E ((%’M) > fuo(s) fuo(s) " 0(ds) = % /1-,19(3),19(3)%(613). O

Set My := (fo(s1),---,19(sn))" and let be Gi—ay2 the (1 — a/2)-quantile of the standard
normal distribution.

3.4.7 Theorem

If the support of § is included in [Smin, Smaz], On converges weakly to 0 almost surely, fie(s)
as function of 0 is equicontinuous for s € [Spmin, Smaz|, §N is the least squares estimator in the
nonlinear model, then Cy given by

. . 1
CN(Yx, 8+) = [M@N(So) + \/0'2 iz, (s0) T <M£7NM§N,N> g, (50) Q1—a/2]

is an asymptotic (1 — a)-confidence interval function for 1 (so).

Proof. The asymptotic normality in (3.13) and Theorem 2.8.12 (4-method) provide
D . 5 -1 -
VN (1, (s0) = . (0)) = N (0,07 g, (s0) " Ip. (8™ fio. (s0) ) . (3.14)

The asymptotic normality in (3.13) implies with Corollary 2.8.7 (iv) also Oy 5 0, so that with
the equicontinuity of fie(s)

. 1 .- .
T T
NMeN, May.n = 5 Mo. Mo. =

uMz

. . P
(“6N (sn) fig,, ( (sn)" — NG*(Sn)Me*(Sn)T) 5 Oy

and
. P
MgN(So) — f1,(S0)-

Since oy = % Zﬁf:l es, converges weakly (in distribution) to ¢ almost surely, we obtain with
the Theorem of Portmanteau (Theorem 2.8.3) additionally

1

~ 'P ~
NMB* Zue* sn) fto. (sn) T = Io, (On) — Iy, (9)
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so that

LT

’P ~
N NN On,N — [9* (5)

This implies
—1 ,P - _1
) — 1, (9)

and with [Lé\N(So) N 1. (s0) and 5% 5 02

~ . : : -1 P . = -1 .
&% N g, (s0)" (M N5 ) g (s0) T 0 o, (50) ™ 1o ()" fin, (s0)-

Hence we obtain with (3.14) and Corollary 2.8.8

15, (50) = po, (s0)

. . -1
\/ 5% iy (s0) T (VT Mg ) itg, (s0)

on,

_ VY (1, (s0) = . s0) 2, N 0.1).0

. . —1
B N o™ (VL8 ) i ()

3.4.8 Theorem (Simple prediction interval)
If Oy is the least squares estimator in the nonlinear model, then Py given by

P (e 5) = (15, (50) = BN @1-aj2: 115, (50) + TN @1 -apo]

is an asymptotic (1 — «)-predition interval function for Yy at sq.

Proof. Since

~ Yo — E
5% L5 0%, o, (s0) — iz, (s0) 20, 2T rel50) B0 g g

we get

Borao) By o) talo0) o,
ON ON ON

A wider asymptotic prediction interval is obtained by the following approximations.

Convergence (3.14) implies

15 (50 = . (50) = A7 (0,0% i () 10 (0) e (s0) )

(3.15)
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Since Yy = pug, (so) + Fo with Eg ~ N(0,0?) and Ej is independent of Oy, we have

L. 1.
1g,, (s0) — Yo = pig (so) — pe.(so) — Eo = N (0, o N fio. (s0) " 1o, (8) ™" fro. (s0) + 02) :

As shown in the proof of Theorem 3.4.7, fig, (s0)' Ip, (6)~" fig, (s0) can be approximated by
. T
N jig, (s0) " (VL V)

1
fig, (s0) and o? by 7% so that

. . -1
%¢m—nmNQw%Q+%wa%Mgwﬁw)u%mﬁy
or, respectively,

1z, (50) = Yo

) . -1
\/0]2\, (1 + ,L'AgN(so)T <Mé—{\,,N M§N,N> MgN(30)>

~ N(0,1).

3.4.9 Theorem
If O is the least squares estimator in the nonlinear model, then Py given by

. . —1
m@@hbmmifﬂﬁmwm@gw%@ %@Q%m]

is an asymptotic (1 — «)-predition interval function for Yy at sg.

Proof. Property (3.15) implies

~2 . T : -1 P
oN fig, (s0) (M(;N,N M(;N,N) fig (so) — 0
so that the result follows from Theorem 3.4.8. [J

For estimating the stress level sz, such that ug(sp) = L, i.e. for estimating ar(6) := ,ue_l(L), we
can use again aL(é\N) = ,ueil(L) as estimator. Set ar(0,) = %GL(G)‘O
N

=0«

3.4.10 Theorem
If O is the least squares estimator in the nonlinear model, then Cy given by

-1

CN(ysr84) = [aL(gN) + \/312\/ ar(On)T <M%V,NM§N,N) ar(On) Q1—a/2]

is an asymptotic (1 — «)-confidence interval function for ar(0) := ug_l(L).

Proof. The asymptotic normality in (3.13) and Theorem 2.8.12 (4-method) provide

VN (aL(éN) - aL(H*)> PN (o, o2 ar(0,)7 I, (6)7 aL(e*)) .
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and thus, like in the proof of Theorem 3.4.7,

CLL(é\N) — CLL(H*)
=2 - T (AT o -1,
5% ar(6,) (MgN’N MngN) ar(6,)

i VN (an(n) - ar(6.)) 25 N(0,1). O

. . -1
\/ 5% Nag(6,)7 (MI . Mé\N’N) ar(6,)

on,

If the stress level sy, with In(Ey(T)) = L should be estimated, then we should know o? since
Eo(T) = exp(pg(s) + 30?) and thus In(Ey(T)) = pg(s) + 302 = L or pg(s) = L — 2. There are
two possibilities: neglecting o2 > 0 so that the lifetime at sy, satisfies In(Eg(T)) > L or to use
L=L-352
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3.5 Nonparametric methods

If the class of distribution is not known then a nonparametric approach can be used. However,
prediction is then not possible as in the case of one stress level. A very successful approach is
available with the Cox model of proportional hazard rate. It can be used also if not only the
stress level is the covariate but also if other and several covariates shall be included in the model.
Let x € R" be a r-dimensional covariate.

3.5.1 Definition (Cox model of proportional hazard rate)
In a Cox model of proportional hazard rate it is assumed that 11, ..., TN are independent with
hazard functions hg(-,x1),...ho(-, zn) satisfying

ho(t, ) = ho(t) exp(z'0),

forallt € Ry, x € R", where § € R" and hy : R; — R is the so called baseline hazard rate.

In a Cox model of proportional hazard rate, we have

= = exp((x —#))

so that the quotient is independent of ¢ and depends only on the covariates. This is of course a
special assumption which is not always satisfied so that it must be verified.

We assume that we have randomly censored and uncensored observations (z1,dy, z1), ..., (2n5,dN, ZN)
where z, = min(t,, ¢,), d, = ﬂ(—oo,cn](tn) formn=1,....N. Let 0< i <o <73<...<77 be
the observed event times (failures/deaths) and set

Ri:={ne{l,....N}; z, > 7;}.

If the event times are pairwise different then the relation between event time and covariate is
unique so that x(y),...,z) can be defined as the covariates corresponding to 7y,...,77.

3.5.2 Definition (Partial maximum likelihood estimator in the Cox model)

If the event times are pairwise different, then the (partial) maximum likelihood estimator in a
Cox model of proportional hazard rate is given as the parameter 9 which maximizes the partial
likelihood function

-
exp(x(l.)H)

I
= s Soam

For the motivation of the partial likelihood we need the following lemma.
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3.5.3 Lemma
The function

g(h) = h exp(—hk)

with k > 0 has a unique maximum at h = %

Proof. We have

g/ (k) = exp(~hk) + b exp(~hk) (k) = exp(~hk) (1~ hk) =0 & h =,
g"(h) = exp(—hk) (k) (1 — hk) — exp(—hk) k = exp(—hk) (—2k + hk?),
so that
q’ (%) = exp(—hk) (—2k + k) < 0. O

3.5.4 Remark (Motivation of the partial likelihood function, see Klein and Moeschberger 2003,
p. 258)
Define the cumulative baseline hazard function as

ﬂ:Aw%@ﬁ

Then the cumulative hazard function H (-, x) at = is given by
Hy(t,z) = Ho(t) exp(z'0).

Theorem 2.1.7 provides for the survival function S(-,z) at =
So(t, @) = exp(—Hy(t)) = exp (—Ho(t) exp(a0)) .

and for the density fy(-,x) at x
fo(t,x) = ho(t, z)Sp(t, ).

If we assume that the censoring variables Cy,...,C, are independent of T3,...,Tn and not
depending on 6 then the likelihood function for 6 is given by, see Section 2.5

N N
1) = H fo(Zn, Tn) ¥ Sp(2n, ) 0 = H ho(2n, )%™ Sg(2n, T0)

=1 n=1

i ><Hexp< e
(
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This expression is maximized with respect to the function hg if ho(t) =0 for all ¢t & {7y,..., 71}
and h(1;) = ho; for i = 1,...,1 so that

= > ho (3.16)

i T <t

Hence we get for the maximized likelihood function
I N
_ . T _ . T
h:ﬁlfi()R 1(9) = <£Il hoi exp(x(i)9)> exp ;::12 TZ;Z hoi exp(zx,, 6)
I I
= (H hoi exp(ac%@)) exp | — Z Z hoi exp(z, 0)
i=1n; 7<zn

where

gi(h) := h exp(—hc;), ¢ Z exp(z,) 0)
neRr;

fori=1,...,1. Lemma 3.5.3 implies

1 1
max gi(h) = gi <0—1> = exp(1) (3.17)

so that maximizing the likelihood function with respect to hot,. .., hos leads to

I I T
1 o exp(:n(i)ﬁ)
ho?,l--z-i?f(lol h%lfiR l %) <H eXp > <H Ci eXP(l)) - };Il ZneRi exp(x;l;e)

i=1

which is proportional to the partial likelihood Ip(6).

3.5.5 Remark (Estimation of the baseline cumulative hazard function and the survival function)
If 6 is the partial maximum likelihood estimator, then (3.16) and (3.17) imply that Hy given by

Aot):= ¥ !

i T <t ZTLGRZ' exp(x;';@)
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is an estimate of the baseline hazard function. This estimator is also called Breslow esti/\mator
for the baseline hazard function, see Klein and Moeschberger 2003, p. 258 and 283. Then S(-, x)
given by

S(t,z) = exp (—ﬁo(t) exp(xT§)>
is the estimate of the survival function Sp(-,z) at .

If the lifetime follows a continuous distribution then the time points of events should be different.
However, this is often not the case because of rounding. Then so called ties appear. If ties are
present then the partial likelihood must be modified. Define for i =1,...,1

Bi:={ne{l,...,N};z, =7 and d, =1},
bi ::ﬁBia

:g Tny

neB;
yi i =f{ne{l,...,N};z, > 7} =tR;.

We have b; =1 for i = 1,...,1 if no ties appear.

3.5.6 Definition (Partial maximum likelihood estimator / Breslow estimator in the Cox model
with ties, see see Klein and Moeschberger 2003, p. 259)

The general (partial) maximum likelihood estimator (Breslow estimator) in a Cox model of
proportional hazard rate is given as the parameter §B which maximizes the partial likelihood
function of Breslow given by

I
exp(¢0)
21;[1 Z R exp(azTG))

3.5.7 Remark
It is clear that [p(f) = Ip(#) holds in the case of no ties. Moreover, we have for the general case

1

15(6) = H H exp(z,] 0)

i1 nep; 2omeR: exp(z, 6)

There are also other proposals for the partial likelihood function for the case with ties which
generalize the partial likelihood function for the case without ties, see Klein and Moeschberger
2003, p. 259.
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3.5.8 Definition (Breslow estimator of the survival function, see see Klein and Moeschberger
2003, p. 283) R
The Breslow estimator of the survival function Sy(-,x) at x is Sp(-,x) given by

~ ~

Sn(t,2) = exp (~Hon(t) exp(a" ) )

where

]E\I()B(t) = Z bi

~
i; T,L-St ZHERZ exp(‘r;ll—e)

and §B is partial maximum likelihood estimator of Breslow.

3.5.9 Remark _ R R R
Again we have Hop = Hp and Sg(-,z) = S(-,z) in the case of no ties. Moreover, we get

Hop(t) =Y %7

i T <t

i.e. the Nelson-Aalen estimator of the cumulative hazard function, in the case where no influence
of covariates exists, i.e. g = 0.

To check the model, the so called Cox-Snell residuals can be used.

3.5.10 Definition (Cox-Snell residuals, see Klein and Moeschberger 2003, p. 355)
The Cox-Snell residuals are defined as

~ ~

Tn = Hop(tn) eXp(:E;E@B)

for n = 1,...,N, where ];AIOB and 53 are the Breslow estimators for the cumulative hazard
function and 6, respectively.

3.5.11 Lemma

If T is a continuous lifetime distribution with strictly increasing cumulative distribution function
F on R, and cumulative hazard function H, then

a) F(T) has a uniform distribution on [0, 1],

b) H(T) ~ £(1), i.e. H(T) has an exponential distribution with A\ = 1.

Proof. a) With F also F~! is continuous and strictly increasing and F~! is the inverse of F on
R, so that F(F~!(u)) = u for all u € [0,1]. Hence we have for any u € [0, 1]
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b) Since g given by g(z) = 1 — exp(—z) is strictly increasing on R, the assertion in a) together
with Theorem 2.1.7 provides for any z € R

P(H(T) < 2) = P(g(H(T)) < g(2))
= P —exp(—H(T)) <1—exp(—2)) = P(F(T) <1 —exp(—z)) =1 — exp(—2). [

3.5.12 Theorem
IfTy, ..., T, are independent observations from the Cox model given by Definition 3.5.1, x1,...,xN
are fixed covariates then the theoretical Cox-Snell residuals

R, = Hy(T,) exp(:nl@)

satisfy R, ~ E(1) forn =1,..., N and are independent.

Proof. Since
ho(-,2n) = ho(*) exp(z,,0),

is the hazard function of T}, at z,, the cumulative hazard function T,, at z,, is
Hy(-, ) = Ho(-) exp(z, ).

Hence Lemma 3.5.11 provides R,, = Hy(T},,z,) ~ E(1). The independence of Ry,..., Ry follows
from the independence of T7,...,Ty. O

3.5.13 Remark (Model check)

If the model is correct then the Cox-Snell residuals 71, . .. , 75 should follow approximately an £(1)
distribution. This can be checked by classical goodness-of-fit tests as presented in Section 2.6.
Moreover, since the cumulative hazard function Hg(jy of a £(1) distribution satisfies Hg(1)(t) =
t, also the points (7, Hg(1)(7,)) for n = 1,..., N can be plotted. If the model is a good
approximation then these points should follow a straight line through the origin with a slope of
1.

If there are only few different values of the covariates z,, say z(y),...,2(s) then the survival
function for each z(;) can be estimated with the methods of Section 2.10 and plotted together.
If the proportional hazard model is correct then these survival function should be more or less
parallel since they are only shifted by exp(:ngg.)ﬁ). In particular, if some survival functions are

crossing then the model of proportional hazard function is doubtful.

3.5.14 Remark (Analysis with R)

The R package survival includes several methods for survival analysis as the Kaplan-Meier and
Nelson-Aalen estimator, analysis of Cox models, and parametric accelerated failure time models.
In particular, the R function coxph provides the analysis of the cox model.
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Chapter 4

Crack 1nitiation

4.1 Crack detection using surface photos

Figure 4.1 shows a round specimen of steel which was exposed to cyclic load. Photos were
obtained from a small inner part during the fatigue experiment. Figure 4.2 shows how micro
cracks were initiated and how micro cracks grow during the experiment.

Figure 4.1: Round specimen of steel

With the R package crackrec decribed in Gunkel et al. (2012) micro cracks can be detected.
Figure 4.3 shows the detected cracks after 18.000 load cycles. With the package crackrec, crack
cluster can determined. Crack clusters are connected sets of pixels below a given threshhold.
Such a crack cluster is shown in Figure 4.4. The longest shortest path through the crack cluster
is then a crack path, which is shown on the righthand side of Figure 4.4.

Here is of special interest the micro cracks which are initiated in the beginning. An example of
detected micro cracks after 1.000 load cycles is shown in Figure 4.5. In this image 131 cracks were
found, where the maximum length of a detected crack consisted of 27.72 pixels. The data set
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Figure 4.2: Development of micro cracks

Figure 4.4: The longest shortest path (righthand side) through a crack cluster (lefthand side)

S01 B30 X _62.425 Y 212.250 erg cracks.asc provides the size of the detected crack clusters,
the length of the detected crack paths and the coordinates of the start and end points of the
crack paths.

The question is, how to model the crack initiation. One possibility is to model the initiated
micro cracks by spatial Poisson point process. A Poisson process is a stochastic process.
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Figure 4.5: Image after 1.000 load cycles without and with detected micro cracks

4.2 Point processes for crack initiation

4.2.1 Definition (Stochastic process, see e.g. lacus 2008, p. 14)
Let (2, A, P) be a probability space. A stochastic process on X with state space S is a family
of random variables Y = {Y (z); v € X} = {Y,; = € X} defined on Q and with values in S, i.e.

Y ={Y(z); 1€X} =Y pex : Q3w — Y(w) =Y sex(w) = {Y(2)(w); z € X} €S*.

a) If X = IN, then Y a discrete-time process.

b) If X = [a,b] C R with a <b, then'Y Is a continuous-time process.

c) If X ¢ R? with d > 1, then Y is a spatial process, also called random field.
d) If S =R, then Y is real valued stochastic process.

Note that 8% is the space of all functions f: X — S.

If ¥ ={1,...,n} and § = R then {Y(x); z € &} = (Y(1),...,Y(n)) = (Y1,...,Y,) is a

n-dimensional random vector.

4.2.2 Definition (Simple point process, see Jacobsen 2006, p. 10)

A simple point process is a sequence T = (1},)n>1 of [0, 00]-valued random variables (events)
defined on (92, A, P) such that

a) P(0<T1 §T2§):1,

b) P(T,, < Ty41,T, < o0) = P(T), < o) for alln > 1,

¢) P(lim, 00 T, = 00) = 1.

If T = (T)))n>1 does not satisfy Condition c), then T = (T),)n>1 is called simple point process
with explosion.
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4.2.3 Definition (Counting process, Jacobsen 2006, p. 11/12)
Let T = (T,,)n>1 be a simple point process. The associated counting process N = (N(t))i>0 =
(Nt)t>0 Is a continuous time process with

Ny =D Mg y(Tn).
n=1

Hence N; counts the number of events in the time interval [0,¢] and Ny = 0. A counting process
is a stochastic process with state space S = Ng := NU{0}. For P-almost all w € Q, the samples
path N.(w) : RT 2 ¢t — N;(w) € Ny belongs to the space W of counting process paths,

W={we N§+; w(0) = 0, w is right-continuous, increasing, Aw(t) =0 or 1 for all t > 0}

with RT := [0, 00) and Aw(t) := w(t) — w(t—) where w(t—) := lim4; w(7). The functions in W
are also called cadlag functions (cadlag = continue a droite, limite & gauche).

Having a random variable N with values in W, then the associated simple point process 7 =
(Tn)n21 is given by

T,, = inf{t > 0; N; = n}.
In particular, we have
T, <t<= N; >n.

Since any w € W is a right-continuous, increasing step, it defines a discrete measure on R given

by
>, o«

t;Aw(t)=1

where ¢; is the one-point (Dirac) measure on ¢, i.e. €(A) = 1 4(t) for all A € B, if B denotes the
Borel-o-algebra on R. Hence each path N(w) defines a discrete measure on RT given by

o = M (w) = Z € = Z €T, (w)- (4.1)

;AN (w)=1 neN; Ty, (w)<oo

Denoting with P(R™) all discrete measures on R, then
M:Q3>w— Mw) € PR

is a random measure, the counting measure.

4.2.4 Definition (Point process on R?, see e.g. https://en.wikipedia.org/wiki/Point_process)
Let (Q, A, P) be a probability space. If P(R?) is the set of all discrete measures on R? equipped
with a appropriate o-algebra, then the random variable (random measure)

M:Q3w— Mw) e P(R?)

is called point process on Re. It is called simple point process if M(w)({z}) = po({z}) € {0,1}
holds for all z € R? for P-almost all w.



Christine Miiller, Statistics of Reliability and Material Fatigue, WS 2021 /22
4 Crack initiation 97

The random discrete measure M can be also represented via the points (events) as in the one-
dimensional case given in (4.1), i.e

M = Z €x,, or M(w Z €X,(w), respectively,
n=1
where X, : Q — R% n =1,2,..., are random vectors providing the event point (see Baddeley et
al. 2006, p. 3).

4.2.5 Definition (Cox point process, Poisson point process)

(see e.g. https://en.wikipedia.org/wiki/Point_ process)

Let A : R? — R be a integrable function and set A(B fB x)dx for any B € B?, the Borel-
o-algebra on R%.

a) A point process M is called Cox point process if

(i) for any B € B¢, M(B) has Poisson distribution with parameter A(B), i.e. the density
of M(B) is given by p(k) = A(B) e~ MB),

(ii)) M(By),...,M(By) are independent for any finite collection of disjoint subsets
Bi,...,B; € B%.

b) A Cox point process is called a Poisson point process if \ is the constant function so that
A(B) = \||B||, where ||B|| is the Lebesgue measure of B.

¢) The function X is called the intensity function of the process. If it is constant, then it is called
intensity parameter.

Testing a Poisson point process

If it should be tested whether given points z1,...,zy € R? are realizations of a Poisson point
process, then the following simple test can be applied: Divide the space in L d-dimensional
disjoint intervals Iy,..., I}, of equal size and determine the number of points falling in Ij, i.e.

my = #{n; z, € I;},

for I =1,...,L. The numbers my,...,my, are realization of random variables M; = M (Iy),...,
My, = M(Iy). The nullhypothsis is then that Mj,..., My, are i.i.d. with Poisson distribution.
The parameter A of this Poisson distribution can be estimated by the maximum likelihood
estimator. Having the estimator A, the expected number of observations in each interval is A. If
A > 5, then the x? goodness-of-test given by Definition 2.6.1 can be used by replacing Np; by P\
and N; by my. Since only one parameter, namely A must be estimated, the parameter dimension
r is here 1.
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Chapter 5

Crack growth and degradation

5.1 Fatigue crack growth equations

The most famous fatige crack growth equation is the Paris-Erdogan equation given by (see e.g.
Sobczyk and Spencer 1992)

da m
W:C(AK) , (5.1)

where a is the crack length, N is the number of load cycles, C and m are material constants,
K is the stress intensity factor and A K = Kmax — K} j;, is the stress intensity factor range.
Thereby it is used

K =oY+/ma,

where Y is a geometry parameter and o is a uniform tensile stress perpendicular to the crack
plane. Using Ao = omax — 0yyi, as the range of the cyclic stress amplitude we obtain

AK =AcY+/ma

so that (5.1) becomes
da
— m m/2
N C(AcY /7)™ a™>. (5.2)

Since the number of load cycles N is a measurement of the time, we will use here ¢ instead of
N. Instead of a, we will use I for the length. Moreover, we set 6 = C (AoY\/m)™ and 0 = F.
Then (5.2) becomes

dl
— =0 1%. 5.3
dt ¢ (5.3)

This is an ordinary differential equations.
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5.1.1 Lemma
Equation (5.3) has the following solutions depending on 05:

(i) 92: 1=>l:l(t) :Qo'eXp(el-t)
with 6y > 0,
(ii) O <l=1= l(t) =qQq (t — ao)az

1 1
with ag <t, a3 = (91 . (1 — 92))1*02, Qg = >0,
1—106
(iii) O >1=1= l(t) =071 (Oé(] — t)_OQ
with ag >t, a1 = (91 . (92 — 1))9;E1, Qg = L > 0.
0y — 1
Proof
L o0l 0
(1) 5= 5o exp(01-t)] = 0o - exp(6y - 1) - 61 = 01 -1,
. Ol 0 o 0 1 1
(i) 5= lon - (t—0)™) = = |01 (1= 62)) =% - (t — ag) =7

= (- (1- 92))ﬁ (L—=6)7 " (t— ao)ﬁ_l
oy L 1—0y 1 169
= 911702 (1= 0)T%2 (1 —60y) 7% - (t— )T 10

e o o
= 917 2 '917 2. (1 —92)1*92 : (t —()40)1*92

zey(w1«1—%»t%.@—a@t%)®

= 91 . (041 . (t — Oé())a2)02 = 91 . 162.

Part (iii) is an exercise. [J

However, in Example 1.0.3, the independent variable is the length [ and the dependent variable
is the time ¢. Hence we have to calculate the inverse #(l) of the functions ¢(I) of Lemma 5.1.1.

5.1.2 Lemma
The inverse function t(l) of the functions I(t) of Lemma 5.1.1 are:

(1) 92:1:>t:t(l):ﬁo+ﬁ1-ln(l)
with By =~ In(6o) . 61 = 5.
(il) Oy <1=t=1t(l)=po+ b 1"

1

ag

1 1
with 50:a0<t,51:<—> >0, fo=—>0,
aq Q2

(i) 0y >1=t=1t(l) = o+ B 17

1
1\ —e2 1
with ﬂ0:a0>t,ﬂ1:—<a—l> 2<O,52:—Oé—<0.
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Proof
(i) 1=1(t)=10g-exp(br-t) < In(l)=1In(0y) + 61t
. (60) < t = 1) = fo+ By - (),

1
t=—-In(l)— —-1
& m n(l) m n
1

() 1=10t)=a1-(t— )™ < <ail> =t - ag

1
@t:ao+<ai> fot=t)= o+ B - 1%,
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5.2 Crack growth prediction via (non)linear models

All models obtained by Lemma 5.1.1 and Lemma 5.1.2 are linear or nonlinear in the unknown
parameters. Since crack growth is not deterministic, a simple stochastic version of these function
can be obtained by adding a random error. This will lead to the following models.

Linear model:

Y, = 6y + 01 1og(zy,) + E,,

Nonlinear models:

= Oy exp(b1zy,) + En,

01 (z, —00)" + E,,
01-(0p —20)" %2 + E,,,
= Oy+6,2%2 +E,,

SN
A~ N~
N O Ot =
S N N N

where we have in model (5.7)

unbounded growth if 8; > 0, 65 >0
bounded growth if 8; < 0, 65 < 0.

A linearized model of model (5.7) is

Y, = 00+ 01z, + 02z, log(zy,) + Ey.

If the errors are normally distributed, exact predictions intervals for the linear models, are given
by Theorem 3.4.3. Theorem 3.4.9 provide approximate prediction intervals for the nonlinear
models. Thereby the errors must be not normally distributed, since the Theorem 3.4.6 holds for
more general distributions.

5.2.1 Example (Virkler data)
For the Virkler data reasonable models are the nonlinear model

T, =00 + 6112 + B,
and its linearization
Tn = 90 + 91 ln + 92 ln log(xn) + Ena

where T}, is the time variable and [,, are the given length values. Figure 5.1 shows the results for
prediction for one series.

Figure 5.2 shows the main drawback of using independent additive errors. These additive errors
can only model measurements errors so that shortly after the last available observation the
prediction intervals are already very large. However one would not expect a big jump after the
last observation since the crack length depends very much on the crack length of the last time
point. Hence there is a stochastic dependence between observations. Therefore it is better to
use an approach based on a stochastic processes like the Wiener process, the Gamma process or
processes given by stochastic differential equations.
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Linearized model: prediction for x >= 35 Nonlinear: prediction for x >= 35
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Figure 5.1: Prediction for the Virkler data with a linearized and a nonlinear model

Nonlinear: prediction for x >= 35

26

Time
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Crack length = x

Figure 5.2: Prediction for the Virkler data with a nonlinear model

5.3 Birnbaum-Saunders model

Birnbaum and Saunders (1969) proposed a very simple model for crack growth where the crack
growth process is a deterministic functions disturbed only by one random variable.
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5.3.1 Definition
The Birnbaum-Saunders degradation process Y = {Y (x); x > 0} is given by

Y(z)=pzr+oZz,

where p > 0, 0 > 0, and Z is a random variable with standard normal distribution.

5.3.2 Definition (First passage time / time to failure, see e.g. Kahle et al. 2016, p. 12)
If ¢ > 0 is a given critical value and Y = {Y (z); x > 0} is a time-contimuous process then

Xe:=inf{z > 0; Y(z) > ¢}
is called the first passage time of the value c¢ (time to failure at ¢) of the process Y.
Since Y is random also X, is a random variable. Therefore, it has cumulative distribution

function Fy, and a density fx, given by fx, (z) = Fx (z). Moreover Y (x) > y with y > ¢
implies X, < x so that we get with the formel of total probability for any y > ¢

PY(x)>y)=PY(z) >y, Xc<zx)= /01‘ PY(x) >y | X.=2) fx.(2) dz. (5.8)

5.3.3 Theorem
The cumulative distribution function Fx, of the first passage time of ¢ of a Birnbaum-Saunders
degradation process Y = {Y (x); x > 0} is given by

Fx (z)=1-9® <CU_;;> ;

where ® is the cumulative distribution function of the standard normal distribution.

Proof. Since

oA

becomes positive for large x for any Z, the process is possibly at first decreasing but then always
strictly increasing if z is large enough. Hence it holds X, < z < Y (x) > ¢ so that

Fx.(2) = P(Xe < 2) = P(Y (2) Ec):P(uHaZx/Ezc):P(Zz Cg_j;).m
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is always negative for z > 0 and

limc_'ux:lim< ¢ Mﬁ)zoo, lim C_j_$:lim< ¢ —'uﬁ>:—oo,

20 o+\/x zl0 \ 0 \/T o

the function

c—pw
1- @ < a >
o\zT
is a strictly increasing function from 0 at z = 0 to 1 for x — oco. Hence it is a cumulative
distribution function of a lifetime distribution.

5.3.4 Definition (Birnbaum-Saunders distribution)
T has a Birnbaum-Saunders distribution if its cumulative distribution function Fr is given by

Fr(t)=1— <CJ_\;‘;>

for t > 0.
The Birnbaum-Saunders distribution is a lifetime distribution with three parameters u, o, and
c. If T has a Birnbaum-Saunders distribution then

2 2 4

c o o 50
B(T)=—-+—, var(T) = E(T?) — (E(T))? = ¢ + —,
(T) PR (T) (T7) — (E(T)) PR

see Kahle and Liebscher (2013).
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5.4 Wiener processes for modeling degradation processes

Crack grwoth is a special form of degradation. A simple model for degradation is given by
the Wiener process. It bases on the Brownian motion which is a time-contimuous process with
normal distribution.

5.4.1 Definition (Brownian motion / Wiener process without drift, see e.g. Tacus 2008, p. 18)
A real valued stochastic process B = {B(z); x > 0} is called a Brownian motion (Wiener process
without drift) if

(i) B(0) =0,
(ii) B(l’Q) — B(l’l) ~ N(O,l’Q — l’l) for all 0 S I § 9,

(iii) the increments B(x;y1) — B(x;), i = 1,...,n, are independent for allm € IN, n > 1,
and 0 < a1 <9 < ...< Tpy1-

The Brownian motion is a Gaussian process. In particular,

(B(xl)v s 7B(xn)) ~ Nn(om 2)7

where 0,, is the n-dimensional vector consisting of zeros and the matrix ¥ is given by ¥ =
(min(z;,x;))i j=1,..n. This implies B(z) ~ N(0,z) and B(xza — x1) ~ N(0,22 — 1) so that
B(xg - xl) ~ B(JZQ) — B(ml)

A realization b = {b(z); * > 0} of B = {B(z); x > 0} is a continuous function b : [0,00) — R
and is called path.

A Brownian motion on [0, £] can be simulated with the following algorithm (see e.g. Iacus 2008,
p. 19): Devide the interval [0, €] into a grid such that 0 =1 < 29 < ... < xy_1 < oy = § with
Ax =z —ax; fori=2,...,N and set B(0) = B(z1) = 0 and ¢ = 1. Iterate then the following
steps:

l.i=1+1
2. Generate a random number z from the standard normal distribution, i.e. from N(0,1).

3. Set B(z;) = B(xi—1) + 2V Ax.

4. If i < N, go to step 1.

The simulated process will approach a realization of the Brownian motion the better the smaller
Ax is.
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5.4.2 Definition (Wiener Process / Brownian motion with drift, see e.g. Kahle et al. 2016, p.
11)

A real valued stochastic process W = {W(x); x > 0} is called a Wiener process (Brownian
motion with drift) if

W(z) = px + o B(x),

where p € R, 0 € (0,00), B = {B(x); © > 0} is a Brownian motion. The parameter p is called
drift parameter and the parameter o is called volatility parameter. The Wiener process is called
Wiener process with positive (negative) drift if u >0 (u < 0).

5.4.3 Lemma
The Wiener process satisfies for any x4 > x4 > 29 > x1 >0

) (0) =0,
) (z2) — W (z1) ~ N(p(ze — 1), 0% (29 — 1)) for all zo > 1 >0,
(1it)  W(xe) — W(x1) ~ W(xg — 1) for all zo > x1 > 0,
) the increments W (x;41) — W(x;), 1 = 1,...,n, are independent for alln € IN,n > 1,

w
w
0<x; <22 < ... < Tpy1.

Proof. (i) is clear. For (ii) and (iii) note that

W(xg) — W(xl)
= pxe — pxy +o0B(xg) — oB(x1) ~ p(ry —x1) + 0 B(xy — 1) = W (29 — 21).

(iv) follows from the independence of B(x;t1) — B(z;), i=1,...,n. O
Here we will assume without loss of generality that the drift parameter satisfies p > 0.

Now we consider the first passage time x. of a value ¢ of a Wiener process W. The continuity of
any path {w(z); x > 0} implies w(x.) = ¢ so that X. = z if and only if W(z) =

More precisely, X, =z = W(z) =¢c, W(z) =c= X, < z.

Hence we obtain with (5.8) for any y > ¢

P(W () > y) = / CPW () >y | W) = o) fx.(2) dz

Lemma 5.4.3 (i) P W(z)>y—c|W(z)—W(0)=c) fx.(z) dz

Lemma 5 4.3 (

’“U

W(z) >y —c) fx.(2) dz

Lemma543(2“ P g;—z >y—C)ch( )dZ

c\c\c\c\

1_Fsz( ¢)) fx.(z) dz (5.9)
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where Fyy ;) is the cumulative distribution function of W (xz). Differentiation with respect to y
leads to the integral equation

Fwio (@) = /0 sy — o) fx.(2) d=. (5.10)

5.4.4 Lemma (See e.g. Kahle et al. 2016, p. 14)

IfW = {W(x); z > 0} is a Wiener process without drift, i.e. with y = 0, then the cumulative
distribution function Fx, and the density fx. of the the first passage time X, of the value c are
given for any x > 0 by

Fy,(z) =2 (1—<1> <ch>>

and

F (o) = S exp (=5
= ———- X —_—
Xec 271'0'21'3 p 20_2$ )

respectively, where ® denotes the cumulative distribution function of the standard normal dis-
tribution.

Proof. At first note that

-1 ¢ c 2
Fl (2) = —20' [ - ) — - - .
pAC) <O‘ :E) 2 ovVad \2rolzs exp( 202:13)

To prove the form of Fx, (x), we use the fact that W(x) = oB(z) holds for all > 0. This

implies with % ~ N(0,1)

B
P(W(z) > y) = P(oB(z) > y) = P ( () L) —1-0 <L> : (5.11)
In particular, we get for y =cand z < z

P(W(x—z)>y—c):1—q)<a\y/%>:1—<I)(0):1.

\)

Using this in equation (5.9) leads to

P(W(x) > ¢) = /0 CPW(r—2) >y o) fx.(e) dz= /0 L ) dz= L (o)

which provides with (5.11) the assertion. O
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Obviously, the function Fl, is strictly increasing with

lim Fy,(z) = lim 2(1—<I>< ¢ >> =2(1 — ®(0)) = 1

T—00 T—00 O\

and

lim Fy, (z) = lim 2 <1—<I>< ¢ >> :2(1— lim <I>(z)> = 0.

zl0 z]0 O+\/T Z—00

Hence Fx, is indeed a cumulative distribution function, the cumulative distribution function of
a special Lévy distribution and a special Inverse Gamma distribution. It is also the limiting case
of the inverse Gaussian distribution with mean parameter p — co.

5.4.5 Definition (Lévy distribution)
T has a Lévy distribution, shortly T' ~ L(u, \), with mean parameter p > 0 and shape parameter
A > 0 if the density fr is given by

for t > p.

5.4.6 Definition (Inverse Gaussian distribution / Wald distribution, see e.g. Kahle et al. 2016,

p. 16)
T has a inverse Gaussian distribution or Wald distribution, shortly T ~ TN (u,\), with mean

parameter p > 0 and shape parameter \ > 0 if the density fr is given by

2
[ CA(t — p)? [ -
Jrt) =\ 50 eXp< (2#%#) ) ~Voms &P (gt )

for t > 0.

The expectation and variance of a random variable 1" with a inverse Gaussian distribution can
be given explicitly and are simple as those of the Birnbaum-Saunders distribution, see Kahle and
Liebscher (2013).
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5.4.7 Theorem (See Kahle et al. 2016, p. 16)
If W = {W(x); x > 0} is a Wiener process with drift yi and volatility o2, then the density fx,
of the first passage time X, of the value c is given for any x > 0 by

— ux)? c (1= Lg)?
ch(l’) _ (C Y ) > _ o exp <_M) ,

c
Vomo2a3 < 202z V2ma3

ie. X, ~IN (ﬁ, 0—22)

Proof. We have to show that fx, satisfies the equation (5.10) given by

fw () = /0 Jw(a—2)(y —©) fx.(2) dz.

Since W (x) ~ N (ux,0?z) according to Lemma 5.4.3, equation (5.10) has the form

1 (y — px)?
V2rolx 202z

- [ e (U e ()

Dividing this equation by the left-hand side leads to

_ [ T ex L z 2
= /0 V2ro? \/(33 —2)23 P < 20 A )> i (512)
where
Az) = —$uw)2 L =c - Ai(ﬂzc —2)? . (e —:2)2
_ 2l = 2)(y — pa)? +az(y — pr — (e — p2))? +a(e — 2)(c — p2)?
xz(x — 2)
@ —2)(y — pa)? +aa((y — pr)® - 2(y — pa)(c — pz) + (e — p2)?) + x(@ — 2)(c — pz)?
xz(x — 2)
Ry ) 2y — )l — p2) a2 — o)’
xz(x — 2)
_ (zy — prz)? — 2(zy — paz)(xe — prz) + (vc — prz)?
xz(x — 2)
_ (ey —pwz—ze+ pxz)? _ (- xc)? _ (sy—zc+zc— xc)?
xz(x — 2) xz(x — 2) xz(x — 2)
— (z(y—c)—(x—z)c)2 _ (miz(y_c)_c)2
N xz(z — 2) N T '
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Now we use the substitution u = 2% leading to z = 135 =: ¢(u) with ¢(0) = 0, limy— 0 p(u) =
w?
14+ wu)r —ux x
gpl(u) — ( ) 5 — 55
(1+u) (1+mu)
and
ur T+ xu —ux T
rT—z=0— = = .
1+u 1+u 1+u

The substitution rule

o(b) b
2)dz = U "(w) du
/M o(2) /af’“”( ) ()

provides then for the right-hand side of equation (5.12)

/Ox \/21702 \/(;\ii)z?’ (P <_% ' A(z)> o

/0’” \/2;02 \/(w Zf<x)3 - <_i ' A(z)> "
/ooo \/in2 \/(C\/} e <— S R C)2> e

1+u

[ (e () )

_— . exp p—
Vorolz uld

This integral equals to one since it 2is the integral of the density of the inverse Gaussian distri-
bution with mean ﬁ and shape 5—. Hence the equation (5.10) holds. For the proof that fx,
is the unique solution of (5.10) see Kahle et al. (2016), p. 17/18. O

Up to here, we have assumed that the stochastic process Y starts at xg = 0 with Y(0) = 0.
However, the first passage time of the value ¢ can be also of interest when the Wiener process
starts at xg > 0 with W(xg) = wy. Then we define the first passage time X, as

X :=inf{z > zp; Y(z) > c}

and have a similar result about its distribution as for the Wiener process.
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5.4.8 Definition (Shifted inverse Gaussian distribution)
T has a shifted inverse Gaussian distribution, shortly T ~ SIN (u, A, to), with mean parameter
u > 0, shape parameter A > 0, and shift ty > 0 if the density fr is given by

(=t 1\?
o At —to— )2 _ A\ A<—;ﬁ 1)
)3

21 (t — to 212 (t — to) 2m(t —to)3 ¥ 2t — to)

fr(t) =

for t > tg.

5.4.9 Theorem (See Kahle et al. 2016, p. 16)
IfW = {W(x); x > x0} is a Wiener process with drift u and volatility o? starting at W (zg) = wo,
then the density fx, of the first passage time X, of the value c is given for any x > ¢ by

¢ — wy (C—wo—u($—ﬂco))2>
x) = exp | —
fx.(@) 2mo2(x — )3 P < 202(x — xq)
2
c—wo (c_au?}O)z (1 — C_ﬂwo (x — w0)>
- Z €Xp - ’
27 (z — x0)3 2(x — o)

e X~ STN (50, 50E ).

o2

Proof. See Kahle et al. 2016, p. 16/17. O
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5.5 Statistical inference for Wiener processes

Although the path (realization) of a Wiener process w = {w(x); = > zo} is a continuous
function w : [0,00) — R it can be observed only at given points . < zy so that we
have only observations w(x1),...,w(xs). To be more general, we assume that eventually several
processes, J processes, are observed, eventually at different time points z1; < ... < zp; ; for

>
<

j=1,...,J. Then the available observations are w(j)(:nl,j),...,w(j)(x1j7j) with j = 1,...,J.
w(j)(a:l,j),...,w(j)(xlj,j) are realizations of W(j)(xlvj),...,W(j)(x1j7j) for j = 1,...,J. We
assume here again g ; = 0 and W )(:L'Q’j) = 0 for simplicity. Set

Sij = Tij — Ti—1,j
fori=1,...,1;, j=1,...,J. Then the increments
yij = w (@i z) — w (@i )
are realizations of independent variables
Yij =W (i) = WO @i 5) ~ N(ul@iy — zim1), 0% (w15 — wie15)) = N(psij, 0° si)

fori=1,...,1;, j=1,...,J according to Lemma 5.4.3. Set

with realization

wy = (WD (211),. .., 0wV (@), .., w D (@), w @, )T

Then according to Lemma 5.4.3, the likelihood function for the data set wy is given by

0% = [T T e e (-~ Y2002l
7 . i 27TO’2SZ'7J' 2023i,j
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5.5.1 Theorem (See Kahle et al. 2016, p. 27)
Set N = 25:1 I;. Then the maximum likelihood estimator (fi,5?) for (p,0?) based on wy is

given by

= = s

J I; J
Zj 1 ZiJ 1 54,5 zj—l L.
52 — Z Z ym Msw

S;
jlll Y

J I; J (J)
i Zj:l Zijzl Yi,j Zj 1 W

Proof. The loglikelihood function is

S g )2
L(p, 0w, = Z <—— In(2mwo?s; ;) — W) .
, irj

Hence we get

<.

% |w* _ EJ: zl: 2(3/@',9 /U’Sl,j Si,5 _ Z Z Yij — KSij ﬂsz,y —0

202
7j=11i=1 0756, 7j=11i=1
J I J I J Ii
2] 1 22l Vi
ZJ 1Zz 15,3

j=1i=1 j=1i=1

and

J I
9 11 (yiy — psiy)®
L 2 x) = __ »J 5]
o2 (e, 07| wy) ; £ < 2 52 20—432’]
J 1 1 J J
— NO_2 — Z (yl,] /Lsz,j) 0_2 _ = ZZ (yz,] ,USZJ)
7j=114i=1 Si’j N j=1i=1 Si,j

That the maximum is attained at (7i,52) follows as usually for the normal distribution. (]
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5.5.2 Theorem
The information matrix for a single increment Y; ; is

lpory Vi) ={ 5 1

and the information matrix for the whole data set W, setting N = ijl I;, is

7ol PO T,
LWy = [ 2 0 ) [ = o
(/J,,O' ) * N N
0 0T 0 30T

Proof. The proof of Theorem 5.5.1 provides

9 Yij — 1Si
8,& In fu,o’Q (yl,j) o2
and
11 (yij — psig)?
o2 B o2 (9ig) 202 + 201s; ;
so that

0 2 Yij — usij 2 0%sij S
Eu,o2) ([%1nfw2(nj)} > = Euo?) <[T] =T T o

Euon (| 0502 03)| |z 1 e 0 >D
o] s )

(Yij —psig) | (Yij— ,Usm)g
= E(lho.Z) <— 20_4 + 20’63ij = 0,

9 ’ 11 (Yiy = psiy)]”
E(u,02) ([@lnfu,ﬁ(nj)} ) = B(uo?) <[_§§ * ]2043”- j ]

A .2 \4
= Ejo) <L_ (Yij — psij) I (Yij — psiy) )

404 206s; ; 40833]
4.2
. 1 B O'2Si7j 30 Sij . 1
40t 200s;;  4o8s 23 204"



Christine Miiller, Statistics of Reliability and Material Fatigue, WS 2021 /22

116 5.5 Statistical inference for Wiener processes

The form of I, 52)(Ws) follows from the fact that

1;

J
“70—2 Z I(u,o-Q

=1 i=1

<.

.

because of the independence of the Y; ;. [

Kahle et al. (2016) also consider the situation that zo; > 0 and w(j)(ajo,j) are unknown nui-
sance parameters for j = 1,...,J. In such case, the maximum likelihood estimators and the
information matrix are more complicated.

5.5.3 Theorem (Compare Kahle et al. 2016, p. 27)
If imyn o0 + 25:1 x7,; = M > 0 and (1i,0%) is the maximum likelihood estimator for (u,0?)
then Cy given by

02 204 ;
7=1
or
o, (= p)? & (2 — 0%
Cn(wi) = (1, 0%); =9 wag,] + 254 N < X2;1—a
j=1

are asymptotic (1 — a)-confidence sets for (ju,?).

5.5.4 Remark
Note that N = Z;’ 1 I; = 00 means J — oo or I; — oo, compare Kahle et al. (2016), p. 24/25.

However the second case implies+ 7 z _1%1;,j — 00 since lmy 00 z =121, = = M. Hence the
second case is usually not satisfied for degradation processes,

Proof. Because of limy_ o % Z}Izl x5 = M >0 we have

.1 40 .
ngnoo NI(MUQ)(W*) = 0 ﬁ =: (4,02 (5.13)
so that
0 12 D -1
implying

VNI, << ;‘2 > _ ( :2 )) Ly N (03, Ioxo)
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or with (5.13) and the Lemma of Slutzky

(Hguoty (W) (( 22 ) - ( ” ))
1 1/2 ZZ 7 D
- (wa,ﬂ)(w*)) W s ) T\ o2 ) TN O

Hence we have

((2)-(8)) ([ 2)-(5)) =

or using again the Lemma of Slutzky and the convergence of maximum likelihood estimators

(2)-(5)) mmmr((2)-(2)) =

which provides the assertion. [J

Now we want to determine a prediction interval for the first passage time Xc(l). In particular, we
want to determine this if the first process satisfies v := maX{w(l)(aji,l); i=1,...,11} < csothat

we want to determine a prediction interval for the first passage time Xc(l) of c after xo 1=z, 1.

5.5.5 Theorem

Ifwo := wW (21,1), ga(i, N, to) is the a-quantile of the shifted inverse Gaussian distribution with
mean pu, shape X\, and shift tg, 0 < n < ny < 1 with no — 1 = 1 — a1, Cy is an asymptotic
(1 — ap)-confidence set for (u,0?) then Py given by

2

U(M,a)e(C(w*) [Qm (%7 (C_U#)zJ?O) y Qo <C_Mw0, (C_O_UQ}O) ,:E())} , Ifv<ec

[Tig—1,1,Tiy,1] With ip = arg min{s; w(l)(aji,l) > c}, ifv > ¢,

Py(w) = {

is an asymptotic (1 — a1 — awg)-prediction interval for the first passage time Xc(l) of ¢ of the
process WO which is observed until xo = xy,,1 With w(l)(xo) = wg.

5.5.6 Remark
Note that here the level of the prediction interval is (1 — a3 — ag) instead of (1 — ay)(1 — ag)

as we had before. This is due to the fact that X" depends on W) (x11),..., WO (27, 1) and
thus on W,. Note also that nothing is to predict if v > c.

Proof. Set V :=max{WW (z;1); i=1,...,I;}, Wo = W (), and

c—wg (c—wp)?
qn@-(/hUz?wO) = Qp; < M ’ o2 7x0>
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for ¢ = 1,2. In particular V < ¢ implies Wy < ¢. Then we have

Plue,02) (Xc(l) ¢ PN(W*)>
= Pl ( ) ¢ Py (W), v>c)+P(u*02 ( ) ¢ Pn(W,), V<c)

= P(u*,o'%) (Xc(l) gé U [q7]1 (Myaza WO)?Q??Q(:“? 027 WO)] 7V < C) +0
(1,0)ECN (W)

= P(u*,crf) (Xc(l) ¢ U [(]171 (M, 0-27 WO)) qne (:uv 02, WO)] >
(1,0)ECN (W)

(s, 02) € Cy (W), V < c)

+ P(u*,az) (Xc(l) ¢ U [qﬁl (M7027WO)7(]772 (#70-27W0)] 5
(1,0)€CN (W)

(1, 02) € CN(WL),V <€)
P(u*,az) <Xc(1) ¢ [Qm (M*,Uf,Wo)jqnz (/‘*70'37 WO)] V< C)
+ P o2) (s, 02) & Cy(W)) -

IN

)

Since V' depends only on W(<m , we obtain with the tower rule

lim P(MMUE) <XC(1) ¢ PN(W*))

N—o00
< ]\;I;E)noo P(M*,a'g) (Xc(l) ¢ [QTh (M*?Uza WO)7Q772 (,LL*, 037 WO)] 7V < C) + a2
= lim Bz (XD & g, (e, 02, W0), o (1,02, W) |} IV < €}) + 3

= ngnoo E(u*,af) (E(u*,az) <H{Xc(1) ¢ [Qm (M*,Jf, WO),an (uwff,Wo)]}
1V < c}‘W(l)(az)xng)) + o

= Z\}E)noo E(u*,cﬂ) (E(,u*,az) <]‘I{Xc(1) ¢ [Qm (M*) 0-37 WO)7 Qns (M*v 0-37 WO)]}‘W(I) (:E)wSEo)
]I{V < C}) + a9
()
< B, 02) (- I{V < ¢}) 4+ o < a1 + as.
Thereby () follows from Theorem 5.4.9 and the fact that the stochastic part of W) given

W (2)p<ny = W (1) <z, is a Wiener process W starting at o with W (zg) = w® (zq) = wy.
U
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5.6 Gamma processes for modeling degradation processes

Although the Wiener process tends to increase for p > 0, it is not strictly increasing. A strictly
increasing stochastic process is given by the gamma process. It bases on the gamma distribution
so that we give at first some properties of the Gamma distribution. These can be shown easily by
the Laplace transform (also called moment-generating function) of a real-valued random variable
which provides a unique characterization of the distribution.

5.6.1 Definition
If T : Q — R is a random variable then L : R — R is a Laplace transform of T' if

Lr(s) = E(e*T)
for all s € R.

5.6.2 Lemma
If T ~ G(A, B) then the Laplace transform of T for s > 0 is given by

Lrls) = <)\is>ﬁ'

Proof.

00 B ¢B—1 B 00 B B8-1 3
brte) = / o A(i =5 E / % = i e
0 0

5.6.3 Corollary
IfTy,...,Tn are independent with T,, ~ G(\, 8,,) forn = 1,..., N then Zﬁf:l T ~ G(A, 25:1 Bn)-

Proof. The independence of T7,..., Ty implies

Lyw g (s)= B (e Emm )

N —sT N —sT N A Bn A Z'{Y:lﬁn
B E(EG >: 1E(e ):H<A+S> :<A+s>

n= n=1

which is the Laplace transform of a random variable with G(A, Zivzl fBr,) distribution. O

5.6.4 Corollary
If T ~G(\ B) and ¢ > 0 then ¢TI ~ G (%,5)



Christine Miiller, Statistics of Reliability and Material Fatigue, WS 2021 /22

120 5.6 Gamma processes for modeling degradation processes

Proof.

Lor(s) = B (e77) = <A+Asc>ﬁ - (%i)ﬁ

which is the Laplace transform of a random variable with G (%, 5) distribution. [J

5.6.5 Definition (Gamma process, see Kahle et al. 2016, p. 68)
Let B : RT — R* be a non-decreasing and right-continous function with B(0) = 0 and A > 0. A
real valued stochastic process Y = {Y (z); = > 0} is called a Gamma process with shape function

B and rate A, shortly Y ~ GP(\, B), if
(i) Y(0) =0,
(ii)) Y(x2) — Y(x1) ~ G(\, B(z2) — B(x1)) for all 0 < z1 < x9,

(iii) the increments Y (x;11) — Y (x;), i = 1,...,n, are independent for alln € IN, n > 1,
and 0 <21 <22 < ...< ZTpy1-

5.6.6 Lemma
Y ~ GP(A, B) has the following properties:

(i) cY ~GP (%,B) for all ¢ > 0.

(i) Y(zg) = Y(z1) = Y(x3) — Y(22) + Y(22) — Y(21) ~ G(\, B(x3) — B(x2) + B(x2) — B(z1))
for all T3 > 29 > 21 > 0.

(iii) Y (z2) > Y (x1) for all zo > 1 > 0.
(iv) Y(x) ~ G(X\, B(x)) for all z > 0.

(v) If B satisfies B(x) = bx for all x > 0 then Y (z2) — Y (x1) ~ Y (xo — 21) for all zo > 1 > 0,
which means that it has stationary increments.

Proof. (i) follows from Corollary 5.6.4 and (ii) from Corollary 5.6.3. Property (iii) follows from
(ii) which implies Y (z2) — Y (x1) > 0. Because of Y (z) = Y (x) — Y (0) ~ G(\, B(z) — B(0)) =
G(\, B(z)), the property (iv) holds. For (v) note that

Y(22) = Y(z1) ~ G(A, B(x2) — B(1))
= G\, b(ze — 1)) =G\, B(xga —x1) — B(0)) ~ Y (22 — 1) — Y(0). O

If B is a continuous function then, according to Lemma 5.6.6 (ii), a Gamma process Y ~ GP(\, B)
satisfies

y(@:é(y(%)w(ﬁ%)).
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However, a path (realization) y of a Gamma process is a pure jump process with infinite countable
jumps in a bounded interval. In particular,

Y(z) = Z Vnﬂ[o,t](Un)
n=1

where M = Y | ey, v,,) is a Poisson (counting) random measure on R? with intensity measure

e—U

v(du,dv) = p(du)—dv
v

where ¢ is the measure on Ry with ¢([0,z]) = B(z) for all z > 0, see Kahle et al. (2016), p.
71-74.

A path (realization) y of a Gamma process Y ~ GP(\, B) on [0,¢] can be simulated with the
following algorithm (see Kahle et al. 2016, p. 81): Divide the interval [0, ] into a grid such that
O=zp<z1 <22<...<x7-1 <xr=¢and set Y(0) =Y (z9) =0 and i = 1. Tterate then the
following steps:

l.i=e¢+1.

2. Generate a random number z from G(\, B(z;) — B(zi—1)).
3. Set y(xi) = y(wi-1) + 2.

4. If i < I, go to step 1.

The simulated process will approach a realization of the Gamma process the better the smaller
max{z; —x;—1; i =1,...,1} is.

The points y(0),y(x1),...,y(xr) can be interpolated to get the complete path. However, since
the path of a Gamma process is a pure jump process, a better approximations are

1
y(l_)($) = Z y($l—1)ﬂ[wif17mi)($)
i=1
or
1
y(1+)($) = Z y(fpi)ﬂ(rifhmi} (‘/E)
i=1

so that y)(z) < y(z) < yH)(z). Since these approximations are piecewise constant, it is
difficult to determine first passage times. Therefore Kahle et al. (2016) provides improved
approximations on the Pages 84-89.

Since the Gamma process is nondecreasing, the distribution of the first passage time X, of a
critical ¢ is easy to obtain.
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5.6.7 Theorem
The survival function Fx, of the first passage time X, of a Gamma process Y ~ GP(\, B) is
given by

Fx.(x) = Fg(B))(0),

where Fgy p(s)) is the cumulative distribution function of the G(\, B(x))-distribution.

Proof. Since X, := inf{z; Y (z) > ¢}, it holds
Fx.(z)=PX.,>2)=PY(z)<c)=PY(z)<c)= Fg(\,B(z))(c)

because of Y (z) ~ G(\, B(z)) according to Lemma 5.6.6 (iv). O

The distribution of X, has no nice form. However, an a-quantile can be easily calculated using
the fact that the cumulative distribution function Fx (z) = 1 — Fx, () = 1 — Fg(\ p(x))(c) is
strictly increasing in x. The following algorithm with an given small € > 0 can be used:
Set g = 0 and z; > 0 arbitrary.
While Fx_(x1) < a set xg = 21 and x1 = 2.
While |Fx, (x1) — a| > € do:

if Fx, (%) < aset xg = WFTQ“,

if Fx, (%TJ”“) > aset rp = %2””1.

For the statistical inference, again the path (realization) of a Gamma process y = {y(z); = >
xo} can be observed only at given points z; < ... < zy so that we have only observations
y(x1),...,y(xr). To be more general, we assume here aigain that eventually several processes,
J processes, are observed, eventually at different time points 1 ; < ... <wxp ; for j=1,...,J.

Then the available observations are yU)(xy ), ...,y (z 1;,7) which are realizations of Y (zy4),
. ,Y(j)(x1j7j) for j =1,...,J. We assume here again z¢; = 0 and Y(j)(ajOJ) = 0 for simplicity.
Then the increments

2=y (i) =y (wiory)
are realizations of independent variables

Zi5 =YD (wiz) = YD (@io1g) ~ G\, Biy) — Blwi-v,))
fori=1,...,I;,j=1,...,J. Set

V=YY (z),..., YD (@ 0), ., YD), Y (@, )T,
with realization

yo = (W D(@12), - v O(@n ),y @),y @ )T
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Then the likelihood function for the data set w, is given by

J Ij )\B(wm»)—B(wi,lyj)Z'B'(mi,j)_B(mifl,j)_le—)\zi’j

(A, Blys) = E E P(B(a;,-;f— B(wi-1;))

Maximum likelihood estimators can be only obtained if the function B : [0, 00) — [0, 00) is given
by a parametric function B(#) with § € RP. The simplest function is given by B(t) = bt so that
¢ =beR. With

fori=1,...,1;,j=1,...,J we get then

However, also in this case, the maximum likelihood estimator has no simple form and must be
calculated numerically. Also the information matrix is complicated. Therefore we present here
only the naive (plug-in) prediction interval. For more explicit forms of the maximum likelihood
estimator and the information matrix, see Kahle et al. (2016), p.113-117.

5.6.8 Theorem (Naive (plug-in) prediction interval)

If g (A, 0) is the a-quantile of the first passage time X(EO) of ¢ of the process YO ~ GP (X, B(h)),
0<m <mn<1withn —m =1—a, and (\,0) is a consistent estimator for (\,0) based on y.
then P given by

P(y.) = [qm (X 5) » e (X’ 5)}

(0)

is an asymptotic (1 — «)-prediction interval for the first passage time X¢ ' of ¢ of the process

y©),

5.6.9 Remark

If a Gamma process Y starts at zo > 0 with Y (xg) = o, i.e. only (i) of Definition 5.6.5 is not
necessarily satisfied, then the process Yy with Yp(z) = Y (z + z¢) — yo is a Gamma process in
the sense of Definition 5.6.5 with By given by By(z) = B(x) — B(zp). In particular, for the first
passage time, we have X, := inf{z > xo; Y (z) > ¢} and

Fx,(x)=P(X.,>x)=P(Y () <c)=P(Y(x) —yo < c—1yo)
= PY () —yo < c—yo) = P(Yo(r —20) < c—yo) = Fg(x,Bo(w—20)) (€ — Y0)-

Hence also prediction intervals for the first passage time of ¢ > yo of the process Y1) can be
constructed if the process is observed already until y(l)(ajo) = 1p.
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5.7 Crack growth via stochastic differential equations

The Paris-Erdogan law describes crack growth by the differential equation

dl
— = 0,1%.
dat !

5.7.1 Lemma
The differential equation given by the Paris-Erdogan law has a solution for 65 # 1 given by

L=1(t) = aq(s(t — ap))*? (5.14)

1
with s = sign(l — 92), sag < St, a] = (91[8(1 — 92)])@, Qg = m > 0.

Proof. Since

1
saog—1  1=g; — 1

- =0y and — =1—16y

SO -0, SO

we get
1 sap—l sag—1 1
I'(t) = sagaq(s(t — ag))* 2L s = aga; o °™ [(s(t — ap))**?] s2 = aga;*?1(t)?
1 1 (1-0

= gy Ok B TE T = 0. O

5.7.2 Lemma

(i) The inverse form of the solution (5.14) is
t=t(l) = Bo + 117

s

with By = oo, 1 28(6%1)@2; Pa = 2.

(ii) The function t is then a solution of the differential equation

@t _
dal

1
with s = sign(B1) = sign(Ba), 0o = Bo, 61 = s fa(s51)%2 >0, o =1~ 5.

01 (s(t — 0p))%

Proof. We prove only (ii) for s = —1 since the case s = 1 is an exercise. For s = —1, we get

1—-L

= —(—51)% (—51)1_% B2 (lﬁz) g

Ba—1
B pmatt = () (1)

N _(_Bl)%& (50 —Ho—h 152>1_@ = _(_/81)%52 (Bo —t)l_%
= 6 (—(t—60)".0
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Hence we have in both cases a deterministic differential equation of the form

dy _

7 = Oilsly - 00))”, se€{-1,1},

where y = [, x =t in the original form and y = ¢, x = [ in the inverse form.

We obtain a stochastic differential equation (SDE) if we add to the deterministic differential
equation an error term

dY (z) = 01(s(Y (z) — 69))%2dz + 0g, (2, Y (x)) dE(x). (5.15)

Often E(x) = B(z) is the Brownian motion. However, it could be also the Gamma process or
some other stochastic process. Then the process given by Y = {Y (x); x > 0} is also a stochastic
process.

The process given by (5.15) with E(z) = B(x) is a special case of a diffusion process.

5.7.3 Definition (Diffusion process, see e.g. lacus 2008, p. 33)
A real valued stochastic process Y = {Y (x); x > 0} is called a diffusion process if

dY (z) =b(z,Y (z))dx + o(z,Y (z)) dB(x), (5.16)

with drift b : R* x R — R, diffusion o : RT x R — R and initial value Y (0).

Hence the drift and diffusion of the process given by (5.15) are given by

b(z,y) = 01(s(y — 00))", o(z,y) = 09, (2,y).

Special cases are the Ornstein-Uhlenbeck (Vasicek) process, the Black-Scholes-Merton process
(geometric Brownian motion), and the Cox-Ingersoll-Ross process.
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5.7.4 Definition (Ornstein-Uhlenbeck / Vasicek process, Black-Scholes-Merton process / geo-
metric Brownian motion, Cox-Ingersoll-Ross process, see e.g. lacus 2008, p. 43-48)
A diffusion process Y = {Y (x); x > 0} is a
1. Ornstein-Uhlenbeck / Vasicek process if
dY (z) = (b1 — B2Y (2)) dz + B3 dB(x), (5.17)
ie b(z,y) =1 — Py, o(z,y) = Ps,
2. Black-Scholes-Merton process / geometric Brownian motion if
dY (z) = =Y (z)dx + B3 Y () dB(x), (5.18)
ie b(z,y) = —Bay, o(z,y) = B3y,

w

. Cox-Ingersoll-Ross process if
dY (z) = (p1 — B2Y (2)) dz + B3 /Y (x) dB(z), (5.19)
Le. b(x,y) = 51 - 52 Y, O'(ﬂ?,y) = 53 \/ﬂ

The stoachastic differential equation (5.16) is interpreted as

Y(x) =Y(0) + /Ox b(u,Y (u)) du + /Ox o(u,Y (u))dB(u). (5.20)

The first ingral is the usual Riemann integral, only applied to a random function so that this
integral is a random variable in R. Its realization is the Riemann integral of [ b(u,Y (u)(w)) du.
The second integral is a stochastic integral.

5.7.5 Definition (Stochastic integral / It6 integral, see e.g. lacus 2008, p. 30, 31)

Let II,,([a, b])new be a sequence of partitions of [a,b] C R such that II,,([a,b]) = (zf, 27, ..., z]),
a=ux5 <z} <..,rp ; <zp=>bandlim,cmax{z]  —27; j=0,1,...,n -1} =0. If
Z : Q — Rl jg a stochastic process on [a,b], then the stochastic integral

b
I(Z):/ Z(u) dB(u)

with respect to the Brownian motion is defined as the limit in quadratic mean of I(Z (”)), where
Z™) is a simplified process of Z defined by

ZM(2)(w) = Z(a})(w), for 2t <z <al,

and
n—1 n—1
1(2™) =" 20 (@) {B(alyy) — B}y = 3. Z() {B(a]4) — B@))}.
j=0 Jj=0

The convergence I(Z(™) — I(Z) is not in the usual sense since B has no finite variation.
However, 1(Z™) and I(Z) are random variables so that E ([I(Z(")) —1(Z)]?) — 0 must be
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satisfied. If this is satisfied, then Z is called It6 integrable. Necessary for this is that

/b E(Z(u)?) du < oo (5.21)
a
is satisfied and that

Z is a stochastic process adapted to the natural filtration of the Brownian motion (5.22)
which means that Z(z7) and B(27, ) — B(z}) are independet for all j and n. This a reason why

the step function Z(™(-)(w) is defined via the values of Z(-)(w) at the beginning of the intervals

of [7,27,) and not in the middle of these intervals.

5.7.6 Lemma (See e.g. Tacus 2008, p. 31-33)
If (5.21) and (5.22) are satisfied so that the stochastic process Z : Q@ — Rl®! is Ito integrable,
then

a) E(I1(Z™)?) = 5 E(12™ @) (241 - 23),
j=0

b) E</abZ(u) dB(u)) ~0,

c) var < /a bZ(u) dB(u)> — /a bE(Z(u)Z) du  (It6 isometry).

Proof. )
a) Property (5.22), E (B(xng) - B(m?)) =0, and E <[B(ac§?+1) - B(x;%)} > — 2%, —a? yield

2
n—1
E([[(Z(">)]2) =E|( [ > 2@} {B@},) - B=})}
=0
n—1 n—1
P22y 3 E(20 @) 27 ) {Blagi) - B)) - E(Blafi) - B(a)
j=01=j+1
n—1
+ E(Z(n)(wgz)2> E([B(m?_i_l) B(w?)f)
=0
n—1
= S E(E ) - o)
=0

b) The assertion follows from

n—1
E(1(2)) = 1 E(1(20)) "2 tim " E(Z() E (B(#}) — B(a})) = 0.
j=0

n—o0
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c) The assertion follows from a) and b) using Riemann integration in the last step

var (I1(2)) 2 E (1(2)%) = lim E( 1(2™) 2)

n—o0

b
@ i E (2@ (w4 — 23) / E (Z(u)?) du. O

n—o0

5.7.7 Lemma (See e.g. Tacus 2008, p. 33)
IfY : Q — Rl*Y and Z : Q — Rl are Ito integrable stochastic processes and k,l € R, then

b b b
/(kY(x)—i—lZ(a:))dB(x):k/ Y(a:)dB(a:)—i—l/ Z(x)dB(x).

5.7.8 Lemma (See e.g. Tacus 2008, p. 33)
Ifa,€ € R then

a) /05 0dB(z) = a /05 dB(x) = a B(€),

!

3
) [ Bl ) = 3 BEe? - &

Using the It6 formula, the process given by (5.16) or (5.20), respectively, can be given more
explicitely for special diffusion processes.

5.7.9 Lemma (It6 formula, see e.g. Tacus 2008, p. 38)
Let be Y : Q — Rl® a stochastic process and f : Rt x R 3 (z,y) — f(z,y) € R a twice
differentiable function on both x and y with

x x 2 x
fea)i= LD pay) = 2L g0,y = TS,
Then
f(z,Y(z)) = £(0 /fqu du+/ fy(u, Y (u)) dY (u /fyyuy ) (dY (u))?

or in differential form

df (z,Y (2)) = fo(2,Y (2)) du+ fy(2,Y (z)) dY (2) + %fyy(x, Y (2)) (dY (x))*.

Integrals with respect to dY (u) are defined as for the Brownian motion. However integrals with
respect to (dY (u))? are more complicated. But (dB(u))? can be treated like du. Moreover terms
of the form (du - dB(u)) and (du)? are of order o(du) so that they can be neglected.
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5.7.10 Lemma (Black-Scholes-Merton process / geometric Brownian motion, see e.g. Iacus
2008, p. 39,40)
The SDE given by (5.18) has the solution

V() = Y (0) exp { (52 - 5—;) )

for x > 0.
Proof. Set
52
fan) =y ep{(~5-F )+ s},

Thus, f(z, B(z)) = Y (z) and

2
fr(x7y)) = <_52 - %) f(:Evy)’ fy($7y)) = 3 f(:Evy)’ fyy(xyy)) = 5% f(:Evy)

The It6 formula yields

1Y () = df(o. B(e) = ( £l B@) + (o, ) ) do+ (0. Bla) aB(a)

B3 1 oo
— <<— — 7) Y(z)+ 553 Y(x)) dx + B3Y (x)dB(z) = =2 Y (z) dx + B3 Y (x) dB(z),

which is (5.18). O

This result is a special case of a more general result which is obtained by using f(z,y) = log(y)
in the It6 formula, namely that

Y(xz) =Y(0) exp {/Ow <b1(u) — %Ul(u)2> du + /090 o1(u) dB(u)}
is the solution of the SDE
dY (z) =b1(z) Y(x)dz + o1(z) Y (x) dB(x),

see lacus (2008), p. 39.
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5.7.11 Lemma (Ornstein-Uhlenbeck / Vasicek process, Cox-Ingersoll-Ross process, see e.g.
Tacus 2008, p. 44 and 47)
The SDE given by

Y(z) = (B1 = f2Y(x))de + B3 Y ()" dB(x),
with v € R has the solution

_ B

Y (x) 5

+<Y(0) g;) e 2% 4 By /0 " ata=u) Y (u)” dB(u) (5.23)

for x > 0. In particular the SDE given by (5.17) has the solution

Ve =G (Y0 - 5) e [ e an

and the the SDE given by (5.19) has the solution

Y(z) = ﬁ1+<Y(O) 51) —5“‘+5/ Ba2e=w) /Y (u) dB(u)

B B2
for x > 0.
Proof. Set
flzy) =ye™”
Then

fl‘(x7y)) = 52 f(xvy)v fy(‘rvy)) = 662x7 fyy(xay) =0,

so that the Ito formula provides

Y (z) %% = f(z,Y(x)) = £(0,Y(0)) + /Om Bo Y (u) €”2* du + /x P2 d(Y (u))

0

— Y(0)+/Oxﬂ2Y(u) eﬁzudu—i-/oxeﬁzu(ﬂl—ﬁgY(u))du—F/x P2 B3 Y (u) dB(u)

0
— Y(0)+ % (eﬁzx - 1) + B /0 P20 Y () dB(u)

— ’81 5296 _@ ! 62u
= Dy - s / ¥ (u)" dB(u).

Multiplying by e=#2? yields the assertion. [J

The simulation of the Black-Scholes-Merton process (geometric Brownian motion) is easy ac-
cording to Lemma 5.7.10: as soon as the Brownian motion has been simulated, it can be directly
used to get the Black-Scholes-Merton process (geometric Brownian motion) (see Iacus 2008, p.
25). For the simulation of the Ornstein-Uhlenbeck / Vasicek process and the Cox-Ingersoll-Ross
process, also a Brownian motion must be simulated, but then it must be used in the It6 integrals
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appearing in Lemma 5.7.11. This is done by using the approximation of the It6 integral given
by Definition 5.7.5, see Iacus (2008), p.45.

Hence to simulate the solution Y(x) given by (5.23) use a fine partition 0 = zj < 2} <
xr_, <z =z and calculate

O
Tj41
Y (2j41) = % * <Y<xj> - %) e + By / e B@nm Y () dB ()
;
~ A ! —B2xj41 —B2zjt1 - B2 x; v
~ ot Y(O)—ﬁ— e Tt 4 Bgem it N " B2 Y (1)1 Z,
2 2 i=1
®) % + <y($j) - %) e B2 (@jr1—a5) 4 ﬁge—ﬁz(xjﬂ—xj)y(xj)vzj‘
2 2

Thereby (*) follows by the recursion
A
Y(zj41) = 5

( ]+1) 52

N % i [% i (Y(xj—l) - %) e ) o foe R ETEY (25 0)1 25

B @] e~ B2 (Tjt1—z;) +ﬁ3e_52(xj+1_xj)y($j)yzj

_h

i <Y(wj) 2> e PR 4 Gpem Rl n)Y (2)17

o

_ & . _& —B2 (zj41—wj-1)
T B (Y(x]_l) 52) ‘

+ By P2 ==Y (g1 )V Z; g + By P2 )Y (1)1 Z;.

However, the solution of a diffusion process given by a stochastic differential equation is not
always known. Then a solution can be simulated by the Euler-Maruyama approximation of the
SDE. It uses the approximations of the integrals in the interpretation of the SDE in (5.20) via a
stochastic integral.

5.7.12 Definition (Euler-Maruyama approximation, Iacus 2008, p.62)
Let Y be a diffusion process given by

dY (z) = b(z,Y (x))dx + o(x,Y (x)) dB(x)

and 0 = xg < 21 < ... < ay—1 < xny = & a partition of [0,£]. Then the Euler-Maruyama
approximation of Y on [0, €] is given by

Y(2iy1) = Y (@) + b(z, Y (20)) (Tig1 — 24) + o (24, Y (1)) (B(wig1) — B(w3))

fori=0,1,...,N — 1.

The Euler-Maruyama approximation is the better the smaller the step lengths x; 11 — x; are.



Christine Miiller, Statistics of Reliability and Material Fatigue, WS 2021 /22

132 5.8 Crack growth prediction via stochastic differential equations

5.8 Crack growth prediction via stochastic differential equations

Assume that a diffucion process Y is observed at points 0 = zg < 21 < ... < any_1 < zny =&
so that y, := y(x,) for n = 0,..., N are the observations. The observations y, := y(x,) are
realizations of Y, := Y (z,,) for n =0,..., N. The aim is to predict Yr := Y (2xp) with xp > zy.

If a diffusion process has a explicit solution with known conditional distributions, then an un-
known parameter 6 can be estimated by maximum likelihood estimation. This is the case for the
Black-Scholes-Merton process / geometric Brownian motion, the Ornstein-Uhlenbeck / Vasicek
process and the Cox-Ingersoll-Ross process.

5.8.1 Lemma (Ornstein-Uhlenbeck / Vasicek process, see e.g. Tacus 2008, p. 45)
IfY (z) is the solution of the SDE given by (5.17) then its conditional distribution given Y (0) =
y(0) is a normal distribution with

B

b AL
Ba a '

2832

EY (@)Y (0) = y(0) = 2+ (y<o>

) 5% var(Y (@)Y (0) = y(0))

Proof. This follows from Lemma 5.7.6 b) and c) using the explicit solution of the process given
in Lemma 5.7.11. In particular, we have with 5.7.6 b)

E ( /0 " - fala—u) dB(u)> =0

and with 5.7.6 c)

x x 2
var </ e P2(z—w) dB(u)> :/ (e‘ﬁz(x_“)) du
0 0

T ) _9
0

2/32 o 2B 232

5.8.2 Lemma (Black-Scholes-Merton process / geometric Brownian motion, see e.g. lacus 2008,
p. 39,40)

If Y (z) is the solution of the SDE given by (5.18) then its conditional distribution given Y (0) =
y(0) is a lognormal distribution with

E(Y ()IY (0) = (0) = n(y(0) + (51— 558) 7. varln¥ ()Y 0) = y(0)) = -

Proof. The assertion follows at once from the logarithm of the explicit solution given by Lemma
5.7.10

2

In(Y () = In(¥ (0)) + (m - %) ©+ By B(x)

and B(z) ~ N(0,z). O
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The conditional distribution for the Cox-Ingersoll-Ross process is more complicated and can be
found for example in Tacus (2008), p.47/48.

5.8.3 Definition (Maximum likelihood estimation, see e.g. Iacus 2008, p. 111)
If fo.v,|Yn_1=yn_, 1S the density of the conditional distribution of Y, given Y,y forn =1,..., N,

then the maximum likelihood estimator for § based on the oberservations g, y1,...,YyN Is given
by
R N
6 e argmax [ fovavs 1myn 2 ().
n=1

5.8.4 Definition (Point prediction for SDEs) R

If fo vu|yy=yn 1S the density of the conditional distribution of Yp given Yy and 0 is an estimator
for 0, then the point predictor for the expectation Ey(Yp|Yn) of the process at future time
Tp > xN is given by

EYEYM) = [ 0 Fyy vy )

It is more difficult to find prediction intervals. Moreover, the conditional distribution of Y,, given
Y,_1 is only known in rar cases. Therefore we use now an appromiation strategy for SDEs of
the form

dY (z) = b(0,Y (z)) dz + o b(6, Y (z)) dE(xz) (5.24)

with & = (6p,61,02)" and a process with independent increments, i.e. FE(x3) — E(x1) and
E(z4) — E(x3) are independent for all (z1,x2), (z3,t4) with 0 < x; < 29 < 23 < x4. This could
be the Brownian motion but other processes are also possible.

In particular, b(f,y) = E(H,y) is possible. This process makes sense if the volatility increases
proportional to the drift term. It has the advantage that it has only a four-dimensional unknown
parameter vector ¢, namely ¢ = (6o, 61,62,0).

5.8.5 Theorem (Prediction intervals based on confidence sets for dependent observations)

If the distributions of Y1, ..., YN, Yr are continuous and only dependening on an unknown param-
eter ¢, Fy, ¢ is the cumulative distribution function of Yr, 0 <7y <2 <1 withmy—n; = 1—ay,
and C given by C(y1,...,yn) is a (1 — agy)-confidence set function for ( based on y1,...,yn, then
P given by

]P)(ylv"'vyN) = U [F;Fl,c(ﬁl),F;;g(?h)
CEC(y1,--yn)

is a (1 — a1 — aw)-prediction interval function for Yp.

Proof. At first note that for any underlying parameter (,

P (Vi€ [Pyl m) Bl m)]) = B (Frle 0m) = Frec. (Frle.tm) =m—m =1-
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is satisfied. Then we obtain for any (:

P (Ve ¢ P0G, Y)) =P [Yeg U [Frlelm) Bl c(m)
CEC(YlvvyN)

= po v U [FLn) B )] Gecm,. vy
CeC(Y1,...,YN)

P | ved U [F ) B m)] L Gogcon,. v
¢eC(Y1,...,YN)

P (Yi & [Fyl e m). Pyl ()] ) + P (G # €Y, YN)) < a4 0. O

IN

5.8.6 Remark

IfY,..., Yy, Yp are independent distributed, then P given by Theorem 5.8.5is a (1—a1)(1—a2)-
prediction interval function for Yz according to Theorem 2.7.6. However, the independence not
given here.

Strategy for calculating an approximative (1 — 2a)-prediction interval for Yr based
on yi,...,Yn:
1) Find a (1 — a)-confidence set Cspr(y1,...,yn) for ¢ = (8g,01,02,0)" by grid search.

2) Fix a number M of simulations.

3) For each ¢ € Cspr(y1,...,yn):
3.1) simulate paths y((,zn) = yn, ¥"((,zN41), -, Y™ (¢, zF) of the SDE
form=1,..., M,

3.2) calculate the median ¢(0.5, (), the a/2-quantile ¢(a/2,(),
and (1 — o/2)-quantile ¢(1 — «/2,¢) of {y' (¢, ), ...,y (¢, xF)}.
3) Prediction of Yp: median of {¢(0.5,¢); ¢ € Cspr(y1,.--,yn)}-

4) Prediction interval: Pspe(y1,-- -, Un) = Ucecspn,...om)[0(/2:¢),a(1 — /2, ()],

Construction of the confidence set

For the construction of the confidence set, we use the duality between statistical tests and
confidence sets, i.e. the (1 — a)-confidence set Cspp for ¢ = (Ao, 01,02,0)" is the set all ¢, so
that a a-test for Hy : { = (, is not rejected.

Define the following residuals

Y, —Y, 1 — b(é*, Yn—l) (ﬂjn - l'n—l)

V@n — 20 1) 04 b(0s, Y1)

Resy(Cx) =
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and the following sums

1 N
SI(C*) = mnzz:zResn(C )

S2(Gh) = -1,

\/—FZ Resn(.)?

_ 1 - 3
S3(C) = m;Resn(C*%

N

1
VN —1y/105 — 32 E_;(Resn(c*)‘* —-3).

S4(C*)

5.8.7 Definition (Residual-Moment-Test (ResMom-Test))
Reject Hy : ¢ = (, if

there exists j = 1,2,3,4 with [S;(C«)| > an0,1),1-a/s-
5.8.8 Theorem
Let be E,, = E(z,,). If B, — E,—1 ~ Eqy foralln=1,...,N, E(Ey) =0, E(E?) =1, E(E}) =0,

E(E]) = 3, E(ES) = 15, E(ES) = 105 then the residual-moment-test is an asymptotic a-level
test.

Proof. The Euler-Maruyama approximation (see Definition 5.7.12) provides
Y,-Y, 1= b(ey Yn—l) ($n - xn—l) + O’E(@, Yn—l) (En - En—l)

so that it holds approximately

Y~ Yot = b0, Yot (2 — 751)
(:En - xn—l) Ox 5(9*, Yn—l)

Resn(C*) =

1
(En - En—l) ~ EO
(xn - xn—l)

Q

and Ress((y), ..., Resy((y) are independent. The central limit theorem applied to Resa((y)?,
., Resn(¢)? prov1des

95(C) — N(0,1)
for N = oo and j = 1,2, 3,4 and thus the assertion using Bonferroni adjustment. [

The assumptions of Theorem 5.8.8 are in particular satisfied if the error process FE is the Brownian
motion B.

To reduce the moment conditions for Ey used in Theorem 5.8.8 and the number of test statistics,
we can regard also test statistics based on data depth. Kustosz et al. (2015) have shown that
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data depth reduces in many cases to alternating signs of residuals. Since the signs of residuals
are only important we can regard

Rn(H) = Yn — Yn—l - b(@, Yn—l) (xn — Jjn_l).
Then the depth of 8 in the data Y7,..., Yy with respect to the SDE (5.24) can be measured by

d3(07}/b7Y17"'7YN)

S (I{By,(8) > 0, Ruy(8) < 0, Ry (6) > 0}

(3) 1<ni<ng<nz<N
+I{R,,(0) <0,R,,(0) > 0,R,,(0) <0})

or
dwy@n,nym

N-3
N 72 (H{Rn(0) > 0, Rns1(0) < 0, Rny2(0) > 0, Rnys(6) < 0}
n=2
+I{R,(0) < 0,R,+1(0) > 0,Ry,12(0) <0, R13(0) > 0}).

Kustosz, Miiller and Wendler (2016) showed that a depth measure with K + 1 residuals should
be used for a K-dimensional parameter 6 so that only d4 will be appropriate here since 6 is
three-dimensional. However it turned out that the depth measure d3 works also very good for
parameters of dimension higher than 2. The reason is that ds is based on much more subsets
than d4, namely on (]g ) subsets instead of N — 4 subsets. However, the computation of d3 takes
much more time. The R Package GSignTest of Melanie Horn provides in the function calcDepth
a fast algorithm to compute K-depth. However, this package needs Rtools so that the newest
Rtools should be implemented.

> library(devtools)
> devtools::install$\underline{\mbox{ }}$github("melaniehorn/GSignTest")
> library(GSignTest)}

For example, the depth d3 of a residual vector (1, —1,1,—1,1)T is then calculated by

> calcDepth(resy=c(1,-1,1,-1,1),K=3)
[1] 0.5

Define the following statistics

(e _ L S
52 ((*) - S2(C*) - m ;(RESn(C*)2 — 1).
S;(g*) = N <d3(9*,Y1,---,YN)_i> .

... VN—1 1
&@Q__\EW@<M@JEWJ%)8>' (5.25)
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While the data depths and thus S3((.) and Sj(¢.) are outlier robust, this is not the case for
S5(Cx) given by (5.25). Hence it would make sense to replace S5((,) by an outlier robust version.

5.8.9 Definition (Depth-Test 1)
Reject Hy : ¢ = (, if

1S5(Cl > an0,1)1—aya o Si(Ce) < an(0,1),0/2-

5.8.10 Theorem
IfE,—E, 1~ Eyforalln=1,...,N, med(Ey) =0, E(E3) = 1, E(E}) = 3 then the Depth-Test

1 is an asymptotic a-level test.

Note the conditions E(E?) = 1, E(E3) = 3 are only necessary because of the use of the nonrobust
statistic S5 ((s) given by (5.25).

Proof of Theorem 5.8.10. In Kustosz, Miiller and Wendler (2016) it is shown S} ((.) —
N(0,1) for N — oo. Moreover the test statistic S;((.) indicates against the null hypothesis if

it is too small, i.e. the depth of the parameter 6 in the data set is too small. The convergence
S5(C«) — N(0,1) follows as in the proof of Theorem 5.8.8. [J

The asymptotic distribution of S3((s) follows from the result of Kustosz, Leucht and Miiller
(2016) which was shown for an AR(1) process. Since the proof bases only on the independence
and identical distribution of the residuals, the result holds for any i.i.d. residuals. In particular,
the asymptotic distribution is not a normal distribution. The a-quantiles of this distribution can
be obtained via the rexpar package. For example, the a-quantiles for o = 0.05, 0.01, 0.001 can
be obtained as follows:

> SimQuants[round(SimQuants[, 1], digits = 3) == round((0.05), digits = 3), 2]
qvals

-1.254541

> SimQuants[round (SimQuants[, 1], digits
qvals

-2.240396

> SimQuants[round (SimQuants[, 1], digits

qvals

-3.71403

3) == round((0.01), digits = 3), 2]

3) == round((0.001), digits = 3), 2]
5.8.11 Definition (Depth-Test 2)
Reject Hy : ¢ = (, if

1S5G] > avona e oF S3(G) < @l

where ¢}, is the a-quantile of the asymptotic distribution of S5((s).
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5.8.12 Theorem
IfE,—E,_1 ~Eyforalln=1,...,N, med(Ey) =0, E(E3) = 1, E(E}) = 3 then the Depth-Test
2 is an asymptotic a-level test.

Having an a-level test for Hy : { = (4, then, by the well known relationship between tests and
confidence sets, a (1 — a)-confidence set for ¢ can be constructed by

C(y1y.--yyn) = {C; Ho: ¢ = (s is not rejected}.

Prediction intervals for Yz at xr > x5 can be constructed by simulating the stochastic processes
y7*(Q), ..., y*(¢) with Euler-Maruyama approximation at L points xy < 2} < 23 < ... <z} =
zp using ¢ € C(yi,...,ys) and setting y7*(¢) = yn for m = 1,..., M. Let g™ (¢) be the a-
quantile of the simulated observations y1(¢),...,yM(¢). If M is large enough and C(yi, ..., yn)
is a (1 — ay)-confidence set then

Py, own) = |J (@ (Q)am ()]

¢eC(y1,.-yn)

with 0 <7 <me <1 and gy —n; =1 — o is an approximate (1 — a3 — ag)-prediction interval
for Yr at zp.

Some prediction intervals for ay = ag = /2 and 71 = a/4, 12 = 1 — /4 based on the residual-
moment-test and the Depth-Test 1 using b(6,y) = b(6, y) = 61(0o — y)?2 are shown in Figure 5.3.
Figure 5.4 provides a comparison of the treated prediction intervals using 34 series of the data
of Virkler et al. (1979). However, these prediction intervals were calculated by an old method
which provides smaller prediction intervals. Hence it would be good to repeat the calculation as
described above!
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Figure 5.3: Prediction intervals for the Virkler data with the residual-momemt-test and the
depth-test
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Figure 5.4: Comparison of prediction intervals using 34 series of the Virkler data
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Chapter 6

Reliability of systems

6.1 Types of systems

We assume that a system has I components. Let T the lifetime of the system, the time up to
failure of the system. The lifetimes of the components are denoted by 73,7 = 1,...,1. Of special
interest is often the availability of the system at some time t,.

6.1.1 Definition (Availability of a system and of components)
The availability of a system with lifetime T, at time t, is given by the random variable

Z* = Il(t*,oo)(T*)
with realization z, and the corresponding event is denoted by
D, :={T, >t} ={Z,=1}.

The availability of a component i € {1,...,1} with lifetime T; at time t, is given by the random
variable

Zi = n(t*,oo)(,—rz)
with realization z; and the corresponding event is denoted by

A system with components in series connection is available at time t, if all components are
available at time ¢,.
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6.1.2 Definition (Series system)
A system is called a system with components in series connection at time t, if

1 1
D,=(\D; or Z.=][]%
=1 i=1

respectively. A system with components in series connection at any time t, > 0 is called a series
system.

A system with components in parallel connection is available at time t, if at least one of the
components is available at time t,.

6.1.3 Definition (Parallel system)
A system is called a system with components in parallel connection at time t, if

I I
D*:UDZ- or Z*:l—H(l_Zi)a
i=1

i=1

respectively. A system with components in parallel connection at any time t, > 0 is called a
parallel system.

A system may be available at time t, if at least K of the components is available at time ¢,.
These system are usually called k-out-of-n systems, see e.g. Kahle and Liebscher (2013), since
often the number of components is denoted by n. However, here we will call them K-out-of-1
systems.

6.1.4 Definition (K-out-of-I system)
A system is called a K-out-of-1 system at time t, if

K K
k=1

1< <9< <t <I k=1 1< <ia<.. . <ig <I

respectively. If this holds for any time t, > 0 then the system is called K-out-of-I system.

6.1.5 Example
A more complex system with 6 components is for example given by

D, = (Dl N (D2 @] Dﬁ) N Dg) U (Dl N D4) U (Dg N D5).
Then Z, has the form

Zo=1-(1-2Z1 - (1—(1—Zo)- (1 — Zg))- Zs| [1 — Z1 - Za] [1 — Z3 - Z5).
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More complex system are also possible. In particular, complex systems are given by a function
¢ : {0,111 — {0,1} so that z, = @(z1,...,2r) for all (z1,...,271)" € {0,1}!. Define ¢; :
{07 1}I+1 — {07 1} by

Gi(Yy 21y oo 21) = (21, o s Zic1y Yy Zid 1y -+ 21)

fori=1,...,1.

6.1.6 Definition (Irrelevant component)
A component i € {1,...,1} is called irrelevant in the system given by ¢ : {0,1} — {0,1} if

(,DZ'(O,Zl,... ,Z[) = gpi(l,zl,... ,Z[)

for all (z1,...,21)" € {0,1}.

6.1.7 Definition (Coherent system)

A system given by ¢ : {0,1} — {0, 1} is coherent if

(i) Each component i € {1,...,I} is not irrelevant.

(ii) ©i(0,21,...,21) < wi(1,21,...,27) foralli € {1,...,I} and all (z,...,271)" € {0,1}.

6.1.8 Example
Consider the system given by D, = D; U (D N Dy) with I = 4 components. Then we have
Z*:l—[l—Zl]'[l—Zg-Z4] and

o(21,22,23,24) = 1 —[1 — z1] - [1 — 22 - 24],
©®1 0,Z1,22,23,24)
p1(1, 21, 22, 23, 24
©2(0, 21, 22, 23, 24

( 1—0]'[1—22'Z4]:Z2'Z4,
( z
( z
2(1, 21, 22, 23, 24
( z
( z
(

-
—[1=1]-[1 =29+ za] =1 > ¢1(0, 21, 22, 23, 1),
—[1—2z] = 21,

—[1—2z1] - [1 — z4] > ¢2(0, 21, 22, 23, 24),
w3(1, 21, 22, 23, 24),

)

©3(0, 21, 22, 23, 24
©4(0, 21, 22, 23, 24

wa(1, 21, 22, 23, 24

— [1—2’1] = Z1,

—[1—2z]-[1 =22 > ¢a(0, 21, 22, 23, 24).

) =
) =
) =
) =
)=1
)=1
Hence the system given by ¢ is not coherent. However it would be coherent if the component
given by Z3 is excluded.

6.1.9 Example
A system given by

©(z1,29,23) =1 — 2z1(1 — 29 - 23)

is not coherent since 1(0, 21, 22,23) =1 > 0= 2923 = p1(1, 21, 22, 23) if 20 =0 or 23 = 0.
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6.2 Systems with independent components

In this section we assume that the lifetimes 77 ..., of the components of a system are inde-
pendent. Let the cumulative distribution function and the survival function of the lifetime of
component ¢ be Fy, ; and Fly, ;, respectively, for i =1,...,1.

6.2.1 Theorem (Lifetime of series systems)
If the lifetimes T} ..., T are independent, then the survival function Fg, ¢
distribution function Fy, g, of a series system at t, are given by

, and the cumulative

I

I
Fo,,..0,(t) = HFGi,i(t*) and Fp, o, (ts) =1~ H (1= Fp, 4(ts)) -
=1

Proof. Because of the independence of T3 ..., T we get

Fo,...0,(ts) =Py, 0,(Ts > t.) = Pa,..9,(Dy)

I I I I
= P917---791(ﬂ DZ) = HP917---791(DZ') = HPQL---,@I(TZ' > t*) = Hﬁeivi(t*)'
i=1 =1 i=1 i=1

6.2.2 Corollary
If Ty ~ EN1),...,T1 ~ E(A;) are independent, then the lifetime of a series system satisfies
Ty~ 5(22'1:1 Ai)-

6.2.3 Corollary

If the lifetimes Ty ...,Ty are ii.d. with Fy = Fp, ; and Fy = ng,i for i = 1,...,1, then the
survival function Fa* = th___ﬂ and the cumulative distribution function Fy, := Fy, g, of a
series system at t, are given by

I I

FO *(t*) = Fﬁ(t*)l and FO,*(t*) =1- (1 - Fa(t*))l .

)
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6.2.4 Theorem (Lifetime of parallel systems)
If the lifetimes T} ..., T are independent, then the survival function Fy, g, and the cumulative

distribution function Fy, . g, of a parallel system at t, are given by

I

I I
Fop0,(t) =1=[[ (1 = Fpi(t)) and Fy, g, (t) =[] Foalt
i=1 =

Proof. Because of the independence of 17 ...,T; we get

F917---791(t*) = P91,---,91(T* < t*) = P91,---,9I( *)

I 1 I
= P91,~~~,91(UDZ') == P917~~~,91(ﬂE) :Hpel,m,@ HPGL 0 (Ti < t) HFGM (ts).
=1 i=1

i=1 i=1

6.2.5 Corollary
If the lifetimes Ty ...,Ty are ii.d. with Fy = Fjp,; and Fy = F(;M- fori =1,...,1, then the

survival function Fa* = F917---791 and the cumulative distribution function Fy, := Fy, g, of a

791
parallel system at t, are given by

Fou(ts) =1— (1-TFo(t.)) and Fy.(t) = Fy(t.)".

6.2.6 Theorem (Lifetime of K-out-of-I systems)
If the lifetimes Ty ...,Ty are ii.d. with Fy = Fp,; and Fy = F(;M- fori =1,...,1, then the

survival function 797* = F917...791 and the cumulative distribution function Fy , := Fy, g, of a
K-out-of-1 system at t, are given by
L o I
Fy.(t.) = Fo(t.) (1 = Fy(ts)) " and Fy.(t.) =1 (1 — Fy(ty)) Fy(t,)
0ot = 32 (G )Pttt (= Fotea)' ™ and o -3 () s A

Proof. It holds

1
D*:{T*>t*}:{ZZi2K}:{Y2K}

i=1

with Y := Y27, Z;. Since Z; = L¢, 00)(T3) ~ Bin(1,p) with p := Pyp(Z; = 1) = Py(T; > t.) =
Fo(t.) we have Y ~ Bin(I,p) so that

F@,*(t*) =

P -
1 ! '
2 @p%l - =) Dfe(t*)i (1= Fo(t.)) .0

Q(T* > t*) = Pg(Y > K)
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6.2.7 Lemma
Iflimy oy (1 — F(y)) = 0, then the expectation of a random variable Y with positive support
and cumulative distribution function F is given by

E(Y) = /0 T - Fy))dy.

Proof. With partial integration we get with f = F”

o

/0 (1-F(y)dy=y(1—F()), —/O y(—f(y))dyz/o yfly)dy = E(Y).

6.2.8 Theorem (See Kahle and Liebscher 2013, p. 191)
If Ty ..., Tr ~ E(N) are i.i.d., then the expected life time of a K-out-of-I system T, is given by

L
>l
1=K

E(T,) =

> =

Proof. The cumulative distribution function of T} is Fp . given by Theorem 6.2.6 with 6 = \
and this satisfied for the exponential distribution of the T;’s

L= Fp.(t) = EI: <;I> (1= Fy(t) Fp(ts) " = EI: (f) (e‘”)i (1 - e‘”)l_i

i=K 1=K
1 I—i . .
I> —iAtZ <I— Z) ! VA it
= Z e 1" (—e
= (z P l ( >
I I—i )
= Z <I> eIt Z <I l_ Z>(_1)I—i—le—(l—i—l)>\t
i=K v =0
I I—i .
_ <I> Z <I l_ Z>(_1)I—i—le—(1—l))\t'
i—x \"/ 150

Hence we have lim;_,o t(1 — Fp «(t)) = 0 so that we get with Lemma 6.2.7

BE(T.) = /000(1 — Fp.(t))dt = 21: (f) Ii: (f z_ Z')(_l)z—i—z /0"" o~ (=Dt gy

1=K =0

EOEC )t OEC oty

i=K 1=0
Hence we have only to show that

(5 (gt o

=0
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holds for all I € IN and all ¢ € {1,...,I}. We do an induction over m = I —i. The base case
with m =1 —i¢ =0 < i = I is satisfies because of

O () w5 (Ot r

For the inductive step, we assume that (6.1) holds for all (¢,I) with I — i < m — 1 and prove
it for (¢,1) with I —i = m. In particular (6.1) holds then for (i,/ — 1) and (¢ + 1,I) since
(I-1)—i=1-(i+1)=1-i—1=m—1. With the binomial formula

we get

. <(I — (lz' + 1)) (—1)[- (D41 " i ) I 1)
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6.2 Systems with independent components

-0
-

=0

1)
I—1)—i

i+1) . .
<(I - (ZZ + 1)> (—1)/ (D 1 n <(I —(i+ 1)> (—1)/—(+1)-0 1 n 1

(I—1)—i a1
< ! >(_”M T

(I-1)—: .
(I=1) =i\, \(-1)—i 1
2 (7)) T=1-0
_\I-D=i—((I-1)=i) 1
) T—1- (-1 =)

) 0 (I—-0) i

I-1)—i

(I; 1)‘1 ([; 1) ( 5 ((I - ll) - i>(_1)(1—1)—i—lﬁ

)

1+ 1

IN"EY -Gt ey 1
i+1> 2 < l >(_UI(+Dl(I—n

=0

Because (6.1) holds for (¢, — 1) and (i + 1, 1), we obtain

()t

O (1) )

B I (I—-1-=a)d1 (I—-G+D))N@E+1)! 1
(I a4 (I-1)! I! i+1
1 1 1
(I—d)i I—i i
If we observe the life times T} 1,..., T\ ny of several i.i.d. systems with i.i.d. components, then

the unknown parameter 6 can be estimated by the maximum likelihood method and confidence
sets can be obtained by the likelihood ratio tests. The densities which are necessary for the
maximum likelihood estimator and the confidence sets based on the likelihood ratio test can be
obtained by differentiation of the cumulative distribution function.
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6.3 Load sharing systems

Often the failures of the components in a system do not happen independently of the failure of the
other components. This happens in particular in systems sharing a common external load. As
soon as one component fails then the load has to be redistributed over the remaining components
so that the remaining components has to carry more load. In particular the lifetimes of the
components are not stochastically independent. Such systems are called load sharing systems.

6.3.1 Example

Example 1.0.1 shows the growth curve of the crack width of an initial crack in a prestressed
concrete beam. The jumps in the growth curve are caused by the breaking of the tension wires.
Since there are 35 tension wire, up to 35 jumps could be observed. However, usually a much
smaller number of breaks are observed since then the failure of the beam happens.

The jumps can be treated as outliers and the remaining process can be analyzed by models
derived from the Paris-Erdogan equation, see Capter 5. However, these jumps are innovation
outliers and the dynamic of this process is mainly caused by these jumps. Moreover, the time
points of these jumps can be detected quite exactly by acoustical measurements. Hence in this
chapter, we will consider only these time points of jumps. In particular, we have a load sharing
system where the component of the system are the 35 tension wires. As soon as one tension wire
breaks then the remaining tension wires has to carry a higher load.

The time points 0 = Ty < T1 < Ty < ... < T7 of failures of the components of a load sharing
system can be modelled by a one-dimensional simple point process as introduced in Section 4.2.
The one-dimensional versions of the Poisson point process and the Cox point process defined in
Definition 4.2.5 are the homogeneous and the inhomogeneous Poisson process.

6.3.2 Definition (Poisson process, see e.g. Jacobsen 2006, p. 19, or Krengel 1991, p. 222-225)
If d = 1, then the Cox point process is called inhomogeneous Poisson process and the Poisson
point process is called homogeneous Poisson process or shortly Poisson process.

The failures of the components are then the events of the point process. The time between events
is sometimes called interarrival time. However, we will call here the time between two events the
waiting time.

6.3.3 Theorem (See e.g. Krengel 1991, p. 225)

Let the homogeneous Poisson process with the parameter A\ be given by the event times 0 =
Ty < Ty < Ty < .... Then the waiting times between the event times given by W; = T;11 — T;
for i € Ny are independent and identically distributed and the distribution is the exponential
distribution with parameter .

Obviously, the waiting times of a load sharing system are not identically distributed since the
failure rate increases with time. This could be modeled by an inhomogeneous Poisson process
with increasing intensity function X : [0,00] — R like A(t) = 6,t%2. However, the waiting time
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between failure depends on the number of failures which has happened before. Hence there is no
continuous increase of the intensity function but a sudden change of the intensity as soon as an
event, the failure, happens. The failure will increase the load on the other remaining components.

6.3.4 Definition (State dependent point process, see e.g. Jacobsen 2006, Example 3.1.4)

a) A simple point process given by 0 = Ty < 11 < Ty < ... is called state dependent, if the
waiting times W; = T;11 — T; for i € Ny are independent but not identically distributed.

b) A state dependent point process is a (shifted) Birth process, if the waiting times W; are
independent and have an exponential distribution with parameter \; for i € Ng.

The intensity parameter A; will not only depend on the number of failures but also on the initial
(external) load s exposed to the system. Hence we will make the following assumption.

Wi ~ E(AG(ivs))7 1=0,...,1pps <1,

and Wy, ..., Wy, are stochastically independent. Thereby I denotes the number of components
of the system and I, the observed number of failures of the system.

A simple assumption for \g(i, s)) is

(i, ) = hg <s : %)

for some function hy depending on € € ©. The term % reflects the increased internal load when
a failure has happened. In the beginning where no failure has occurred (i = 0), then the load
is only given by the initial load s of the system. If, for example, the half of the components are
failed (i = é) then the internal load is doubled. The system fails if all of the I components has
been failed so that I is maximum number of events. However, the system may also fail when a
critical number I. < I of components has failed.

6.3.5 Example (Basquin link)
If we set

ho(w) = exp(—go(x) with go(x) = o — 61 In(a)
then it is the Basquin link and we get

m(EW) =t (55 ) = ln ﬁ ~in (e (0 (5 72) )

L
T—i

I I
= gg<s-—,>:90—911n<s- >
I—1 —1

6.3.6 Example
A further example for the function hy is

~

ho(@) i= exp (~00 + 01 - — 0 -2~ ) = exp(—go(a))
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with 6 = (09,01, 92,93)T €0 =0, 00)4 and gg(x) =6y — 61 -x + 65 - z 7% so that

mEW)) =t [~ 2 Y o brs Ly (s L)
MEWR =M\ Nl s) ) — 0 T T\ T

is strictly decreasing in s and 1.

Further we assume that we have J repetitions of the process coming from J different systems
which were exposed to possibly different external load levels s1,...,s;. L.e. we observe realisa-
tions w; j,©=0,...,1;,5=1,...,J, of

WijNg()\g(i,Sj)), i:O,...,Ij<I,j:1,...,J.

),

Additionally, we have realisations w; g, ¢ =0, ..., I, of
Wi,O ~ 5()\9(Z, 80)), 7, = 0, e ,I(],

from a new system, where Iy is much smaller than I. We set Iy = —1 if no failure of the new
system was observed. Otherwise, we have Iy = 0,1,.... We assume that I. + 1 is a critical
number of failed components of the new system. The aim is now to predict

ch+1,0 = weo+...+wpo+t Wfo-i-l,o + ... W]ao, I>1.> I, (6.2)

i.e. the time up to the (I. + 1)’th failure of a component of the new system. If we can predict
the waiting time W := Wy 410+ ... Wi 0, then we can of course predict also (6.2). Thereby 1.
could be I — 1 but also a smaller value.

The prediction interval for W can only be obtained approximately via an asymptotic law. There-
fore we need additional assumptions for the design of the stress levels.

Let dj := (s1,...,57)" €0, Spmaz]” be the concrete design and ;7 := ijl es; the corresponding
design measure on [0, ;a2 ], Where eg denote the Dirac (one-point) measure on s. Then we assume

05 — & weakly for J — oo. (6.3)

Additionally, set dj := ((0,80)7,.... (Lo, s0) ", (0,81) T, ..., (T1,81) ", ..., (0, sJ)T,...,(IJ,sJ)T)T
with corresponding design measure 67 on {0, ..., Iz} X [0, Smaz)- Slnce {0,..., I} is finite, the
assumption (6.3) implies at once

05 — & weakly for J — oo, (6.4)

where § is a design measure on {0,...,1} x [0, Spmaz]-
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6.4 Estimation for load sharing systems

Since Woo,....Wr0,Wor1,---,Wn.1,...,Wo.s,..., Wy, ; are independent, we can easily esti-
mate 6 by the maximum likelihood principle, i.e.

J I
6 € arg max H H Frgtis;) (Wig)
j=0i=0

where fy(w) = Ae™™" is the density of the exponential distribution. The estimated expected
additional time Eg(WW) until the (I. + 1)’th failure is then

E;(W) = Eg(Wiyt10+ ... + Wi ) = m +.o+ m = g(0)
with
1 1
g(0) = Eo(W)= m—l—...—l—m. (6.5)
Since wqp, - .., wy,,0 are already observed, we get at once that
1 1

wo,0 + - FWro F e e
O A(To + 1, 80) g1, s0)

is the estimated expected time up to the (I, 4+ 1)’th failure.

6.5 Confidence interval for the expected waiting time in load
sharing systems

Of special interest is here the confidence interval for the expected waiting time g(6) defined by
(6.5). However, in Section 6.6 confidence intervals of other aspects of § are necessary. Therefore
let be g : © — R any function of  so that ¢(0) := %g(@) exists.

Property (6.4) implies the following central limit theorem for the maximum likelihood estimator
(see e.g. Schervish (1995), p. 421-428)

N (G—6) — N (o, 19(5)—1) ,

where N(J) = Ip+I1 +...+ 17+ J+1 are the observed events/failures in the J+ 1 experiments
and

- d . 9 R
19(5) ::/Eg <@ lnf)\g(i,s)(Wj,s) <@ lnf)\g(i,s)(Wj,s)> > 5((1(2,8))
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with W; s ~ Exp(\g(i, s)) is the information matrix. Since we have exponential distribution, the
information matrix equals (see e.g. Miiller 2013)

10(0) = [ gy Yol 5) ot 9)T B )

with A\g(i,s) := %)\g(i, s). The d-method provides then

~

N(T) (9(0) — 9(0) — N (0,5(0) 1o(3) ™ 4(6))
or, respectively,

NTT) (9(0) — 9(0))
VO TI(5) g(6)

— N(0,1).

~

I5(9) is estimated by ﬁ[( ), where

Then we have

-1
oM (ﬁ[(@)) §(8) — §(6) T Iy(5)~" §(8) in probability

for J — oo and Lemma of Slutzky provides

90) —g(0) /N (9(0) —9(9))

( _
ViO IO 90 0T (516)) " 306)

— N(0,1).

Hence an approximate (1 — «v)-confidence interval for g(0) is

[g@ — 1o IO IO 5B, 9B) + a2\ 9B TIO5(0) |,

where ¢, is the a-quantil of the standard normal distribution.

6.6 Prediction interval for the waiting time in loadsharing sys-
tems

Here we are going to construct an interval P(W,) based on

o T
W, = (Wo0s s Wio.0s Wots - s Wit s Woss - Wi,.0)
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so that

Jh_)m PQ(W[(H_LO +... W€ P(W,)>1—«

for all 6 € ©. For that we need the distribution of W := Wy 410+ ... Wi, 0.

Since Ag(Ip + 1,80), ..., (¢, So) are pairwise different, the density of W is given by (see e.g.
https://en.wikipedia.org/wiki/Hypoexponential distribution),

! I

c . _ . c )\e(k’ 30)
fvaw) = 3 Agliysp) el . 66
( ) 7::%;_1 ( ) k:[()_i_q’kaﬁi )\9(1{}7 S()) - )\9(27 30) ( )

I
= > (i, s0) e 00%0) g(0)
i=Ip+1

with a;(0) := Hﬁ: To+1 ki % Hence the cumulative distribution function is

Ic

Fp(w) == Y ai(6) (1—6—“0(%80)). (6.7)

i=Ip+1
An a-quantile b, () of this distribution can be given only implicitly, namely as
H,(0,b,(0)) =0

where

I

H,(0,b) :== Z a;(6) <1 - e_b’\"(i’so)> - a.

i=Ip+1

An a-quantile can be easily calculated using the fact that the cumulative distribution function
is strictly increasing. The following algorithm with an given small € > 0 can be used:
Set wyg = 0 and wy > 0 arbitrary.
While Fyyg(w1) < o set wg = wy and wy = 2wy .
While |Fyyg(wi) — o > € do:
it Fyg (%) < a set wy = %,
if Fyy g (%) >« set wy = %

As for independent life times, the prediction intervals can be constructed with two general meth-
ods.
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6.6.1 Theorem (Prediction intervals based on confidence sets for 6)
IfFO < m < me <1 withn —n = 1— aq, by(0) is the a-quantile of the hypoexponential
distribution given in (6.6) or (6.7), and C(W,.) is a (1 — aw)-confidence set for 6 then

P(W,) == U [bm (0), by (0)]
9EC(W)

is a (1 —a1)(1 — ag) prediction interval for W = Wy 110+ ... Wy .

The confidence sets for 6 can be constructed as in Theorem 3.2.10 or via depth tests as mentioned
in Section 5.8 since the waiting times are independent.

As in Theorem 3.2.11, prediction intervals can be contructed with the d-method for the quantiles
as well. For that, note that the implicit function theorem provides for the derivative b, (0) :=
%baw) of the quantile b, (6)

—1
2 H.6.h)
(0.5)=(0,ba(0)) 90

9

(6.5)=(8,ba(8))

ba(e) = - <%Ha(é’ 5)

which can be calculated explicitly. Setting g(0) = by, (8) and g(0) = by, (6), respectively, in
Section 6.5 provide that

~

0 = i O

~

-1 6n1<§>,oo) (6.8)

and

~

(—oo, bys(8) + @1nj2 /oy (B)T1(8) " by, @] (6.9

are one-sided asymptotic 1 — S2-confidence intervals for b, (#) and by, (), respectively.

6.6.2 Theorem
IfO <m <mo <1 withng —n1 =1 — «y, then the interval P(W,) given by

~ ~

B(V.) = (b, (6) =0,y (B) +05)

where

CRRYNWRVIMOIORING
V3 1= Q1_ay/2 \/bnz (a)TI(g)_l 6772(5)’

is an asymptotic (1 — ay)(1 — ag)-prediction interval for W = Wy, 410+ ... Wy, 0.
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Proof. The one-sided confidence intervals given by (6.8) and (6.9) provide
~ a
Py (b (0) < b, (0) =91) < 5
and
. e
Py (yu(6) > by (0) +72) < 5
Since W and 8 are independent, we obtain
lim Py(W € P(W,))
J—o00
= lm By <W > by, (6) — 01 and W < by, (8) + 62)
> lim (W > by, (8) and by, (8) > by, () — 7 and
—00
W < by (6) and by, (8) < by, (0) + 52
= Jlim Py (by, (0) < W < by, (6))
—00

(1= Py (bia(6) < by (B) — D1 01 by (6) > by (B) +72))

« (&%

> (=m)-(1-5-5) =1 —a)l-a0

Note that b, (6) can be explicitly given if I. = Iy + 1. Then we have

In(l-a) In <ﬁ>

1
balf) = " X0+ 1,so)  Ae(lo+1,s0) = <1 - a) 9(6),

where g(0) is the same as in (6.5) for the case I. = Iy + 1. Setting

5= 010y \ 9O T IB) 4(6),

the asymptotic (1 — ay)(1 — ag)-prediction interval is then

P(W,) = [ln<1_1m> (g(é)—@),ln<l_1n2> (g(é)wﬂ O

Calculation

To calculate the prediction interval, the follwoing steps are needed:

1) Calculation of the maximum likelihood estimate 9.

2) Calculation of I(é\)_l.

3) Calculation of by, (A) and by, (A) as solutions of H,), (@, bm(A)) = 0 and Hn2(§, bn2(§)) = 0,

respectively.

4) Calculation of b, (6) and b, (0).
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Figure 6.1: Logarithmic waiting times between the breaks of all experiments with pointwise
90%-prediction interval for the next wire break using data depth and the §-method.

6.6.3 Example

Figure 6.1 shows the waiting times between two breaks of the I = 35 tension wires in 11 exper-
iments as that described in Example 1.0.1. It shows the logarithmic expected waiting time for
the next break given by

m@@mﬂ):m<xﬁéﬁ>zey-%m<%.£§7>

where
ho(z) := exp (=01 + 62 In(z))
was used. It shows also the predictions intervals for W; ; in the logarithmic scale.

6.6.4 Example

Figure 6.2 shows the predictions intervals obtained by the different methods for the 20th break
in the experiment SB04 using the 0,1,...,19 breaks observed in the same experiment and the
breaks of the other 9 experiments. The horizontal line is the realized number of load cycles before
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the 20th break. Here the link function is given by

1 35 35 \ %
log(E(W; ;) = log (7)\0(1. sj)> =01 —0y-5s;- 35 + 03 - <3j 35— z)

with

hg(x) := exp (—91 +0y-x—053- x_l) .

O.
© .
I —— observed time of event 20
|- | — — d&-method
o - depth method
o © | :: ool |
[SURNEN : M ¢
p S : .
§ :; |- l: |: |
o) . M [ I
- S P |
S | R
S o | R R N P .
© N~ : N I I N . I
c S S N T
@ I | - | l: I |
€ l: : : . : . M
2 ¥ - I N A S E A R SR f:oe
5 N S DT DA R I L 1 -
GB)_ | } |: |- - I l: - P |: . : I’ ! | . | |
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& M . . S . ol |- l: |:
[S] | | . : |- . [ I I : . . :
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b

Number of observed events

Figure 6.2: 90% Prediction intervals for the 20th break in Experiment SB04 with initial stress
of 80 MPa using the results of the other 9 experiments and the breaks 0,1,2,...,19 of the
experiment SB04.

The lefthand side of Figure 6.3 shows the prediction interval for the first breaks in Experiment
SB06 with initial stress of 50 MPa using the results of the other 9 experiments with initial
stress of 60 to 455 MPa. Unfortunately the Experiment SB06 was stopped after approximately
6 months (marked by the arrow) so that only the first break was observed. This first break lay
in the prediction interval. After this, the experiment was continued with a stress of 120 MPa.
The righthand side of Figure 6.3 shows the prediction intervals calculated for 120 MPa. As
can be seen from this figure, the observed failure times are not lying in the prediction intervals.
The failures (breaks) happen earlier than predicted. This means that the first stress of 50 MPa
applied to the beam in experiment SB05 in the first half year causes already a damage to the
remaining 34 tension failures.
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SB06 with 50 MPa SB06a with 120 MPa
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Figure 6.3: Left: Prediction intervals for the first breaks in Experiment SB06 with initial stress
of 50 MPa using the results of the other 9 experiments with initial stress of 60 to 455 MPa.
Right: Prediction intervals for the first breaks in Experiment SB06a, where Experiment SB06
was continued with stress 120 MPa.
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6.7 Load sharing systems with damage accumulation

Again assume that there are J stochastically independent systems where the jth system has
I; components. Moreover, the systems are observed up to different time points 7;. Then the
failure times of the components of the jth system 0 < #;; < ... < tj; ; are realizations of
T <...< Ty and thus are realizations of the point process N; over [0, 7;] with N;(7;) = I7.
The point processes N; are stochastically independent for j = 1,...,J. Additionally, the systems
are exposed to different initial stress s; for j =1,...,J.

If the systems are load sharing systems, the following left-continuous conditional intensity func-
tion for the j’th system with I; components and initial stress s; makes sense:

Aj(t) = ho (#) , (6.10)

where hy is an increasing function depending on a parameter vector 6. This means that for ¢

with N;(t—) = 0, i.e. no failure is observed until ¢, we get \;(t) = hy (;—]>, i.e. the initial stress
J

is distributed equally over the I; components, a reason why this model is called "equal load
2s

sharing model". Moreover, for t with N;(t—) = %, we get \j(t) = hg (ﬁ) Hence, the stress is

doubled for each of the %J components which has not failed.

In particular, model (6.10) means that the conditional intensities between events are constant.
Hence the interarrival times (waitung times) W;; = T; ; — T;_1 ; have an exponential distribution

with parameter hg (%)
J

A resonable function hy is given by the model of Basquin (1910) who provided a link between
the stress o and the lifetime y by

In(y) =61 — 62 1n(0)

—1
with 8 € R and 6, € [0,00. Since <h9 (Ij—s(g—1)>> is the expected waiting time FE(Wj;), the

function hy given by
ho(x) = exp(—01 + 03 1n(x)) = exp(—0; )z

with @ = (61,60)" corresponds to the Basquin link and is a link between the waiting time for
the next failure and the stress on the non-failed components.

Set

_ 5j S
Ij = Nj(t=)  Ij — (i—1)

(6.11)

for Nj(t—) = i — 1. In particular, a;(t) and a;; might be replaced by other types of stress
a;(N;(t—)) and a;; which differ from the equal load sharing model given by (6.11). However,
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the Basquin link will be kept here. Hence the Basquin load sharing model without damage
accumulation is given by

AV (t) = exp(—01)a;(t)™. (6.12)

To get a scale invariant estimator in this model, it is approriate to divide the intensity by e.g.

1 J
T = jZTj
j=1

so that one should use

(1) = %exp(—@l)aj(t)%. (6.13)

One could use also X exp(—61)a;(t)’2. However then experiments with short test duration will
get too large weights. To extend this model to a load sharing model with damage accumulation,

at first not that

t 1 Nj(t=) Nj(t=)
A;(t) = —/0 aj(z)de = — | aj(t) [t — Z Wi | + Z ap; Wh;j
k=1 k=1

T T

accumulates the stress a;(x) until time ¢ in the sense of load sharing. To avoid the dependence of
the intensity function on the mean test duration 7, one can use also a fixed value 7y > 0 leading
to

) 1t 1 N; (t-) N; (=)
Aj(t) == —/0 aj(z)de = — | a;(t) [ t — Z Wi | + Z ;Wi
k=1 k=1

In particular flj(t) and A;(t) take into account how long the stress was distributed over the
remaining components. Thereby, the factors % and % are not necessary. However, they prevent
too different summands in the load sharing model with additive damage accumulation given
below. Moreover, a scale invariant estimator is only possible with 7.

One could use A;(t) and A;(t) inside the Basquin link. However, then the pure load sharing
model given by (6.12) is not a sepcial case of it. Two models are considered as real extensions of
the load sharing model (6.12):

load sharing with multiplicative damage accumulation given by

M () = Tioexp(—el)aj(t)ezA(t)es, (6.14)
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and load sharing with additive damage accumulation given by

S (t) = Tioexp(—el) (at) + 9321(75))62 . (6.15)

In both models, the pure load sharing model (6.12) is obtained by setting 63 = 0. However, to
get scale invariant estimators, it is more appropriate to use

MM () = %exp(—@l)aj(t)ng(t)%, (6.16)
and
NA(t) == %exp(—@l) (a;() + B3.A(2))"2 (6.17)

instead of the intensity functions given by (6.14) and (6.15), respectively.
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6.8 Likelihood function for the load sharing model with damage
accumulation

At first we derive the general likelihood function of a point process where t1 < to < ... with
t; €< (0,00) are the realizations of 77 < Ty < ... of the point process and N given by

o0

N(t) == N(t,w) = > gyt
i=1

is the realization of the corresponding count process. We follow here the approach for point
processes as given by Daley and Vere-Jones (2003). Thereby a count process N is also called
a point process, and it is called regular if it has absolute continuous densities on all bounded
subsets of (0,00). Hence, let N be a regular point process on [0, 7] for some finite 7 > 0, and let
t1 <tz <...<tp(s) denote a realization of N over [0,7]. Let f;(t|t1,...,ti—1) be the conditional
density function for an event after the event ¢;_1 and

t
Si(tlty, ... ti—1) :==1— filulty, ... ti1)du

ti—1
the associated survival function. The corresponding hazard functions are given by

fitlt, ... tiz1)

hi(t|t17"'7ti—1) = S(t‘tl L. 1)
i yee ey bi—

so that
t
fi(tlt, ..o tioa) = hi(t[t1, ... tio1) exp —/ hi(ulty, ... ti1)du | .
ti—1

The conditional intensity function is then defined by

A¥(t) =

hl(t)7 0<t§t17
hi(tlte, ... tic1), tion <t <t;i>2.

Since densities are not unique on subsets with Lebesgue measure equal to zero, they are also not
necessarily left-continuous. Therefore, let be A(¢) the left-continuous modification of A\*(¢), i.e.
A(t) = A*(t—). Then A(t)¢=o is a H;— predictable process where H;_ is the o-algebra of events
at times up to but not including t. Especially, it holds A\(¢)dt ~ E[N (dt)|H;—].

Then the likelihood L of t1,...,tn(7) is given by

N(t

L= il;[:)\(ti) exp (- /0 TA(u)du), (6.18)
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see Daley and Vere-Jones (2003) Prop. 7.2.III, p. 232.

For the load sharing system with damage accumulation, we present everything for the factor
of mean test duration. However, the same holds for a fixed value 7 if 7 is replaced by 7.

Set Wipit1y; == 7j—t1i j,J = 1,...,J, although it is no waiting time (interarrival time). However,
then

CJ(O) =0, CJ(Z) = Zakjij, 1=1,... ,Ij + 1,
k=1

can be defined as cumulutative stress for j =1,...,J.

6.8.1 Theorem

Let Ly; and L 4 be the loglikelihood function for the load sharing model with multiplicative and
additive damage accumulation given by (6.16) and (6.17), respectively. Then it holds

In(Las((61,602,03)")) (6.19)
IJ
— Z Z [—91 + 621n(ai;) + 031n <%C](z)> — ln(T)]
j=1 | i=1

I+1 03+1 O3+1
exp(=61) o1 [ (Lo (Lo
1 |2 ((Fa0 ~Cy(i—1)

=1

and
ln(LA((ela 927 93)T)) (620)
J g 1
= Z Z [—91 + 602 1n (aij + 93—C’j(i)> — 1H(T):|
=1 | =1 T
II+1 f2+1 fa+1
exp(—b1) 1 1, .. 1.,
— - i ~C. — | ay; ZC.(i—1
05(62 4+ 1) ; Qjj aj+93TC](Z) (IJ+93TC](’L )
Proof. According to (6.18), the likelihood function of realizations ¢y, ...t N(r) of a point process

N on [0, 7] with left-continuous conditional intensity function A : [0,7] — R is given by

N(t

L= E)A(ti) exp (- /0 T/\(t)dt>. (6.21)

At first, we calculate the term fOT A(t)dt for the intensity functions of the two load sharing models
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with damage accumulation. For this, note that it holds for ¢ > 0 and v > 0

b
v _ 1 v—i—lb
/a (et +)"dt = (et +d)

a

Set tg; =0 for j =1,...,J and recall N;(r;) = I.

For the load sharing model with multiplicative damage accumulation we get

| a - / " L exp(—00)a (1) A1) dr
0 T

o 1,7 eXp 0 0 eXp 0-
= Z/ a2 At 3dt+/ (;J.HMA(t)sdt
ti— 1,5 t
exp(—01) |am g, 1% [t i1 i1 &
= SR ag;_ < <t Zm) +Zakjwkj> dt
T i=1 T tz Lj k=1 k=1
03
9 I
o0 ey ), |G t_ZWkﬂ +Zakﬂwfw dt
17,5
exp(—01) | 1 A = ot [

_ N ab2 - _ . . )
- st (o m) +Zam)

i=1 k=1 k=1 .y

O3+1|7
1
0>
ti;
i 03+1 i—1 03+1
— exp(— 02—1 . . _ . .
= g1 93+1 Za <kz_1akJWk]> (k_lak]ij>
1% i O3+1 i O3+1
02—1
+oadiny | (@@ | 5= Do Wiy |+ e Wiy | — | D Wy
k=1 k=1 k=1

exp(—61) ol
= Ty |2 e (G0 -G -1

T5H1(05 +1) | &= Y

with W(Ij+1)j =T t[j’j and CJ(Z) = 22:1 akjij for i = 1, ‘e ,[j + 1.
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Fo the load sharing model with additive damage accumulation, it holds

[t = [ exp-0) (a0 + 400" a
0 o T
It exp(— i exp(—
- Z/ p(T 91) (aij + 93A(t))92 dt +/ M (a(]j+1)j + 93A(t))02 dt

i=1ti-1j trij T
02
)«

0o i—1 i—1
exp(—61) /“ 1
= — E aij + 03— |a;; t—E Wi | + E api Wi
T : J T J P J Pt J J

i=1 7 ti-1;
7 1 I 1 b2
+/ aivny; 03— {agizn; | t— Wi | + api Wi dt

j o o 0o+1 %5
xp(—by) 7 i ! 40,2 ¢ Ziw +Z§i W,
i W = | a. Z as _ ) T )
- 93(02 ) 2 ay; ] 37_ ] P kj £ kj YV kj
ti—1,j

0+1|77
1

1
+ aritn); 03— |agriay; (- D Wi |+ arWi;

(7 +1)j k=1 k=1

I"41

_exp(=0) 1 y 1., 92“_ ) 1 02+1
o 03(62+1) ;alj <<“ZJ+937_CJ(Z)> aw+037_0](z 1)

with W(Ij+1)j =T tlj,j and CJ(Z) = 22:1 akjij for i = 1, ‘e ,[j + 1.

To calculate the likelihood function, note that A(t; ;) = 1C;(i) holds for i = 1,...,I7. Hence
for the load sharing model with multiplicative damage accumulation, we get

M 1 02 1 ; 93
)\j (tij) = ;eXp(—@l)aij ;Cj(z) )

and for the load sharing model with additive damage accumulation, we have
A 1 1 o
Aj(tig) = - exp(—61) (aij + 03;0]-(1')) :

This completes the proof using the form (6.21) for a likelihood function of a point process and
using the fact that the point processes from the J systems are stochastically independent. [

6.8.2 Corollary

Let Lp = Ly or Lp = L4, respectively, be the like]ihoodAfunction for the load sharing model
with multiplicative or additive damage accumulation and @p € R3 the corresponding maximum
likelihood estimate, let Ly, be the likelihood function for the load sharing model without damage
accumulation and Oy, € R? the corresponding maximum likelihood estimate, and let Xil—a be
the (1 — «) quantile of the x? distribution with one degree of freedom. Then the decision rule
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reject Hy : O3 =0 if —2 (ln(Lw(gw)) — ln(LD(/H\D))> > X%,l—oﬂ

provides an asymptotically « level test for Hy : 03 = 0.

Table 6.1 provides p-values of the likelihood ratio test for the effect 83 for damage accumulation.
It shows that the effect 63 indeed differs significantly from 0. However, it seems that there is a
problem with the scale dependent version for the additive damage accumulation.

Table 6.1: P-values of the likelihood ratio tests given by Corollary 6.8.2 based on the scale
dependent ML estimators and the scale invariant ML estimators using 79 = 1000 for the scale
dependent version.

Model ‘ scale dependent ML ‘ scale invariant ML ‘

multiplicative damage accumulation 2.46e-06 2.46e-06

additive damage accumulation 1 1.39e-04.
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6.9 Systems with repair

This section deals with systems where components which are failed are substituted by a new one.
Thereby, it does not matter how many components the system has. In particular, the system
can consist of only one component so that the failure of the component is also the failure of the
system. The simplest case is a system where the repair happens immediately after failure. Then
the time points 0 = Ty < 17 < 15 < ... of failures of the components of a system with immediate
repair can be modelled by a renewal process.

6.9.1 Definition

The point process given by the event times 0 = Ty < T7 < 15 < ... is called a renewal process if
the waiting times between the event times given by W; = T;11 — T; for i € Ny are independent
and identically distributed.

According to Theorem 6.3.3, the Poisson process is a special renewal process, namely a renewal
process where W; has an exponential distribution.

Define again the corresponding counting process N = (N;);>0 = (N(%))t>0 by

N(t) = Loy (T0).
=1

6.9.2 Definition
The function H given by H(t) = E(N(t)) (the expected number of failures up to time t) is called
the renewal function.

6.9.3 Theorem (See Kahle and Liebscher 2013, p. 57)
The renewal function H is the unique solution of the integral equation

Ht) = F(t) + /0 H(t — ) f(u) du (6.22)

if W; has cumulative distribution function F and density f.

Proof. Set

F*(t):= P(T; < t), f*(t):= %F*"(t).

Since T; = T;_1 + W;_1 and T;_1 and W;_; are independent, it holds

= TN (s~ ) fu) du = /0 " P (s — ) f(u) du
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so that with Fubini’s theorem
Fri(l) = /0 " pri(s)ds /_ ; /_ Z P (5 _ ) F(u) du ds
= /Oo /t £ (s —w) ds f(u) du = /OO /t—u £ (s) ds f(u) du
= /OO FOD (¢ — ) f(u) du = /t F*O=D (¢ — ) f(u) du.
oo 0
This implies with F*!(t) = P(Ty <t) = P(Wy <t) = F(t) and

i=1 i=1 i—1

the integral equation

Ht)=F(t)+ ) /O FD(t — ) f(u) du
=2

= F@)+ t i FOD(t — ) f(u)du = F(t) + t i F¥(t —u) f(u) du
0 0
=2 =1

= F(t)—i—/OH(t—u)f(u)du.

Thereby, the exchange of the infinite sum and the integral is possible according to the monotone
convergence theorem of Henri Lebesgue and Beppo Levi since all integrands are nonnegative. For
the uniqueness of H as solution of the integral equation (6.22) see Kahle and Liebscher (2013).
O

6.9.4 Lemma
If W; ~ E(N) for i € INy then H(t) = At for t > 0.

Proof. We start with the righthand side of the integral equation (6.22) and get with partial
integration

t

F(t)+/0tH(t—u)f(u)du:1—e_>‘t+/0 At —u)de M du

t t
= 1—6_)\t+)\t/ )\e_)‘“du—)?/ue_m‘du
0 0
—1 ¢ t_1
= 1—e Myt (1—6_)\t>—)\2 [u—e_)‘“ —/ —e_A“du}
)\ 0 0 )\

= 1—e My At—Ate My Ate M- (1 —e_M)
= At =H(t).
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Hence H is a solution of (6.22). Since the solution is unique, H is the renewal function according
to Theorem 6.9.3. [

If W; for ¢ =1,...,1 is distributed according to a distribution with unknown parameter 6 then
estimators and confidence sets for 6 can be obtained as in Chapter 2. If the repair times W; ; for
i = 1,...,1; of several systems j = 1,...,.J are observed under possibly different stress levels
s1,...,s;7 and the distribution of W ; is given by a link function gy(s;) so that @ is the only
unknown parameter then estimators and confidence sets for 8 can be obtained as in Chapter 3.

For further results about systems with repair see Kahle and Liebscher (2013).
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Chapter 7

Bayesian inference

7.1 Foundations

The idea of Bayesian estimation is, unlike the frequentist point of view, that 6 is not a fixed,
but unknown, value, but a random variable with an unknown distribution to be estimated. If
some (expert) knowledge about this distribution is given, this goes in for the so-called prior
distribution p(#). The estimated distribution p(0|Y7, ..., Yx) is called posterior distribution.
It can be calculated by the following theorem.

7.1.1 Theorem (Theorem of Bayes)
Let 0 be a random variable with prior distribution p(0). It is

p(Y1,...,Yn|0)p(0)
0|Y1,....Yn) =
p( | ! N) p(Yl,...,YN)

where x means proportional up to a constant.

In many cases, the posterior distribution p(6|Y3, ..., Yy ) cannot be calculated explicitly. But in
some cases, a calculation is possible and the posterior distribution belongs to a known distribution
family.

7.1.2 Definition (Conjugate prior)
If p(0)Y1,...,YN) is analytically available and belongs to the same distribution family as p(0),
this prior distribution is called conjugate for the likelihood p(Y1, ..., YN 10).

7.1.3 Example
Let Y1, ...,Yn be independent and identical £(#) distributed. Then, 6 ~ G(«, 3) is conjugate to
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the likelihood. This can be seen as follows:

/Ba

N
@90‘_1 exp(—036) - H 6 - exp(—0Y,,)

n=1

p(0|Y1,....YN) - p(Y1,...,YN|O) =

N
o 0*T N Lexp(—(B+ Y Vn) - 0).
n=1

The posterior distribution is given by 0|Y7, ..., Yy ~ G(ao + N, 5 + ZnNzl Ya).

In many cases, the posterior distribution cannot be calculated. In these cases, it is simulated
through a sampling algorithm. Very popular is the class of Markov chain Monte Carlo (MCMC)
algorithms.

For a low dimensional vector, the following algorithm is suitable.

7.1.4 Algorithm (Metropolis Hastings (MH))
We want to sample from the posterior distribution

p(0|Y1, ... YN) x p(Y1,...,YN|0) - p(0).

At first, choose a proper proposal density q(6*|0). A minimal necessary condition is that

U supp q(-|0) > supp p(-|Y1, ..., Yn)
6 € supp p(-|Y1,....YnN)

with supp denoting the support of a function. In words, each point of the posterior’s support has
to be available by the Markov chain based on that proposal density. This would also be true for
the density of the dirac measure at 0*. Therefore, this is only the minimal necessary condition,
the proposal density has to be chosen wisely.

At second, choose a starting value 6y with p(6y|Y1,...,Yn) > 0. For k = 1,..., K draw 6* ~
q(-|0x—1) and set 0 = 0* with acceptance probability

p(V1, ., Yn[67) - p(0%)  q(fk—1]6") 1}
(Y1, ..., YN|0k—1) - p(Or—1) q(0*]0k_1)’

and 0} = 0,_1 with probability 1—p(6*,0),_1). For further details see Robert and Casella (2004).

0*,0,_1) = min
p(07, 0k —1) {p

7.1.5 Lemma
The stationary distribution of the Markov chain {0, k = 1,..., K} resulting from the MH
algorithm is equal to the posterior p(0|Y1,...,YN).

7.1.6 Lemma
If the detailed balance condition

P(Ok|0k—1)p(Or—1|Y1, ... YN) = p(0k—1]0%)p(0|Y1, ..., YN)

is satisfied, the chain has stationary distribution p(@]Y(n)). For the proof, see Robert and Casella
(2004), p. 230, Definition 6.45 and Theorem 6.46.
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Proof of Lemma 7.1.5
We have a Markov chain with transition density p(0x|60k—1) = p(6k, Ok—1) - ¢(Ok|0k—1).

It is

P(Ok|0k—1)p(Ok—1|Y1, ... YN) =p(Ok, Ok—1)q(0k|0k—1)p(Ok—1|Y1, ..., YN)

_ P01, YN)  q(Ok-1]6k)
POr—11Y1, ..., YN) q(0k|0k—1)

=p(0k|Y1, ..., YN )q(Or—1]0k)-

- q(0k]0k—1)p(Ok—1|Y1, ..., YN)

This means, the detailed balance condition is satisfied and with Lemma 7.1.6 the assumption
holds. Compare Theorem 7.2 on p. 272 in Robert and Casella (2004).

7.1.7 Remark

(1)

(iii)

In the special case of a symmetric proposal density, i.e. q(6*|0x_1) = q(0x—1|0*) the accep-
tance probability reduces to

p(Yl,...,YN‘H*) p(e*) 1}
(Y1, YN[Ok—1) - p(Or—1)’
One example is the density of the N (;_1, sd?) distribution with mean equal to the last

iteration step 0;_; and a fixed standard deviation sd. This is also known as symmetric
random walk, see Robert and Casella (2004) p. 206.

0*,0,_1) = min
p(0", 1) {p

Crucial step of the algorithm is the choice of the proposal density. Theoretically, the
assumption given above suffices. But in practice, a good approximation of the posterior
density is of interest. If the acceptance probability p(6*,0;_1) is large, many samples are
accepted, but the new one only moves little from the old iteration step and the support
of the distribution will be filled slowly. On the other hand, if the acceptance probability
is small, only few candidates are accepted, which is also not suitable for a continuous
distribution. Rosenthal (2011) calculated an optimal acceptance rate of the MH algorithm,
which is 0.234. To reach this, an adaptive algorithm might be a solution, also presented in
Rosenthal (2011).

The number of iterations, before the chain has reached the stationary distribution, is called
burn-in phase, which is dependent on the starting value and the proposal density. To
simulate independence of the samples, in many cases, not every chain iteration is taken
as random sample of the posterior, because they are very dependent. In particular, if
the mixing is bad or the acceptance rate small, this leads to a bad approximation of the
posterior. In this case, the chain is thinned, which means, a certain amount of iterations
are skipped, called thinning rate.

7.1.8 Definition
For parameter vector 6 = (01,...,04), in some cases, a full conditional posterior density
p(0;1Y1, ... YN,01,....0;-1,0j41,...,04) can be calculated.

7.1.9 Algorithm (Gibbs sampler)
For a high dimensional parameter vector § = (01, ...,604), where each 6;,j =1,..,d, can be also a
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vector itself, the idea is to sample iteratively from the full conditional posterior distributions of
the components p(0;|Y1,...,Yn,01,....,60,-1,0j41,...,04),7 = 1, ..., d.

Choose starting values 02, ...,040 and for k = 1,..., K draw

el,k‘ ~ p(01|yia seey YN7 92,k—17 ceey ed,k‘—l)y
92,/4: ~ p(02|yia seey YN7 el,ka 937/6—17 (X} ed,k‘—l)y

Og—1k ~ P(Oa—1|Y1, s YN, O1 ks s 0a—2 5 Od 1)
Oar ~ pOalY1, ... YN, 01 ks s Oa—1 1)

7.1.10 Lemma

The resulting Markov chain {(014,...,04%), k = 1,...., K} = {0, k = 1,..., K} of the Gibbs
sampler has stationary distribution p(6|Y1,...,Yn), see for the proof Robert and Casella (2004)
p. 372.

7.1.11 Algorithm (Metropolis-within-Gibbs sampler)

In the case of not explicitly available full conditional posteriors, one step of the Gibbs sampler
can be conducted by a MH algorithm. The original work of Metropolis et al. (1953) introduced
what we now call Metropolis within Gibbs algorithm. We restrict here to the case of only one
component 0,7 € {1,...,d} to be sampled by an MH step. Of course, this can be done for
several components. In addition, for notation simplicity, we assume the jth component to be
independent from the others in their prior distribution. This means p(f) = p(0;)p(0—;). We
choose a proper proposal density q(-|61 k.., 60;-1k,0jk—1,---,04k—1) for 0; similar to the MH
algorithm and starting values 02, ...,040, if j = 1 also 01. For k =1,..., K draw

Ok ~p(01|Y1,. ... YN, 02 k-1, ..., Odk—1),

051k ~pO0j-11Y1, -, YN, O1 ks s 05205 0 11, -0 Odi—1),
07 ~ q(0101k, - 0j—1.k5 05 k—1, -, Oax—1) and accept 8}, = 07 with probability

p(Y1, s YN[O1 gy oy 01, 07, 051 k=15 -, Oa k1) - P(O])
(Y1, YN0 ks s 051, O k=15 s Oa k—1) - P(0j k—1)
q(05 k1101 ks s 051k, 05,0551 k-1, s O 1) }

p(0;7 ej,k—l) =min {17

q(0%101 s -y 051k O k—15 s O ji—1)

and 0 = 0; k-1 with probability 1 — p(67,0; 1),

Hj—l—l,k ~ p(9j+1‘Y17 seey YN7 Hl,ka ceey ej,ka 9j+2,k—17 ceey 6d,k—1)7

Oar ~p0alY1, ... YN, O1 ks 0d—11).
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See for further details Robert and Casella (2004), Section 10.3.3, p. 392.
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7.2 Bayesian Prediction

7.2.1 Definition (Predictive distribution)
The predictive distribution of Y*, given Y1, ..., Yn, Is given by

7.2.2 Lemma
Let Y1, ..., YN be independent and identical distributed. The predictive distribution of Y*, inde-
pendent and identical distributed as Y7, ..., Yy, is given by

p(Y*’Yh...,YN) = /p(Y*W)p(Q‘Yl,...,YN)dQ.

In addition, let Y7, ..., Y stem from a Markov process seen in Section 5, and Y* be the observation
variable in t* > ty. Then

p(Y*|Y1,..,.Yy) = /p(Y*|YN,9)p(9|Y1,...,YN)dH.

Proof In the first case, Y* and Y7, ..., Yy are independent. Therefore, it is

o p(Y*797Y17"'7YN)p(97Y17"'7YN) _ p(Y*707Y177YN)
= df = do
p(97Y177YN) p(yi77YN) p(vaYN)

:/p(Y*,HIYh...,YN) d@zp(y*‘yl,...,YN).

The second case follows analogously.

In many cases, the predictive distribution can not be calculated explicitly. It is common practice
to approximate p(Y™*|Yy,..., Yn) by

K
* * 1 *
PO [¥is e V) = [ D 100061V, o Y 8 2 o S 61). (7.2)
k=1

This can be seen by the approximation of the posterior density

K
1
POV, ... Yi) = —= > {0 =6,
k=1

7.2.3 Algorithm (Inversion sampling method)

Beside MCMC sampling methods there is another possibility to draw random samples from a
continuous distribution with distribution function F(y) = [Y_p(z)dz. For U ~ U(0,1), the
random variable F~1(U) has the distribution of interest. In many cases, this inverse function
F~! is not calculable. However, there is one possibility to fix an interval [y;,,] and to choose
a vector of points y; = y1 < y2 < ... < yo = yu. Then, one calculates F(y),..., F(yc) and for
a realization u from the uniform distribution, min{y € {yi,...,yc}|F(y) > u} can be seen as a
sample from F'.
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The inversion method can be very suitable for the predictive distribution, if it is not analytically
available and has to be approximated by (7.2).
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7.3 Bayesian prediction of crack growth with non-linear regres-
sion models

Remember Section 5.2, where non-linear models are introduced. We here consider a general
regression function f(€,z). This means, we consider the Bayes model

Y, = f(@,ﬂ:n) + En,
E, ~N(0,06%), n=1,...,N,
0 ~ p(9),

1
; ~ g(a75)

For example, model (5.7) would be nested with f(6,z) = 6y + 0,22
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7.4 Bayesian prediction for the state dependent point process

Remember the state dependent point process from Chapter 6
Wi,j ~ EXp()\g(’i, Sj)), = 0, e ,Ij < Imam,j = 1, ceey J,
stochastically independent and

Ima:v
)\g(i, S) = hg <S . 7’L>

Imam -

for some function hy. The likelihood is given by

J I
PUWis}izo,... ;< tmae g=1....710) = [ [T 2 55) exp (Ao (i, 5,) Wi 5) -

j=1i=0
— references:

Robert, Christian, and George Casella. Monte Carlo statistical methods. Springer Science &
Business Media, 2004.

Rosenthal, Jeffrey S. "Optimal proposal distributions and adaptive MCMC." Handbook of
Markov Chain Monte Carlo (2011): 93-112.

Carlin, Bradley P., and Thomas A. Louis. Bayesian methods for data analysis. CRC Press, 2009.

Metropolis, N., A. W. Rosenbluth, M. N. Rosenbluth, A. H. Teller, and E. Teller (1953). "Equa-
tion of State Calculations by Fast Computing Machines". The Journal of Chemical Physics 21,
pp. 1087-1092.
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Chapter 8

Experimental design

In accelerated lifetime experiments as treated in Chapter 3, the interesting life times are for low
stress levels. Since experiments at low stress levels last long, most experiments are done under
much higher stress level than are of interest. However, observations at too high stress levels are
less informative for the main aim. The question is how many observations should be made at low
stress levels and how many at high stress levels to obtain the best estimate or best prediction
interval of the lifetime at certain low stress level.

We consider here lifetime experiments with exponential distribution as treated in Section 3.3.
The problem is to construct optimal designs of the stress levels for the maximum likelihood
estimator of 6

~

0 := arg meang(y*, dy, Sx)

and for maximum likeihood estimators cp(é\) of the nonlinear aspects ¢(0) = A, (k) which provide
the maximum stress level, where the expected life time is greater than 1/k. Section 8.1 deals then
with the optimal designs for Ay given by A\g(s) = s and Section 8.2 with the locally D-optimal
designs for A\g given by Ag(s) = exp(fy + 0;5).

8.1 Optimal Designs if \y(s) = 0s

Here the information is

Iy(9) = /% <1 - 6_950> d(ds).

Since 1 — e7%5¢ is strictly increasing in s, the information is maximized if the design puts all

its mass on the largest possible value for the stress, i.e. the optimal design on a design region
S =[5}, 5,] uses only the upper value S,. However, as soon as there is no censoring, i.e. ¢ = oo,
then it does not matter which stress levels are used.
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8.2 D-Optimal Designs if \y(s) = exp(6y + 61 5)

At first we consider here the existence of a maximum likelihood estimators if Ag(s) = exp(fp+61s)
is the link funktion.

8.2.1 Theorem
The maximum likelihood estimator exists at (Y, dx, Sx) and is unique if and only if there exists
at least one uncensored observation and n # m with s, # Sp,.

~ ~

. Proof. A necessary condition for the maximum likelihood estimator 6 = 0(y., dx, sy) is

N

= (0, tn, 5)

n=1
al 1

= — —ty ) Lo (tn) — ¢ L) (tn
;09 KA;@) ) totn) = et

= Z 1—exp90+913n) n) < 1 >—Z:exp(§0—i—§1sn)c<81 )

tn<c Sn th>c

N

In particular, we have
n; t, <c ~ o~ 1 ~ o~ 1
i n } — Z exp(fy + 01 sp,) tn + Z exp(fo + 61 s,) ¢
Ztn <cSn tn<c Sn tn>c Sn

so that at least one observation must be uncensored. The second derivative at 8 is

N e AN
Zl(eytm Sn)
n=1
~ . 1 L 1
= > —exp(fo+015)t ( ) (1,8n) = > exp(fo + 01 5p) ( ) (1, )
tn<c Sn tn>c Sn
_ Zfzvzl an, Zilvzl Qp Sn
N 27127:1 Qn Sn Zyjyzl Qn 3%
with

an = eXP(§O + 51 Sn) tn 1[0,c] (tn) + eXp(§0 + 51 Sn) c 1(c,oo)(tn)'

The Holder inequality provides with P({s,}) = p, = > o -
n=1

ZN Qn Sn al 9 9
Z E SnPn = 1 sdP < 12dP s2dP
n=1a

S| ISD SETREES TSR
— n nn

n 10n
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so that

(S < () (E5)

This means

N
det <Z i, tn,sn)> <0
n=1

and Zﬁf:l l(é\, tn, Sp) is negative definite if and only if there exists n # m with s, # sp,. O

Setting

1 1
Z’@(S) = \/1 — e—exp(fo+b1s)c < ) ) — 1 — e~k exp(bh s) ( ) )

with k& := ¢ exp(fy), the information matrix can be expressed here by

Iy(9) = / (1 — ¢ ke 5)) < i 382 ) d(ds) = /wg(s) z9(s) " (ds).

To derive locally D-optimal two-point designs on [0,5,], let be 0 < s1 < s < S, and set

T
Zo(s

Xy = OE li_l_ . Then g, 5, 1= %esl —1—%632, where e, is the Dirac measure on s, is D-optimal
Lo(S2

within all designs with support s; and sy since with the equivalence theorem of D-optimality

(see Kiefer and Wolfowitz 1960) we have

1 —1
20(5:) " Ig(8sy 55) ta(si) = uj Xo <§X(IX9> XJu; =2

for i = 1,2 (here u; denotes the i'th unit vector in ®2). The determinant of the information
matrix of a design ds, s, is given by the following lemma.

8.2.2 Lemma

1
det([9(5sl,52)) _ Z (1 _ ek exp(61 s1)> (1 _ ok exp(61 82)) [32 _ 31]2.
Proof. Set a := % (1 — ek exp(fh 51)), b:= % (1 — ek exp(fr 32)). Then we have
— 1 S1 1 _ 1 59
Io (6, o 1— k exp(01 s1) (1= k exp(01 s2)
9(5 15 2) ( € > s1 S% + 2 < € ) so S%

1

2
B a+b a s+ bso
asy+bsy as%%—bs%
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so that

det(Ig(8sy.5,)) = (a+b)(ast +bsd) — (asy + bsa)?

= a®s? +absi+ abs? + b?s5 — a® 57 — 2absy sg — b* 53

= abls3 — 25150+ 57 = ab[sy — s51]°.

8.2.3 Theorem
Let be k := cexp(fp) > 0. Then &5, = e + esu is the D-optimal design within all two-point

2¢
designs on S = [0, 5, if and only if 6; < (e —1).

Proof. Since 1 —e™* P015) is strictly increasing in s, det(Ip(ds,.s,)) is maximized with respect
to so € (81,5, for any given s; € [0,.5,] if and only if sy = S,. Therefore we have only to
determine s € [0, S,] so that det(ly(ds,s,)) is maximized. This is equivalent of maximizing

g(s) = (1 —ek CXp(els)) (S, — s]°.
Since we have

g'(s) = e FPO) kg1 exp(6) 5)[S, — s]2 — 2 (1 —e* CXp(Ols)) [Su — s],
do,s, can be only D-optimal if

0>g(0)=e ko522 (1 - e_k) Sy <= e * k6,8, <2 (1 - e_k) :

This is equivalent with 6; < k?@ e? (1—e k)= k%‘ (e¥ —1). Hence dgg, is not D- optimal if 6, >
o S (e® —1). To prove that dy g, is indeed the D-optimal two-point design for §; < % S (ek —1),

it is sufficient to prove that g is strictly decreasing on [0,S,]. This property is given by the

following Lemma. O
8.2.4 Lemma
If 6, < %(ek — 1) and k > 0, then ¢g : [0,S,] — R given by

g(s) = (1— ek eXp(‘gls)) [S. — s]? is strictly decreasing.

Proof. To show ¢'(s) < 0, we need the monotonicity of some auxiliary functions.
a) We have for hy(k) :=1—e* + kel — k2 ek
Ry(k) = —e* + e + keb —2keF — k2 eF = —keF — k2 eF <0
so that h; is strictly decreasing for & > 0. Since obviously h;(0) = 0, it holds h;(k) < 0 for all

k> 0.
b) Now consider ha(k) := 2(e¥ — 1) — 1 — 2¢*. The rule of L’Hospital provides

2(ek — 1 2¢k
lim 7(6 ) im 2%
k10 k ko 1



Christine Miiller, Statistics of Reliability and Material Fatigue, WS 2021 /22
8 Experimental design 187

so that limy g ho(k) = —1. Then ho(k) < 0 for all £ > 0 follows with a) from

2 2
(k) = —ﬁ(ek -1+ Ee’f —2eF =2K% hy(k) <.

C) 01 < k2Su (ek — 1) and b) imply for g1 (s) = 91 [Su _ 8] — 1= 2€k exp(615s)

91(0) :915U—1—2€k
2

< (e —1)8, —1—2e" = Z(eF —1) =1 —2eF = hy(k) < 0

Eli

kS,

for all k£ > 0. Because of
gi(s) = —0; — 26 P19 |9 exp(65) < 0,

we have gi(s) <0 for all £ >0, s > 0.
d) 6, < %(ek — 1) implies for ga(s) := k6 exp(fy 5)[Sy — 5] + 2 — 2k &P(15)

2
kS,

32(0) =k0; S, +2—26" <k (¥ —1)S, +2—-2eF=26F —242-26F = 0.

Moreover, with c¢) we obtain

gh(s) = k07 exp(0y 5)[Sy — 5] — k0 exp(fy s) — 2e* PO L9, exp(6,5)
= k6 exp(b19) [91 Sy —s] —1—2¢F CXp(Gls)] = k01 exp(f1s)gi(s) <0

so that gy is strictly decreasing from a value g2(0) < 0 which implies g2(s) < 0 for all k& > 0,
s> 0.
e) Finally, we have

g'(s) = e FoPO19) L9, exp(fy 5)[S, — s]? — 2 <1 —e* CXp(els)) [Su — ]
=[S, —s]e "R (L0, exp(6r 5)[Su — 5]+ 2] — 2[Sy — 5] <0

—
e~k ex(015) 119, exp(0; 5)[Sy — 5] + 2] < 2
—
k01 exp(0y 5)[S, — s] + 2 < 2k oP(019)
—
g2(s) <0
so that d) provides the assertion. O
8.2.5 Lemma

_ 2 —k oxp(61 s S, — 5)? 52
20(s) o(G0.5.) " 20(s) = 53 (1 ek o) ((1_6_2 + 1_e_kexp<91su>)-
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Proof. With s; =0 and sy = S,, we obtain (see the proof of Lemma 8.2.2)

a+b bS,
Ie(5o,su):< R )

with a := % (1 — e_k), b= % (1 — e~k exp(0r S“)). Then we have

1 bS2 —bS
Ip(80,8,) " = —= v N
oos.)" = Th a2 < ~bS, a+b )
so that

zg(s) " Ig(d0,5,) 'wo(s)

1 — e~k exp(61s) bS2 bS5, \ [ 1\ 1 ke bS2—bS, s
= 2 (173) = 2 (173)
abS; -bS, a+b s abS; —bS,+ (a+0b)s
1— e—k exp(601s)

_ e~k exp(is)
= e bs? bS5 bSust(atb)s?) =

(b(Sy — 5)* + as?).

abS? abS?
O
To prove that dg g, is D-optimal within all designs on & = [0, .S,], the property
2 > xo(s) Ig(d0.s,) ‘za(s) (8.1)

_ 2 —k exp(61s) (Su — 3)2 5°
- 52 (1_6 > 1ok T 1= o—F oxp(61 50)

must be shown for all s € [0,.5,] according to Kiefer and Wolfowitz (1960) where equality holds
only for s = 0 and s = 5,. The equality is indeed always satisfied for s = 0 and s = S,,. Set

2 2
L _ _—k exp(#15) (Su — S) S
Q(s) = (1 € ! > ( 1 — ek + 1 — e—kexp(f1Su) | °

A necessary condition for the D-optimality of dg g, is then ¢’(0) < 0.

8.2.6 Lemma
¢'(0) <0 if and only if ; < k%‘u (eb —1).
Proof.
2 2
/ _ ,—k exp(619) (SU — 8) 8
d(s)=e PO 01 exp(6y5) < = + | o Fon@ 5

+ (1 _ ek eXp(els>> (-2(5u —s) | 2s >

1— e—k 1— e—k exp(01 Su)
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so that

0> ¢ (0) = e ko, S2k—<1—e_k> 25,

—= k0 S, <e20—-eF) =0, <

O

Hence the condition 6; < %(ek — 1) implies not only that dp g, is the locally D-optimal
design within all two-point designs on [0, S,] but also the necessary condition for D-optimality
of dp s, within all designs on [0,1]. Several plots of ¢(s) for different values of 6; and k with
6, < %(ek — 1) showed that ¢ is first decreasing and then increasing on [0,.5,] so that (8.1)
should be satisfied.

[é)]

XXX X

wWh = O

0.00 0.05 0.10 0.15

Lower point of D—optimal 2—point design

64

Figure 8.1: Lower points s(61, k) of the D-optimal two-point designs on [0,1].

As soon as 01 > %(ek — 1) holds then the locally D-optimal two-point design is of the form
Os(61,k),5, With 0 < s(01,k) < S,. The lower points s(01,k) depending on ¢; are shown in Fig.
8.1 for k = 0.5,1,2,3 and S, = 1. The condition 6; > %(ek — 1) is in particular satisfied
if k is small. The quantity k := c exp(fp) is small if the censoring variable ¢ or the regression
parameter 6 is small. A small 6y means a high expected lifetime at s = 0 which provides a high
probability of censoring. Then it is reasonable to make the observations at higher stress levels
s(61,k) > 0 so that the probability of censoring is smaller. But since %(ek —-1) > S_zu for all
k>0, the censoring variable as well as 6y have no influence on the D-optimal design as soon as
1 < <. The condition ¢; > kS (e — 1) is also satisfied if 67 is large. In this case, the expected
hfetlme decreases so rapidly with growing stress that observations at s(61,k) > 0 provide more
information than at 0 where observations are censored with higher probability.

8.2.7 Lerknma
It holds ek_l >1 for all k > 0.
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Proof.

k _
¢ 121<:>ek—12k<:>h(k)::ek—l—kzo,

But h(k) := e — 1 — k > 0 is satisfied since h(0) =0 and A'(k) =e¥ —1>0forall k> 0. O
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