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ript Linear Models and Experimental Design Universität Kassel, WS 2007/20085Part IMethods1 Preliminaries1.1 How to download the free software RIn the following it is des
ribed how the basis pa
kage of R for windows 
omputers (e.g. WindowsNT or Windows 98, 2000, XP) 
an be downloaded. The pro
ess is similar for other 
omputers.In parti
ular the R versions for other operating systems 
an be found under the same internetaddress. The internet addess is http://
ran.r-proje
t.org/. For windows 
omputers, you useat �rst the button Windows (95 and later) and then base. Then save R-2.5.1-win32.exe (ora newer version) in a dire
tory of your 
omputer whi
h shall 
ontain the R program 
ode. Forinstalling, a
tivate R-2.5.1-win32.exe. Then R will be installed in subdire
tories of the 
hosendire
tory. Afterwards you 
an start R. For working with R, it is of great advantage to link the Rwith a own working dire
tory. Otherwise all �les produ
ed by R are saved in the program dire
tory.It is always good to have program dire
tories and working dire
tories 
learly separated. In thedire
tory \rw2001\do
\manual (rw2001 may be substitued by a newer version) you will �nd the �leR-intro.pdf whi
h in
ludes a detailed introdu
tion to R in English.Please note that 
urrently new versions of R appear. Hen
e di�eren
es in the output 
an be due todi�erent versions.1.2 Installing and a
tivating the R Pa
kage agri
olaeThe R pa
kage agri
olae 
ontains spe
ial R fun
tions for agri
ultural statisti
s and some agri-
ultural data sets. You will �nd on the website http://
ran.r-proje
t.org/ on the lefthand sitethe button Pa
kages. This buttom provides a list with over 700 Pa
kages ordered alphabeti
ally.There you �nd the pa
kage agri
olae. On its site you will �nd a ZIP �le and a PDF �le fordownloading. The best is to download the ZIP-�le in the working dire
tory of your R. When youhave started R, then you 
hoose the button Pa
kages (Pakete in German version) and there thebutton for installing the pa
kage from a lo
al ZIP �le (in German: Installiere Paket(e) auslokalen ZIP-Dateien). A
tivating the agri
olae ZIP �le installs this pa
kage on your 
omputer.If you have a older version of R, then do not worry about warning messages. They 
on
ern missinglibraries whi
h are only needed for spe
ial routines of the agri
olae pa
kage, we do not need.However, sometimes the R pa
kage 
ombinat is needed whi
h shall be downloaded like the pa
k-age agri
olae. Also other pa
kages whi
h are used here only in very spe
ial situations 
an bedownloaded like the pa
kage agri
olae.To a
tivate the library agri
olae for your R session, you need for every new session to type> library(agri
olae)in the R 
ommand window. To test whether the pa
kage is available, type for example
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ription of the R routine for generating Latin SquaresDesigns. The a
tivating of other pa
kages is the same.Note, that always the help fun
tion is a
tivated with ? and provides the des
ription of the Rfun
tions.1.3 Transferring data into RIf you want to use the data sets from a pa
kage, then you must load the data set with the R fun
tiondata. For example the data set trees from the agri
olae pa
kage:1.3.1 Data Set (TREES)> library(agri
olae)> data(trees)Then the data set trees is avalaible. To see how it looks like, type:> treesThen you get the whole data set:pla
e spe
ies diameter1 1 LAUREL 18.42 2 LAUREL 19.13 3 LAUREL NA4 4 LAUREL 14.45 5 LAUREL 12.96 6 LAUREL 14.47 1 GUABA 14.38 2 GUABA 12.99 3 GUABA 15.010 4 GUABA 14.611 5 GUABA 14.612 6 GUABA 12.413 1 ROBLE 21.014 2 ROBLE 19.715 3 ROBLE 13.216 4 ROBLE 13.217 5 ROBLE 16.818 6 ROBLE 14.019 1 TERMINALIA 20.920 2 TERMINALIA 18.221 3 TERMINALIA 19.222 4 TERMINALIA 21.723 5 TERMINALIA 15.724 6 TERMINALIA 18.6
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h des
ribes the pla
e, where the tree was measured, one for the treespe
ies and one for the tree height.To get a data set from a R pa
kage is the most 
onvenient way. But usually the data are given inanother form. You 
an transfer many data data formats into R as those from SAS or SPSS. Butthe simplest format is the ASCII format. This is only explained here.1.3.2 Data Set (DARWIN)> read.table("DARWIN2.DAT",header=T)Pair Cross.fertilized Self.fertilized1 1 23.5 17.42 2 12.0 20.43 3 21.0 20.04 4 22.0 20.05 5 19.1 18.46 6 21.5 18.67 7 22.1 18.68 8 20.4 15.39 9 18.3 16.510 10 21.6 18.011 11 23.3 16.312 12 21.0 18.013 13 22.1 12.814 14 23.0 15.515 15 12.0 18.0The argument header=T (T=TRUE) provides that the �rst line of the data �le is read as header line.Note that Cross-fertilized and Self-fertilized in the data �le is 
onverted to Cross.fertilized andSelf.fertilized, sin
e the hyphen is not a allowed 
hara
ter in R.Explanation of the data set: �These data are from Charles Darwin's study of 
ross- and self-fertilization. Pairs of seedlings of the same age, one produ
ed by 
ross-fertilization and the other byself-fertilization, were grown together so that members of ea
h pair were reared under nearly identi
al
onditions. The aim was to demonstrate the greater vigour of the 
ross-fertilized plants. The dataare the �nal heights of ea
h plant after a �xed period of time. Darwin 
onsulted Galton about theanalysis of these data, and they were dis
ussed further in Fisher's Design of Experiments.�(Hand etal. 1996, P. 2)1.4 Transforming data setsData are often not in the form whi
h is needed for the analysis in R. Hen
e after reading the data,the data must be transformed in a appropriate form. The form of a data set whi
h 
an be easilyanalyzed in R is always a table with several rows and 
olumns as follows:
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ase, �eld unit).Every 
olumn belongs to a variable observed, measured, or registered at the experimentalunits. Variable are usually measurements, treatments, and blo
king numbers.It is sometimes not easy to de
ide, what the experimental unit is. In the data set 1.3.2 as presentedabove, the experimental units are the pairs of seedlings. Hen
e we have three variables: The numberof the pairs, the measurement for 
ross-fertilization, the measurement for self-fertilization. But wewill see later that it is sometimes more 
onvenient to regard ea
h seedling as experimental unit.Then we have again three variables: the pair number, the fertilization type, and the �nal height.> darwinPair Height Fertilization1 1 23.5 Cross2 2 12.0 Cross3 3 21.0 Cross4 4 22.0 Cross5 5 19.1 Cross6 6 21.5 Cross7 7 22.1 Cross8 8 20.4 Cross9 9 18.3 Cross10 10 21.6 Cross11 11 23.3 Cross12 12 21.0 Cross13 13 22.1 Cross14 14 23.0 Cross15 15 12.0 Cross16 1 17.4 Self17 2 20.4 Self18 3 20.0 Self19 4 20.0 Self20 5 18.4 Self21 6 18.6 Self22 7 18.6 Self23 8 15.3 Self24 9 16.5 Self25 10 18.0 Self26 11 16.3 Self27 12 18.0 Self28 13 12.8 Self29 14 15.5 Self30 15 18.0 SelfTo a
hieve this form of the data set, type:> darwin0<-read.table("DARWIN2.DAT",header=T)
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bind(darwin0[,
(1,2)℄,"Cross")> darwinS<-
bind(darwin0[,
(1,3)℄,"Self")> names(darwinC)<-
("Pair","Height","Fertilization")> names(darwinS)<-
("Pair","Height","Fertilization")> darwin<-rbind(darwinC,darwinS)> row.names(darwin)<-1:30The �rst two 
olumns from the data set darwin are sele
ted with darwin[,
(1,2)℄. With
bind(darwin[,
(1,2)℄,"Cross"), a third 
olumn whi
h 
ontains everywhere as entry "Cross" isadded to the two 
olumns so that we then have three 
olumns. Withnames(darwinC)<-
("Pair","Height","Fertilization"), the three 
olumns get the names"Pair","Height","Fertilization". The same is done after sele
ting the �rst and third 
olumnwith darwin[,
(1,3)℄. Then darwinC and darwinS are two data tables with three 
olumns and15 rows. These two data tables are put together with rbind(darwinC,darwinS). If we do not userow.names(darwin2)<-1:30, then the row names are strange (you 
an 
he
k this by looking atdarwin2 before using this 
ommand).The variables of a data table are ve
tors. There are several possibilities in R to generate and 
ombineve
tors:Generation of ve
torsCombination with 
: E.g.: 
(1,3,4,2) for numbers or 
(�self�,�
ross�,�
ross�) for
hara
ter strings or 
(T,T,F) for logi
al values.Simple sequen
e: E.g. 1:10 provides the sequen
e 1,2,3,4,5,6,7,8,9,10.General sequen
e with seq: E.g. seq(from=1,to=16,by=3) provides 1,4,7,10,13,16.Repetition with rep: E.g. rep(2,10) provides 2,2,2,2,2,2,2,2,2,2.Combining ve
tors and data tablesCombination 
olumnwise with 
bind and rowwise with rbind.The 
olumns and rows, respe
tively, must have the same length. However, a ve
tor or data set
an be 
ombined with a single value, be
ause then the single value is automati
ally repeatedadequately.data.frame 
an be used instead of 
bind if the result should be a data table with di�erent typesof 
olumns.There are also several possibilities to sele
t from a ve
tor or from a data set:Sele
tion from a ve
tor x, eg. x = (10, 13, 21, 45, 62)By 
omponents: E.g. x[2,5,1℄ provides 13,62,10By naming 
omponents whi
h should be not used by negative numbers: E.g.x[
(-1,-4)℄ provides 13,21,45.By names of the 
omponents if available: E.g. x[
("two","five","one")℄ provides13,62,10 if the names 
oin
ides with the 
omponent numbers.By logi
al values: E.g. x[
(T,T,F,T,F)℄ provides 10,13,45.
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tion from a data table or matrix, e.g. darwinSele
tion of rows by spe
ifying the �rst 
omponents: E.g. darwin[
(2,5,1),℄Sele
tion of 
olumns by spe
ifying the se
ond 
omponents: E.g. darwin[,
(3,1)℄The sele
tion 
an be done also by negative 
omponents, names, and logi
al values as for ve
tors.Additional sele
tion of 
olumns by names for data tables by $: E.g. darwin$Heightprovides the same as darwin[,"Height"℄.Produ
ing logi
al valuesa<b less than,a<=b less than or equal,a==b equal (2 equality signs!),a!=b not equal,a>b greater than,a>=b greater than or equal.Logi
al values are 
ombinded by& and| ora

ording to the rules of logi
s.! is the negation.For example, if all seedlings from the self-fertilization with height less than 18
m should be sele
ted,then we type:> darwin[darwin$Height<18 & darwin2[,"Fertilization"℄=="Self",℄Pair Height Fertilization16 1 17.4 Self23 8 15.3 Self24 9 16.5 Self26 11 16.3 Self28 13 12.8 Self29 14 15.5 Self
1.4.1 Exer
ise (CHICKEN)The data �le CHICKENS.DAT 
ontains the data of a randomized blo
ks experiment. This experiment�was 
arried out to investigate a drug added to the feed of 
hi
kens in an attempt to promote growth.The 
omparison is between three treatments: standard feed (
ontrol), standard feed plus low doseof drug, standard feed plus high dose of drug. The experimental unit is a group of 
hi
ks, reared andfed together in the birdhouse. The experimental units are grouped three to a blo
k, with physi
allyadja
ent units going to the same blo
k. The response is the average weight per bird at maturity forthe group of birds in ea
h experiment.� (Hand et al. 1996, P. 7/8)The four 
olumns of the data �le CHICKENS.DAT have the following titles: Blo
k, Control, Low dose,High dose. The average weights of the birds is given in pounds.Read the data and transform the data to the following form:



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/200811> 
hi
kenBlo
k Weight Feed1 1 3.93 Control2 2 3.78 Control3 3 3.88 Control4 4 3.93 Control5 5 3.84 Control6 6 3.75 Control7 7 3.98 Control8 8 3.84 Control9 1 3.99 Low10 2 3.96 Low11 3 3.96 Low12 4 4.03 Low13 5 4.10 Low14 6 4.02 Low15 7 4.06 Low16 8 3.92 Low17 1 3.96 High18 2 3.94 High19 3 4.02 High20 4 4.06 High21 5 3.94 High22 6 4.09 High23 7 4.17 High24 8 4.12 High1.4.2 Data Set (MUSTARD=A
kersenf)The data in MUSTARD.DAT �
ome from an experiment to investigate the e�e
t of light on root growthin mustard seedlings. Two groups of seedlings were grown in identi
al 
onditions, ex
ept that onewas kept in the dark while the other had daylight during the day. After germination the stems were
ut o� some of the seedlings, to allow for the possibility that light a�e
ted the vigor of the wholeplant through the stem and leaves. Later the root lengths (in mm) of all seedlings were measured.Does light a�e
t root growth; and does this e�e
t depend on whether the stem is 
ut?� (Hand etal. 1996, P. 74,75).21 27 22 2139 21 16 3931 26 20 2013 12 14 2452 11 32 2039 8 2855 3650 4129 1717 22



Christine MüllerManus
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olumns 
on
ern the root length grown in the light, the �rst and third 
olumn 
on
ernthe root length where stems are 
ut. This data set 
annot be readed by read.table be
auseread.table is expe
ting equal length of rows. To a
hieve equal length of rows, we 
an introdu
edmissing values:21 27 22 2139 21 16 3931 26 20 2013 12 14 2452 11 32 2039 8 28 -55 - 36 -50 - 41 -29 - 17 -17 - 22 -The new data �le is 
alled MUSTARD2.DAT and 
an be read as follows where the argumentna.strings="-" tells R that the missing values are denoted by �-�:> mustard0<-read.table("MUSTARD2.DAT",na.strings="-")> mustard0V1 V2 V3 V41 21 27 22 212 39 21 16 393 31 26 20 204 13 12 14 245 52 11 32 206 39 8 28 NA7 55 NA 36 NA8 50 NA 41 NA9 29 NA 17 NA10 17 NA 22 NASin
e the experimental unit is the root and we have 31 roots measures, we have 31 experimentalunits. We obtain the 
orre
t data table with the following 
ommands:> mustard1<-data.frame(mustard0[!is.na(mustard0[,1℄),1℄,"light","
ut")> mustard2<-data.frame(mustard0[!is.na(mustard0[,2℄),2℄,"light","non
ut")> mustard3<-data.frame(mustard0[!is.na(mustard0[,3℄),3℄,"dark","
ut")> mustard4<-data.frame(mustard0[!is.na(mustard0[,4℄),4℄,"dark","non
ut")> names(mustard1)<-
("length","grow.
onditions","
utting")> names(mustard2)<-
("length","grow.
onditions","
utting")> names(mustard3)<-
("length","grow.
onditions","
utting")> names(mustard4)<-
("length","grow.
onditions","
utting")> mustard<-rbind(mustard1,mustard2,mustard3,mustard4)> row.names(mustard)<-1:length(mustard$length)> mustard$length<-as.numeri
(mustard$length)
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/200813> mustardlength grow.
onditions 
utting1 21 light 
ut2 39 light 
ut3 31 light 
ut4 13 light 
ut5 52 light 
ut6 39 light 
ut7 55 light 
ut8 50 light 
ut9 29 light 
ut10 17 light 
ut11 27 light non
ut12 21 light non
ut13 26 light non
ut14 12 light non
ut15 11 light non
ut16 8 light non
ut17 22 dark 
ut18 16 dark 
ut19 20 dark 
ut20 14 dark 
ut21 32 dark 
ut22 28 dark 
ut23 36 dark 
ut24 41 dark 
ut25 17 dark 
ut26 22 dark 
ut27 21 dark non
ut28 39 dark non
ut29 20 dark non
ut30 24 dark non
ut31 20 dark non
utThe R fun
tion is.na provides the logi
al value T (=TRUE) for a missing value. With the negationgiven by !, it provides the logi
al value F (=FALSE) for the missing values so that they are not used.Without the R fun
tion data.frame we would get a 31×3 matrix of 
hara
ter strings. The 
ommanddata.frame(mustard0[...℄,...) is a short hand of 
bind(data.frame(mustard0[...℄),...).The R fun
tion length provides length of a ve
tor.1.5 Data types in RThe stru
ture of a data set 
an be obtained by the 
ommand str. For the MUSTARD data set you
an see very good with this 
ommand the di�eren
es between the di�erent obje
ts:> str(
bind(mustard0[,1℄,"light","
ut"))
hr [1:10, 1:3℄ "21" "39" "31" "13" "52" "39" "55" "50" "29" "17" "light" ...
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bind(data.frame(mustard0[,1℄),"light","
ut"))`data.frame': 10 obs. of 3 variables:$ mustard0...1.: int 21 39 31 13 52 39 55 50 29 17$ "light" : Fa
tor w/ 1 level "light": 1 1 1 1 1 1 1 1 1 1$ "
ut" : Fa
tor w/ 1 level "
ut": 1 1 1 1 1 1 1 1 1 1> str(data.frame(mustard0[,1℄,"light","
ut"))`data.frame': 10 obs. of 3 variables:$ mustard0...1.: int 21 39 31 13 52 39 55 50 29 17$ X.light. : Fa
tor w/ 1 level "light": 1 1 1 1 1 1 1 1 1 1$ X.
ut. : Fa
tor w/ 1 level "
ut": 1 1 1 1 1 1 1 1 1 1> str(mustard)`data.frame': 31 obs. of 3 variables:$ length : num 21 39 31 13 52 39 55 50 29 17 ...$ grow.
onditions: Fa
tor w/ 2 levels "light","dark": 1 1 1 1 1 1 1 1 1 1 ...$ 
utting : Fa
tor w/ 2 levels "
ut","non
ut": 1 1 1 1 1 1 1 1 1 1 ...Look also at the data set TREES:> str(trees)`data.frame': 24 obs. of 3 variables:$ pla
e : int 1 2 3 4 5 6 1 2 3 4 ...$ spe
ies : Fa
tor w/ 4 levels "GUABA","LAUREL",..: 2 2 2 2 2 2 1 1 1 1 ...$ diameter: num 18.4 19.1 NA 14.4 12.9 14.4 14.3 12.9 15 14.6 ...This data set has three di�erent types of variables: pla
e has integer type, spe
ies is a fa
tor,diameter is numeri
. For the statisti
al analysis it is very important to distinguish between thedi�erent types.Data types in Rinteger: for integers as 
ounts, sometimes a numerationnumeri
: for the results of quantitative measurementsfa
tor: for treatments, blo
ksVery important for the experimental design is the type fa
tor. The type fa
tor is used for nominalvalues and has a �nite number of levels. The levels are obtained by 
hara
ter sequen
es like "GUABA".As soon as the values of a variable are given by 
hara
ter sequen
es, they are interpreted as fa
tors.However, R uses internally integers for the levels where by default the integers are ordered inalphabeti
al order: 1 for "GUABA", 2 for "LAUREL", 3 for "ROBLE", 4 for "TERMINALIA". This 
an bealso seen by 
onverting the fa
tor variable spe
ies into an integer variable. For that we 
reate anew dummy variable spe
iesI:> spe
iesI<-as.integer(trees$spe
ies)> spe
iesI[1℄ 2 2 2 2 2 2 1 1 1 1 1 1 3 3 3 3 3 3 4 4 4 4 4 4
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/200815The symbol $ means that a spe
ial variable of the data set trees is used, namely here the variablespe
ies. The symbol <- means that the 
ontent of the dummy variable on the right hand side isassigned to the dummy variable at the left hand side. To see the di�eren
e between the two dummyvariables spe
iesI and trees$spe
ies type:> attributes(trees$spe
ies)$levels[1℄ "GUABA" "LAUREL" "ROBLE" "TERMINALIA"$
lass[1℄ "fa
tor"> attributes(spe
iesI)NULLBy the 
onversion to an integer variables, all fa
tor attributes are lost. What 
an we do when thetree spe
ies are only given by the numbers 1,2,3,4? We always 
an 
onvert a integer variable (evena numeri
 variable but this makes less sense) into a fa
tor variable by the 
ommand as.fa
tor:> spe
iesF<-as.fa
tor(spe
iesI)> attributes(spe
iesF)$levels[1℄ "1" "2" "3" "4"$
lass[1℄ "fa
tor"If we want names for the levels, then type:> levels(spe
iesF)<-
("GAUBA","LAUREL","ROBLE","TERMINALA")> attributes(spe
iesF)$levels[1℄ "GAUBA" "LAUREL" "ROBLE" "TERMINALA"$
lass[1℄ "fa
tor"> str(fspe
ies)Fa
tor w/ 4 levels "GAUBA","LAUREL",..: 2 2 2 2 2 2 1 1 1 1 ...> str(trees$spe
ies)Fa
tor w/ 4 levels "GUABA","LAUREL",..: 2 2 2 2 2 2 1 1 1 1 ...Hen
e we have 
reated from the integer variable spe
iesI a fa
tor variable of the same stru
tureand 
ontent as the originally variable trees$spe
ies.1.5.1 Exer
ise (SPLIT)The data �le SPLIT.DAT 
ontains �a 
lassi
 data set involving an experiment to investigate the
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t of manure (nitrogen) on the yield of barley (Gerste). Six blo
ks of three whole plots wereused along with three varieties of barley, ea
h whole plot being devoted to one variety only. Thewhole blo
ks were ea
h divided into 4 subplots to 
ater four levels of manure (0,0.01,0.02,and 0.04tons per a
re).�(Hand et al. 1996, P. 253)The 8 
olumns of the data �le SPLIT.DAT have the following names: Blo
k, Variety, Manure, Yield,Blo
k, Variety, Manure, Yield.Create a data table (data frame) with di�erent rows for di�erent experimental units and 
olumnsof 
orre
t data type. Use for the variable manure the numeri
 data type as well as the fa
tor datatype. Why make this sense?1.5.2 Exer
ise (Pepper)�An experiment was 
arried over a two-year period to �nd the best treatment for growing peppersin glashouses. Three fa
tors were investigated, ea
h at two levels:Heating: standard (0) or supplementary (1)Lighting: standard (0) or supplementary (1)Carbon dioxid: 
ontrol (0) or added CO2 (1) Ea
h treatment 
ombination requires a glasshouse
ompartment, and 12 
ompartments, divided into blo
ks of 6 are available. In the �rst year ofthe experiment, all 8 treatment 
ombinations were used. In the se
ond year, the 5 most su

essfultreatments from the �rst year were retained, and one treatment was repli
ated in ea
h blo
k.The response was a measure of the ex
ess of yield over 
osts.�Heating 0 0 0 0 1 1 1 1Lighting 0 0 1 1 0 0 1 1CO2 0 1 0 1 0 1 0 1Year1 Blo
k 1 11.4 13.2 10.4 - 13.7 - 12.0 12.5Year 1 Blo
k 2 - 8.4 6.5 6.1 10.8 9.4 - 9.1Year 2 Blo
k 1 - 13.7 - - 14.6 16.5 12.8 12.915.4Year 2 Blo
k 2 - 10.7 - - 10.9 10.9 9.0 10.210.1(Hand et al. 1996, P. 22,23)The data are given in the data �le PEPPERS2.DAT. What are the experimental units and the variableshere and of whi
h type are the variables? Prepare the data �le so that it 
an be read with R andtransform the data to a data table so that di�erent rows belong to di�erent experimental units andthe 
olumns are the variables. The 
reation of the data table is a more di�
ult task.1.6 Saving data sets and self-de�ned fun
tionsIf we have manipulated the data sets it will be good to save the resulting data sets. This 
an bedone with the R fun
tion dump.>dump(
("
hi
ken","
hi
ken0","darwin","darwin0","mustard","mustard0"),+ "all_data.as
")
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 in your working dire
tory of R. Thedata sets 
an be reloaded in another R session by> sour
e("all_data.as
")If the list of the data sets is too long it is better to write a self-de�ned fun
tion for saving whi
halso in
ludes this fun
tion. Fun
tions in R have always the formfun
tion(arguments) {fun
tion body with R 
ommands}They 
an be 
reated in the R 
ommand window or in an additional editor window. For 
reatingthe saving fun
tion in the 
ommand window, type for exampledump.data<-fun
tion (){dump(
("dump.data","
hi
ken","
hi
ken0","darwin","darwin0",+ "mustard","mustard0","pepper","pepper0","split","split0"),"all_data.as
")}To 
reate the fun
tion in the additional editor window, type> fix(dump.data)Then the additional window appears where you 
an write:fun
tion (){dump(
("dump.data","
hi
ken","
hi
ken0","darwin","darwin0","mustard","mustard0","pepper","pepper0","split","split0"),"all_data.as
")}After saving this window the fun
tion dump.data is available and 
an be used by> dump.data()By typing> ls()you see list of all data sets and the fun
tion dump.data. Data sets and fun
tions are R obje
ts listedby the fun
tion ls. It has no arguments like dump.data. To remove R obje
ts, type for examplefor deleting the data set 
hi
ken0> rm(
hi
ken0)You will �nd the �le all data.as
 also on the homepage of this le
ture. It in
ludes all data setsused in this le
ture. If you have problems to 
reate a data set, then you 
an load it from the �leall data.as
. But you should try to 
reate the data sets by yourself be
ause this is a quali�
ationyou need in pra
ti
e.You 
an use also self-de�ned fun
tions for saving several R 
omands for example some R 
ommandsfor 
reating a spe
ial data set.
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riptive Statisti
sThe main lo
ation estimators are easiliy obtained by the R fun
tion summary:> str(
hi
ken0)`data.frame': 8 obs. of 4 variables:$ V1: int 1 2 3 4 5 6 7 8$ V2: num 3.93 3.78 3.88 3.93 3.84 3.75 3.98 3.84$ V3: num 3.99 3.96 3.96 4.03 4.1 4.02 4.06 3.92$ V4: num 3.96 3.94 4.02 4.06 3.94 4.09 4.17 4.12> summary(
hi
ken0)V1 V2 V3 V4Min. :1.00 Min. :3.750 Min. :3.920 Min. :3.9401st Qu.:2.75 1st Qu.:3.825 1st Qu.:3.960 1st Qu.:3.955Median :4.50 Median :3.860 Median :4.005 Median :4.040Mean :4.50 Mean :3.866 Mean :4.005 Mean :4.0373rd Qu.:6.25 3rd Qu.:3.930 3rd Qu.:4.037 3rd Qu.:4.098Max. :8.00 Max. :3.980 Max. :4.100 Max. :4.170We see that also for the blo
k numbers the lo
ation parameters are 
al
ulated, whi
h makes nosense. Using the data table 
hi
ken, we obtain:> str(
hi
ken)`data.frame': 24 obs. of 3 variables:$ Blo
k : int 1 2 3 4 5 6 7 8 1 2 ...$ Weight: num 3.93 3.78 3.88 3.93 3.84 3.75 3.98 3.84 3.99 3.96 ...$ Feed : Fa
tor w/ 3 levels "Control","Low",..: 1 1 1 1 1 1 1 1 2 2 ...> summary(
hi
ken)Blo
k Weight FeedMin. :1.00 Min. :3.750 Control:81st Qu.:2.75 1st Qu.:3.928 Low :8Median :4.50 Median :3.960 High :8Mean :4.50 Mean :3.9703rd Qu.:6.25 3rd Qu.:4.037Max. :8.00 Max. :4.170Note that the fun
tion summary re
ognize fa
tors and 
al
ulate for them only the frequen
y list. Toget the lo
ations estimates of the weight for the di�erent feeding groups from the data set 
hi
ken,type:> C1<-
hi
ken[
hi
ken$Feed=="Control","Weight"℄> C2<-
hi
ken[
hi
ken$Feed=="Low","Weight"℄> C3<-
hi
ken[
hi
ken$Feed=="High","Weight"℄> summary(
bind(C1,C2,C3))C1 C2 C3Min. :3.750 Min. :3.920 Min. :3.9401st Qu.:3.825 1st Qu.:3.960 1st Qu.:3.955
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/200819Median :3.860 Median :4.005 Median :4.040Mean :3.866 Mean :4.005 Mean :4.0373rd Qu.:3.930 3rd Qu.:4.037 3rd Qu.:4.098Max. :3.980 Max. :4.100 Max. :4.170These are the same lo
ations estimates as obtained for 
hi
ken0. Only the derivation is more
ompli
ated. However, the data table 
hi
ken is mu
h more 
onvenient for plotting the box-and-whisker plots.> boxplot(Weight~Feed,data=
hi
ken)> boxplot(Weight~Blo
k,data=
hi
ken)
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Figure 1.1: Box plots with respe
t to Feed and Blo
kIf we interpret the blo
ks as experimental units so that ea
h blo
k has three weight measurements,we also 
an plot s
atterplots for example the weights of the 
ontrol group against the weights of thegroup with low drug:> plot(C1,C2,xlab="Control",ylab="Low")To plot the s
atterplots of all possible 
ompinations of two variable we 
an use also the fun
tionpairs:> pairs(
bind(C1,C2,C3))
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Figure 1.2: S
atter plots for one pair of variables and for all pairs1.7.1 Example (SPLIT)> str(split)`data.frame': 72 obs. of 4 variables:$ Blo
k : Fa
tor w/ 6 levels "1","2","3","4",..: 1 1 1 1 1 1 1 1 1 1 ...$ Variety: Fa
tor w/ 3 levels "1","2","3": 1 1 1 1 2 2 2 2 3 3 ...$ Manure : num 0 0.01 0.02 0.04 0 0.01 0.02 0.04 0 0.01 ...$ Yield : num 111 130 157 174 117 114 161 141 105 140 ...> Y1<-split[split$Variety=="1",℄> Y2<-split[split$Variety=="2",℄> Y3<-split[split$Variety=="3",℄> summary(
bind(Y1$Yield,Y2$Yield,Y3$Yield))X1 X2 X3Min. : 53.00 Min. : 60.0 Min. : 63.001st Qu.: 74.00 1st Qu.: 85.0 1st Qu.: 96.75Median : 94.00 Median :102.5 Median :113.00Mean : 97.63 Mean :104.5 Mean :109.793rd Qu.:113.75 3rd Qu.:126.0 3rd Qu.:124.00Max. :174.00 Max. :161.0 Max. :156.00> boxplot(Yield~Variety,data=split)But also the other boxplots are easily obtained:> boxplot(Yield~Blo
k,data=split)> boxplot(Yield~Blo
k*Variety,data=split)
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Figure 1.3: Box plots with respe
t to Variety and Blo
k
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Figure 1.4: Box plots with respe
t to Blo
k*VarietySin
e the variables Yield and Manure are numeri
 in the data set split they 
an be plotted in as
atter plot:> plot(Yield~Manure,data=split)The plots also 
an be given separately for the di�erent varieties.> plot(Yield~Manure,data=Y1)> points(Yield~Manure,data=Y2,p
h=2)> points(Yield~Manure,data=Y3,p
h=3)> legend(0.028,75,
("Variety 1","Variety 2", "Variety 3"),p
h=
(1,2,3))
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Figure 1.5: Plots for all data and for data separated a

ording to Variety1.7.2 Exer
ise (Mustard)Cal
ulate for the data sets mustard0 and mustard from Data set 1.4.2 the summary table of thelo
ation estimators. Cal
ulate in parti
ular the lo
ation parameters for the di�erent treatmentgroups by using the data set mustard. Plot also the boxplots for all 4 treatment groups. Whathappens when the two treatment fa
tors are ex
hanged. Plot also the boxplots for the two treatmentgroups for ea
h fa
tor separately.1.7.3 Exer
ise (Darwin)Cal
ulate for the data sets darwin0 and darwin from Data set 1.3.2 the summary table of the lo
ationestimators. Plot the boxplots for the two treatment groups. Use also the pairs as experimental unitand plot the s
atterplot for the height under 
ross-fertilization and self-fertilization.
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tion, the main 
on
epts for statisti
al tests and 
orresponding designs are explained atthe example of the two sample problemIf the data set has only two variables where one variable is a treatment or blo
k fa
tor with twolevels, then we have a two sample problem. Here we will assume that the se
ond variable is a numeri
variable and therefore a measurement. If the treatment or blo
k fa
tor has only two levels we 
andivide the data set in two samples (two groups), one with the measurements, where the fa
torvariable attains the �rst level, and the other with the measurements, where the fa
tor variableattains the se
ond level. Su
h situations we also have, if we are ignoring other variables.Let y11, . . . , y1N1 be the measurements of the �rst sample and y21, . . . , y2N2 the measurements ofthe se
ond sample. The sample sizes N1 and N2 
an be equal or di�erent. The ve
tor of obser-vations/measurements for the �rst sample is denoted by y1• = (y11, . . . , y1N1)
⊤ and the ve
tor forthe se
ond sample by y2• = (y21, . . . , y2N2)

⊤. Here we will assume that y11, . . . , y1N1 are realiza-tions of independent identi
ally distributed random variables Y11, . . . , Y1N1 with normal distribution
N (µ1, σ

2
1) and that y21, . . . , y2N2 are realizations of independent identi
ally distributed random vari-ables Y21, . . . , Y2N2 with normal distribution N (µ2, σ

2
2).2.1 Test theory by means of the two-sample t-testThe two means of the two samples 
an be estimated by the arithmeti
 mean

y1• =
1

N1

N1∑

n=1

y1n and y2• =
1

N2

N2∑

n=1

y2nand are obtained by R by the fun
tion mean. Of parti
ular interest is the di�eren
e between themeans
y1• − y2•.However, a big di�eren
e does not automati
ally mean that the true means µ1 and µ2 are di�erent.The di�eren
e will be the greater the greater the variability of the data is. Hen
e for testingthe hypothesis H0 : µ1 = µ2 versus the alternative H1 : µ1 6= µ2we use the test statisti

d̂ =

√
N1 N2

N1 + N2

y1• − y2•

σ̂12where
σ̂2

12 =
1

N1 + N2 − 2

(
N1∑

n=1

(y1n − y1•)
2 +

N2∑

n=1

(y2n − y2•)
2

)
.
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e y11, . . . , y1N1 , y21, . . . , y2N2 are realizations of random variables Y11, . . . , Y1N1 , Y21, . . . , Y2N2 ,also the test statisti
 d̂ is realization of a random variable D̂.P-valueIf t is a realization of a test statisti
 T , then the maximum probability under the null hypothesis
H0 that T attains the same or a more extreme value than t is 
alled P-value.Level α testThe null hypothesis H0 is reje
ted if the P-value is not greater than α.Usual 
hoi
e of α

α =
0.05number of tests at the same data set .If σ2

1 = σ2
2, then the test statisti
 D̂ has under H0 : µ1 = µ2 a 
entral t-distribution with N1+N2−2degree of freedoms. Then we have the following de
ision rulet-testReje
t H0 : µ1 = µ2 if { P-value is not greater than α, or

|d̂| > tN1+N2−2,1−α
2
, respe
tively.Thereby tN,α denotes the α-quantile of the 
entral t-distribution with N degrees of freedom. Quan-tiles of distributions are given in R by qdistname, i.e. the quantiles of the t distribution are givenby qt. The R fun
tion t.test 
al
ulates the test statisti
 |̂d| and the P-value.The R fun
tion t.test also 
al
ulates the lower and upper bounds of the 
on�den
e interval for

µ1 − µ2. The 1 − α interval is given by
Ĉ1−α(y1•, y2•)

=

[
y1• − y2• − tN1+N2−2,1−α

2
σ̂12

√
1

N1
+

1

N2
, y1• − y2• + tN1+N2−2,1−α

2
σ̂12

√
1

N1
+

1

N2

]It has the property that the probability that the true di�eren
e µ1 − µ2 lies in the interval is atleast 1−α. With a 1−α 
on�den
e interval for µ1 −µ2, we have a third possibility to perform thet-test:t-testReje
t H0 : µ1 = µ2 if 0 /∈ Ĉ1−α(y1•, y2•).2.2 Che
king the requirements of the t-testThe t-test has two very important requirements: the normal distribution of both samples and theequality of the true varian
es. These requirements must be 
he
ked by tests. Sin
e these tests areonly pretests, they are not in�uen
ing the level α for the main test(s).
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king the normal distribution: The normal distribution 
an be 
he
ked in R withshapiro.test. If the assumption of normal distribution is reje
ted for at least on sample, then noversion of a t-test 
an be used. Then the Wil
oxon rang sum test wil
ox.test must be used whi
hmakes no assumptions for the distribution.2. Che
king the homogeneity of the varian
es: The test for H0 : σ2
1 = σ2

2 versus H1 : σ2
1 6= σ2

2bases on the quotient of the empiri
al varian
es for the two samples
v̂ =

σ̂2(y1•)

σ̂2(y2•)with
σ̂2(y1•) =

1

N1 − 1

N1∑

n=1

(y1n − y1•)
2 and σ̂2(y2•) =

1

N2 − 1

N2∑

n=1

(y2n − y2•)
2The test statisti
 v̂ is a realization of a random variable V̂ whi
h has under the null hypothesis

H0 : σ2
1 = σ2

2 a 
entral F distribution with N1 − 1 and N2 − 1 degrees of freedom.F-test for testing the equality of varian
esReje
t H0 : σ2
1 = σ2

2 if { P-value is not greater than α, or
v̂ < FN1−1,N2−1, α

2
or v̂ > FN1−1,N2−1,1−α

2
, respe
tively.Thereby FN,M,α denotes the α-quantile of the 
entral F distribution with N and M degrees offreedom and is given in R by qF. The test statisti
 and the P-value of the F-test are given in R byvar.test. If H0 : σ2

1 = σ2
2 is reje
ted, then the simple t-test 
annot be used. However a modi�edversion, the Wel
h t-test, 
an be used, whi
h is automati
ally used in R then. But the Wel
h t-testalso assumes normal distribution for both samples.2.2.1 Example (Mustard)It shall be tested whether the length di�ers under the two growing 
onditions and whether the lengthdi�ers under the two 
utting treatments. At �rst we 
he
k the assumption of normal distributionfor the two growing 
onditions.> mustardL<-mustard[mustard$grow.
onditions=="light","length"℄> mustardD<-mustard[mustard$grow.
onditions=="dark","length"℄> shapiro.test(mustardL)$p.value[1℄ 0.2552495> shapiro.test(mustardD)$p.value[1℄ 0.0746946> var.test(mustardL,mustardD)F test to 
ompare two varian
esdata: mustardL and mustardD
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/200826F = 3.1851, num df = 15, denom df = 14, p-value = 0.03640alternative hypothesis: true ratio of varian
es is not equal to 195 per
ent 
onfiden
e interval:1.079940 9.209621sample estimates:ratio of varian
es3.185090Hen
e we 
an use the Wel
h t-test.> t.test(mustardL,mustardD)Wel
h Two Sample t-testdata: mustardL and mustardDt = 0.7751, df = 23.862, p-value = 0.4459alternative hypothesis: true differen
e in means is not equal to 095 per
ent 
onfiden
e interval:-5.635834 12.410834sample estimates:mean of x mean of y28.1875 24.8000We 
an obtain the results of the last two tests also faster:> var.test(length~grow.
onditions,data=mustard)$p.value[1℄ 0.03640493> t.test(length~grow.
onditions,data=mustard)$p.value[1℄ 0.4459191For the two 
utting groups we also do not reje
t the normality assumption. Moreover, we do notreje
t the assumption of equal varian
es:> shapiro.test(mustard[mustard$
utting=="non
ut","length"℄)$p.value[1℄ 0.5183037> shapiro.test(mustard[mustard$
utting=="
ut","length"℄)$p.value[1℄ 0.1366706> var.test(length~
utting,data=mustard)$p.value[1℄ 0.1835491> t.test(length~
utting,data=mustard)Wel
h Two Sample t-testdata: length by 
utting
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e in means is not equal to 095 per
ent 
onfiden
e interval:0.876303 16.887333sample estimates:mean in group 
ut mean in group non
ut29.70000 20.81818Sin
e the equality of the varian
es is not reje
ted, it is more a

urate to use the nonmodi�ed t-test:> t.test(length~
utting,data=mustard,var.equal=T)Two Sample t-testdata: length by 
uttingt = 2.0223, df = 29, p-value = 0.05246alternative hypothesis: true differen
e in means is not equal to 095 per
ent 
onfiden
e interval:-0.1007162 17.8643526sample estimates:mean in group 
ut mean in group non
ut29.70000 20.81818We 
an 
al
ulate the values also per hand> mustardC<-mustard[mustard$
utting=="
ut","length"℄> mustardNC<-mustard[mustard$
utting=="non
ut","length"℄> length(mustardC)[1℄ 20> length(mustardNC)[1℄ 11> d<-sqrt(11*20/31)*(mean(mustardC)-mean(mustardNC))/+ sqrt((19*var(mustardC)+10*var(mustardNC))/29)> d[1℄ 2.022298> pt(-d,29)+1-pt(d,29)[1℄ 0.05245525Not that the p-value is here P (|D̂| ≥ |d̂|) = P (D ≤ −|d| or D ≥ |d|) = P (D ≤ −|d|)+1−P (D < |d|).Hen
e the p-value 
an be 
al
ulated per hand via the distribution fun
tion of the t distribution whi
his given in R by pt. We 
an also 
al
ulate the 0.95 
on�den
e interval per hand:> (mean(mustardC)-mean(mustardNC))-qt(0.975,29)*+ sqrt((19*var(mustardC)+10*var(mustardNC))/29)/sqrt(11*20/31)[1℄ -0.1007162> (mean(mustardC)-mean(mustardNC))+qt(0.975,29)*+ sqrt((19*var(mustardC)+10*var(mustardNC))/29)/sqrt(11*20/31)[1℄ 17.86435
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e the 0.95 
on�den
e interval 
ontains 0, the hypothesis H0 : µ1 = µ0 is not reje
ted, if onlyone test is performed.But here even two tests are performed at the same data set. Therefore, we have to set α = 0.05/2 =
0.025. From> t.test(mustardL,mustardD)$p.value[1℄ 0.4459191> t.test(mustardC,mustardNC,var.equal=T)$p.value[1℄ 0.05245525we see that both tests are not reje
ting the equality of the means. The Wil
oxon test, whi
h 
anbe always used, provides even worse results> wil
ox.test(mustardL,mustardD)$p.value[1℄ 0.7216463Warnmeldung:
annot 
ompute exa
t p-value with ties in: wil
ox.test.default(mustardL, mustardD)> wil
ox.test(mustardC,mustardNC)$p.value[1℄ 0.07209985Warnmeldung:
annot 
ompute exa
t p-value with ties in: wil
ox.test.default(mustardC, mustardNC)That both hypothesis of equality of means are not reje
ted is due to the adjustment of the level α.It would be better two tests both hypothesis with one test. This will be done later.2.2.2 Exer
ise (Growing)�Heights were meausred (to the nearest in
h) of maize plants in adja
ent rows whi
h di�ered onlyin a pollen sterility fa
tor.�(Hand et al. 1996, P. 130/131)The data �le GROWING.DAT 
ontains the data where the �rst 
olumn 
on
erns the heights for fertilepollen and the se
ond 
olumn the heights for sterile pollen. Read the data and 
reate a data setgrowing in whi
h di�erent rows belongs to di�erent plants. Plot the boxplots from this data set.Moreover test whether the two groups with fertile and sterile pollen di�ers with respe
t to themeans. Use also the ne
essary pretests. In any 
ase, use also the Wil
oxon test for 
omparison.Interpret the results.2.2.3 Exer
ise (Darwin's fertilization experiment)Test by means of the data set darwin whether the mean heights under 
ross- and self-fertilitzationare the same. Cal
ulate also with mean the di�eren
e between the arithmeti
 means of the twogroups and 
ompare the results with the boxplots from Exer
ise 1.7.3.2.3 α and β errorEvery statisti
al test for testing a null hypothesis H0 versus an alternative hypothesis H1 
an makewrong or 
orre
t de
isions. There two types of wrong de
isions 
alled α and β error.



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/200829de
ision for H0 de
ision for H1

H0 is true 
orre
t de
ision α-error
H1 is true β-error 
orre
t de
isionSin
e statisti
al tests do the de
isions based on data whi
h are realizations of random variables,the de
isions are done randomly. Hen
e we have probabilities for 
orre
t and wrong de
isions. An

α-level test is a test where the probability for the α-error is less than α. This means that if wede
ide a

ording to our data for H1 we only 
an have a 
orre
t de
ision or the α-error. Sin
e α isvery small (usually less or equal 0.05) the probability for wrong de
ision is low if we de
ide for H1.Therefore we say that the data are speaking signi�
antly for H1 or versus H0, respe
tively, if thede
ision a

ording to the data is for H1.If we de
ide a

ording to our data for H0 then we 
an have a 
orre
t de
ision or a β-error. However,we usually do not know how large the β-error of our test is. Usually the probability for the β-error
an be up to 1 − α where 1 − α ≥ 0.95. Hen
e there is a very high probability for the β-error.Therefore we say that the data are speaking not versus the null hypothesis H0 if the de
isiona

ording to the data is for H0. This 
an mean in parti
ular that we do not have enough data toreje
t the null hypothesis H0.Interpretation of test resultsA de
ision for H1 or versus H0, respe
tively, based on the data is a signi�
ant result.A de
ision for H0 based on the data is a useless result. It 
ould mean in parti
ular that we havetoo few data to reje
t H0.To see what this means for the t-test, we will simulate data. Random numbers with normal dis-tribution 
an be easily generated with the 
ommand rnorm. To generate two normally distributedsamples, we 
an 
reate the self-de�ned fun
tion twosample as follows in the additional editor win-dow:fun
tion(N1,mu1,sigma1,N2,mu2,sigma2){list(sample1=rnorm(N1,mu1,sigma1),sample2=rnorm(N2,mu2,sigma2))}To generate for example two samples, one with N1 = 10, µ1 = 3, σ1 = 2, and the other with
N2 = 12, µ2 = 2, σ2 = 4, we have then only to type> twosample(N1=10,mu1=3,sigma1=2,N2=12,mu2=2,sigma=4)$sample1[1℄ 1.218657 6.299094 5.060729 4.137085 6.324159 6.676449 4.562354 2.024045[9℄ 3.272009 4.857833$sample2[1℄ -0.3604491 3.4885205 9.6260172 5.9064812 -0.5593599 2.1067412[7℄ 4.5098866 7.1203010 0.4827544 2.0188771 -1.5580092 2.4073573To get the probabilities for α-error and β-error we have only to repeat the generation of the twosample many,many times, say 10.000 times and to 
ount the 
ases, where we make the error. From
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ases approximates the probability ifthe number of repetitions is high enough. 10.000 repetitions is high enough.
α-error: At �rst we simulate the α-error. In this 
ase the null hypothesis H0 : µ1 = µ2 is true.Moreover, we need σ1 = σ2 for the t-test. Hen
e only the sample sizes N1 and N2 
an be di�erent sothat the simulation fun
tion alpha.error is only a fun
tion with the arguments mu, sigma, N1,N2, M, alpha, where M denotes the number of repetitions whi
h is set by default to 10 000. alphais the level of the test and is set by default to 0.05. If default values are given for the arguments ofa fun
tion, then these arguments must be not spe
i�ed by 
alling the fun
tion but 
an be spe
i�edif other values shall be used. The fun
tion alpha.error is de�ned as follows:fun
tion (mu,sigma,N1,N2,M=10000,alpha=0.05){# Fun
tion whi
h simulates the aplha errorerror<-0for(i in 1:M){s<-twosample(N1=N1,mu1=mu,sigma1=sigma,N2=N2,mu2=mu,sigma2=sigma)s1<-s$sample1s2<-s$sample2if(t.test(s1,s2,var.equal=T)$p.value<=alpha){# If de
ision for H1:error<-error+1}}list(alpha.error=error/M)}Calling this fun
tion we get:> alpha.error(mu=3,sigma=2,N1=10,N2=12)$alpha.error[1℄ 0.0519> alpha.error(mu=3,sigma=2,N1=10,N2=12)$alpha.error[1℄ 0.0462We see that several 
alls of the fun
tion alpha.error provides di�erent α-errors but all α-errorsare very 
lose to 0.05. We would get 
loser results to 0.05 by using larger repetitions numbersM. We 
an interpret the result as follows: If many, many people are using the t-test and the nullhypothesis H0 : µ1 = µ2 is true, then only approximately 5% of the people would reje
t fasely thenull hypothesis, i.e. would falsely de
ide that µ1 6= µ2 is true. Hen
e if you get the de
ision µ1 6= µ2,there are two possibilities for you: you may one of the unlu
ky 5% of people who make a wrongde
ision or your de
ision is 
orre
t.
β-error: Now we simulate the β-error. In this 
ase the alternative H1 : µ1 6= µ2 is true. But stillwe need σ1 = σ2 for the t-test. Hen
e the simulation fun
tion beta.error is a fun
tion with thearguments mu1, mu2, sigma, N1, N2, M, alpha and is de�ned as follows:
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tion (mu1,mu2,sigma,N1,N2,M=10000,alpha=0.05){# Fun
tion whi
h simulates the beta errorerror<-0for(i in 1:M){s<-twosample(N1=N1,mu1=mu1,sigma1=sigma,N2=N2,mu2=mu2,sigma2=sigma)s1<-s$sample1s2<-s$sample2if(t.test(s1,s2,var.equal=T)$p.value>alpha){# If de
ision for H0:error<-error+1}}list(beta.error=error/M)}For µ1 = 3 and µ2 = 4, whi
h satis�es the alternative, we obtain for example:> fix(beta.error)> beta.error(mu1=3,mu2=4,sigma=2,N1=10,N2=12)$beta.error[1℄ 0.7965> beta.error(mu1=3,mu2=4,sigma=2,N1=10,N2=12)$beta.error[1℄ 0.7999This means that if many, many people do the t-test for data 
oming from the two di�erent normaldistribution N (3, 42) and N (4, 42), then approximately 79% of the people make the wrong de
isionthat the two normal distributions are the same.All self-de�ned fun
tions used in this le
ture 
an be found on the homepage of this le
ture. Theyare in
luded in the ASCII �le all fun
t.as
 whi
h 
an be loaded with the sour
e 
ommand likethe data ASCII �le all data.as
 des
ribed in Subse
tion 1.6. But if you are planning to write ownR fun
tions in future, then you should implement the fun
tions by yourself to get more experien
ewith this.The β-error 
an be also obtained mathemati
ally via the non-
entral t-distribution. Namely, if
|µ1 − µ2| = δσ, then the β-error is given by:

P|µ1−µ2|=δσ (de
ision for H0) = P|µ1−µ2|=δσ

(
|D̂| ≤ tN1+N2−2,1−α/2

)

= Ft(N1+N2−2,K δ)(tN1+N2−2,1−α/2) − Ft(N1+N2−2,K δ)(−tN1+N2−2,1−α/2) (1)where Ft(N1+N2−2,K δ) is the distribution fun
tion of the non-
entral t-distribution with N1 +N2−2degrees of freedom and non-
entrality parameter K δ and K =
√

N1 N2
N1+N2

. The distribution fun
tionof the non-
entral t-distribution is given in R by pt by spe
ifying the non-
entrality parameter n
p.Hen
e for µ1 = 3, µ2 = 4, σ1 = σ2 = 2, N1 = 10, N2 = 12 of the above example we obtain
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e N1 + N2 − 2 = 20, N1 N2 = 120, N1 + N2 = 22, δ = |µ1 − µ2|/σ = 0.5, Kδ =
√

6 0.5, and
1 − 0.05/2 = 0.975:> pt(qt(0.975,20),20,n
p=sqrt(120/22)*0.5)-pt(-qt(0.975,20),20,n
p=sqrt(120/22)*0.5)[1℄ 0.800646>We see that the result is similar to the simulated values. Note that for δ = 0, i.e. the null hypothesisis true, we obtain> pt(qt(0.975,20),20,n
p=sqrt(120/22)*0)-pt(-qt(0.975,20),20,n
p=sqrt(120/22)*0)[1℄ 0.95i.e. we obtain 1 − α. Here the non
entrality parameter is equal to 0 so that the non
entral t-ditribution be
omes the 
entral t-distribution.2.3.1 Exer
ise (β − errors)a) Simulate the β-error for N1 = 10, N2 = 12, σ1 = 2 = σ2, µ1 = 3 and the following values for µ2:4, 3.5, 3.1, 3.01.b) Do the same for N1 = 10, N2 = 12, σ1 = 2 = σ2, µ1 = 6 and the following values for µ2: 7, 6.5,6.1, 6.01, i.e. all values for µ1 and µ2 are added by 3.
) Do the same for N1 = 10, N2 = 12, σ1 = 1 = σ2, µ1 = 6 and the following values for µ2: 7, 6.5,6.1, 6.01, i.e. only σ1 = σ2 is 
hanged.What are your 
on
lusions?d) Compare all simulated values with the theoreti
al values given by the non
entral t-distribution.2.4 Design 
onsiderationsSin
e the α-error of any α-level test is α, the α-error 
annot be in�uen
ed by the design of theexperiment. However, the β-error 
an be in�uen
ed by the design. It should be as small as possiblesin
e then the probability is as high as possible to get a signi�
ant result, i.e. that H0 is reje
ted,if H1 is indeed true. Thereby note that for the probability of the β-error we have

PH1 (de
ision for H0) = 1 − PH1 (de
ision for H1) = 1 − PH1 (signi�
ant result)Hen
e minimization of the β-error, i.e. PH1 (de
ision for H0), means maximizing
PH1 (signi�
ant result).Optimal designsAn optimal design is a design whi
h minimizes the β-error of the α-level test.Optimal allo
ation of N experiments to two groups: If the total number of experimentsshall be N = N1 + N2, the N1 and N2 should be 
hosen so that the β-error is as small as possible.Formula (1) shows that the β-error depends only on δ, N1, and N2. If N is small then the β-error
an be easily minimized by playing with δ, N1, and N2. To fa
ilitate this task, write the fun
tionbeta.error.exa
t as follows:
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tion (delta,N1,N2,alpha=0.05){# Cal
ulates the theoreti
al beta errorK<-sqrt(N1*N2/(N1+N2))pt(qt(1-alpha/2,20),20,n
p=K*delta)-pt(-qt(1-alpha/2,20),20,n
p=K*delta)}2.4.1 Exer
iseDetermine N1 and N2, if N should be 30. Does the 
hoi
e of N1 and N2 depends on δ. What isyour proposal for the general 
ase?For mathemati
ians: Prove the general proposal.Planning the sample size: Often the total number of all experiments is not given from thebeginning and must be 
hosen by the experimenter. In general we have the general rule:The larger the sample size N is the smaller the β-error is.But many experiments produ
e 
osts so that the sample size 
annot be arbitrary high. Then theaim is to determine the sample size N su
h that the β-error for a given deviation from the nullhypothesis is not greater than a given value β. For the two sample problem we may demand thatthe β-error is not greater than β if the absolute di�eren
e of the means µ1 and µ2 is greater a givenvalue κ, i.e. |µ1 − µ2| > κ. This means that as soon as |µ1 − µ2| > κ is true, the t-test would reje
tthe null hypothesis, i.e. provide a signi�
ant result, with probability of at least 1 − β. Thereby κdenotes a relevant di�eren
e between the means. This relevant di�eren
e is often known or 
an bespe
i�ed in pra
ti
e. Usually β is 
hosen as α so that the β-error is for |µ1 − µ2| > κ the same asthe α-error. Hen
e the test has the same probability for a wrong de
ision for |µ1 − µ2| > κ as for
µ1 = µ2. However, the probability for a wrong de
ision is still up to 1 − α if 0 < |µ1 − µ2| < κ istrue.The aim is now to �nd the smallest sample size N so that the β-error for |µ1−µ2| > κ is not greaterthan β. For simpli
ity, we will assume that N1 = N2 = N

2 . However, a

ording to 1 the β-error
an be only 
al
ulated for κ = δ σ and σ is unknown. Hen
e relevant alternatives, i.e. relevantdi�eren
es, must be spe
i�ed in terms of the unknown standard error. But, as soon as δ is knownwe 
an determine the sample size N = 2N1 = 2N2 as the minimum number N su
h that
Ft(N−2,K δ)(tN−2,1−α/2) − Ft(N−2,K δ)(−tN−2,1−α/2) ≤ βwith K =

√
N
2 . The 
al
ulation of N 
an be done by try and error by using the self-de�ned fun
tionbeta.error.exa
t with N1=N/2 and N2=N/2, i.e. repeat for example for δ = 2> N<-10> beta.error.exa
t(2,N/2,N/2)for several values of N .2.4.2 Exer
iseDetermine the minimum sample size N so that the β-error is not greater than α = 0.05 for |µ1−µ2| >

2σ. Determine also the sample size for |µ1 − µ2| > σ/2.
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/200834A further design question: Usually the N experiments are done in a spe
i�
 temporal or spa
ialorder. For examples plants are growing on spe
i�
 positions of the �eld, animals are living in spe
i�
pla
es of a 
ot, patients of a hospital arriving in a spe
i�
 order to the hospital. Then the questionis how to assign two di�erent treatments to the experimental units. Sin
e it is never 
lear if thereare spe
ial spa
ial or temporal in�uen
es on the measurement, the assignments of the treatments tothe experimental units should be done randomly. This allo
ation 
an be easily done by the fun
tiondesign.
rd of the agri
olae pa
kage.For example to allo
ate 10 treatments t1 and 10 treatments t2 to 20 units, type:> library(agri
olae)> design.
rd(
("t1","t2"),
(10,10))plots 
("t1", "t2") r1 1 t2 12 2 t2 23 3 t1 14 4 t2 35 5 t1 26 6 t1 37 7 t2 48 8 t1 49 9 t1 510 10 t2 511 11 t1 612 12 t1 713 13 t2 614 14 t2 715 15 t1 816 16 t2 817 17 t2 918 18 t1 919 19 t2 1020 20 t1 10Then we get an order how to allo
ate the two treatments: at �rst t2, then t2 again, then t1 andso on.
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008353 One-way ANOVAAs in Se
tion 2, it is assumed that the data set 
ontains only two variables: one numeri
 variable
on
erning measurements and a fa
tor variable 
on
erning treatments or blo
ks (groups). But herewe assume that the fa
tor 
an has more than two levels, i.e. that we may have more than twotreatments or two groups. Let I denote the number of levels (treatments, blo
ks, groups) and letbe
y1∗ = (y11, . . . , y1N1)

⊤ the ve
tor of observations for level (group) 1,

y2∗ = (y21, . . . , y2N2)
⊤ the ve
tor of observations for level (group) 2,...

yI∗ = (yI1, . . . , yIN2)
⊤ the ve
tor of observations for level (group) I.Altogether there are N = N1+N2+. . .+NI observations. y1∗, . . . , yI∗ are realizations of independentrandom ve
tors Y1∗, . . . , YI∗ where Yi∗ = (Yi1, . . . , YiNi)

⊤ for i = 1, . . . , I.3.1 The ANOVA test
yi1, . . . , yiNi are realizations of independent identi
ally distributed random variables Yi1, . . . , YiNiwith normal distribution N (µi, σ

2
i ) for i = 1, . . . , I. This 
an be expressed also as

Yin = µi + Zin = µ + αi + Zin with Zin ∼ N (0, σ2
i ),where Zin is the measurement error, µ the average mean, and αi the e�e
t of level (group) i. Theaim is to test the null hypothesis that there is no treatment/group e�e
t, i.e. to test

H0 : µ1 = µ2 = . . . = µI versus H1 : there exist i, j with µi 6= µjor, equivalently,
H0 : α1 = α2 = . . . = αI = 0 versus H1 : there exist i with αi 6= 0.The test statisti
 is based on estimates for the 
omponents µ, µi, αi, Zin and σi:

µ : µ̂ = y•• :=
1

N

I∑

i=1

Ni∑

n=1

yin,

µi : µ̂i = yi• :=
1

Ni

Ni∑

n=1

yin,

αi = µi − µ : α̂i = yi• − y••,

zin = yin − µi : ẑin = yin − yi•,

σ2 : σ̂2 =
1

N − I

I∑

i=1

Ni∑

n=1

ẑ2
in =

1

N − I

I∑

i=1

Ni∑

n=1

(yin − yi•)
2.



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/200836The ANOVA test (AN=analysis,O=of,VA=varian
e, in German: Varianzanalyse) is based on thede
omposition of the general varian
e
σ̂2

SSG :=
1

N − 1

I∑

i=1

Ni∑

n=1

(yin − y••)
2as follows

ΣSSG :=
I∑

i=1

Ni∑

n=1

(yin − y••)
2 =

I∑

i=1

Ni∑

n=1

(yin − yi• + yi• − y••)
2

=

I∑

i=1

Ni∑

n=1

[
(yin − yi•)

2 + 2(yin − yi•)(yi• − y••) + (yi• − y••)
2
]

=

I∑

i=1

Ni∑

n=1

(yin − yi•)
2 + 2

I∑

i=1

[
Ni∑

n=1

(yin − yi•)

]

︸ ︷︷ ︸
=0

(yi• − y••) +

I∑

i=1

Ni(yi• − y••)
2

=

I∑

i=1

Ni∑

n=1

(yin − yi•)
2 +

I∑

i=1

Ni(yi• − y••)
2 = ΣSSE + ΣSSTwith

ΣSSE =

I∑

i=1

Ni∑

n=1

(yin − yi•)
2,

ΣSST =
I∑

i=1

Ni(yi• − y••)
2.

ΣSSG is 
alled Grand Sum of Squares, ΣSSE Sum of Squares for errors, and ΣSST Sum of Squaresfor Treatments. They have the following distributions:
1

σ2
ΣSSG ∼ χ2

N−1,
1

σ2
ΣSSE ∼ χ2

N−I ,
1

σ2
ΣSST ∼ χ2

I−1.Therefore the 
orresponding varian
es are σ̂2
SSG = 1

N−1ΣSSG, σ̂2
SSE = 1

N−I ΣSSE, and σ̂2
SST =

1
I−1ΣSST . σ̂2

SSE is 
alled varian
e within treatments and σ̂2
SST is 
alled varian
e between treatments.A high varian
e between treatments 
ompared with the varian
e within treatments is speaking versusthe null hypothesis that the treatment e�e
ts are the same. Hen
e the test statisti
 is

V̂ =
σ̂2

SST

σ̂2
SSE

.If σ2
1 = σ2

2 = . . . σ2
I , then V̂ has a F-distribution with I − 1 and N − I degrees of freedom.ANOVA test for one-way layoutReje
t H0 : µ1 = µ2 = . . . = µI if V̂ =

σ̂2
SST

σ̂2
SSE

> FI−1,N−I,1−α.
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/200837Thereby FN,M,α denotes the α-quantile of the 
entral F-distribution with N and M degrees offreedom.Usually, the values for the analysis of varian
e are summarized in the so-
alled ANOVA table:Cause of variability Degrees of freedom Sum of squares Varian
e estimatesDi�eren
esbetweenfa
tor levels I − 1 ΣSST =
I∑

i=1

Ni(Y i• − Y ••)
2 σ̂2

SST = 1
I−1ΣSSTMeasurementerror N − I ΣSSE =

I∑

i=1

Ni∑

n=1

(Yin − Y i•)
2 σ̂2

SSE = 1
N−I ΣSSETotal N − 1 ΣSSG =

I∑

i=1

Ni∑

n=1

(Yin − Y ••)
2 σ̂2

SSG = 1
N−1ΣSSGThe �rst two rows of the ANOVA table together with the p-value and the value of the test statisti
are given in R by the 
ommands anova(lm(....)) (lm from linear model).Spe
ial 
ase I = 2: In the 
ase of I = 2, also the t-test 
an be used. However, it provides thesame p-value as the ANOVA test sin
e the ANOVA test statisti
 V̂ the squared t-test statisti
 d̂.i.e. d̂2 = V̂ .3.1.1 Example (Growing)Regard the data set growing from Exer
ise 2.2.2. Then the ANOVA test provides:> anova(lm(Height~Pollen,data=growing))Analysis of Varian
e TableResponse: HeightDf Sum Sq Mean Sq F value Pr(>F)Pollen 1 192.67 192.67 7.1138 0.01408 *Residuals 22 595.83 27.08---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Re
all that the t-test provides:> t.test(Height~Pollen,data=growing,var.equal=T)Two Sample t-testdata: Height by Pollent = 2.6672, df = 22, p-value = 0.01408alternative hypothesis: true differen
e in means is not equal to 095 per
ent 
onfiden
e interval:1.260534 10.072800
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/200838sample estimates:mean in group Fertile mean in group Sterile96.58333 90.91667Hne
e the p-values 
oin
ide. And indeed the value of the squared t-test statisti
> (t.test(Height~Pollen,data=growing,var.equal=T)$statisti
)^2t7.113846is the value of the test statisti
 of the ANOVA test whi
h is 
alled F value in the ANOVA table ofR.3.2 Che
king the requirements of the one-way ANOVA testAs the t-test, the one-way ANOVA test has two requirements:1. The measurements yi1, . . . , yiNi must have a normal distributions for ea
h level (treatment,group) i = 1, . . . , I.2. The varian
es of the normal distributions must be equal, i.e. σ2
1 = σ2

2 = . . . = σ2
I .1. Che
king the normal distribution: This done as for the t-test with the Shapiro-Wilk testgiven in R by shapiro.test.2. Che
king the homogeneity of the varian
es: If the normal distribution 
an be assumedfor ea
h level (group), then the equality (homogeneity) of the varian
es 
an be tested with theBartlett-Test. It bases on the estimates of the varian
es σ2

i given by
σ̂2

i =
1

Ni − 1

Ni∑

n=1

(Yin − Y i•)
2and the pooled varian
e estimate

σ̂2
SSE =

1

N − I

I∑

i=1

Ni∑

n=1

(Yin − Y •)
2 =

1

N − I

I∑

i=1

(Ni − 1)σ̂2
i .The test statisti
 has the form

B̂ =
1

c

(
(N − I) ln σ̂2

SSE −
I∑

i=1

(Ni − 1) ln σ̂2
i

)
,where

c =
1

3(I − 1)

(
I∑

i=1

1

Ni − 1
− 1

N − I

)
+ 1.
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/200839Bartlett test for testing the homogeneity of the varian
esReje
t H0 : σ2
1 = σ2

2 = . . . = σ2
I if B̂ > χ2

I−1,1−α.Thereby, χ2
N,α denotes the α-quantile of the 
entral χ2-distribution with N degrees of freedom.The Bartlett test is given in R with the fun
tion bartlett.test. Note that the Bartlett teststatisti
 is not de�ned if one of the varian
e estimates σ̂2

i is equal to 0 sin
e ln(0) is not de�ned. Ifbartlett.test is applied to a data set where one σ̂2
i is equal to 0, then it 
an happen that the Rsession breaks down.Alternative, if the requirements of the ANOVA test are not satis�ed: If the hypothesis ofnormal distribution for ea
h level (group) or the hypothesis of equality of the varian
es is reje
ted,then the ANOVA test 
annot be used. An alternative is the distribution-free Kruskal-Wallis testwhi
h generalizes the Wil
oxon rang sum test and is in R available under kruskal.test.3.2.1 Example (Chi
ken)Regard the data set 
hi
ken from Exer
ise 1.4.1. The aim is to test whether the drug added tothe feed has an in�uen
e on the weight of 
hi
ken. At �rst we have to 
he
k whether the weightmeasurements for the three drug groups are normally distributed:> shapiro.test(
hi
ken[
hi
ken$Feed=="Control","Weight"℄)Shapiro-Wilk normality testdata: 
hi
ken[
hi
ken$Feed == "Control", "Weight"℄W = 0.9607, p-value = 0.8164> shapiro.test(
hi
ken[
hi
ken$Feed=="Low","Weight"℄)Shapiro-Wilk normality testdata: 
hi
ken[
hi
ken$Feed == "Low", "Weight"℄W = 0.9782, p-value = 0.9535> shapiro.test(
hi
ken[
hi
ken$Feed=="High","Weight"℄)Shapiro-Wilk normality testdata: 
hi
ken[
hi
ken$Feed == "High", "Weight"℄W = 0.9234, p-value = 0.4582Nothing speaks versus the normal distribution. Therefore we 
an test whether the varian
es areequal:> bartlett.test(Weight~Feed,data=
hi
ken)Bartlett test for homogeneity of varian
esdata: Weight by FeedBartlett's K-squared = 0.9958, df = 2, p-value = 0.6078Hen
e also the homogeneity of the varian
es is not reje
ted, so that the ANOVA test 
an be applied:> anova(lm(Weight~Feed,data=
hi
ken))
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/200840Analysis of Varian
e TableResponse: WeightDf Sum Sq Mean Sq F value Pr(>F)Feed 2 0.132358 0.066179 11.492 0.0004254 ***Residuals 21 0.120938 0.005759---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Sin
e the p-value is less than 0.05, we 
an 
on
lude that the drug added to the feed has a signi�
antin�uen
e on the weight of 
hi
ken. The same result we get also with the distribution-free Kruskal-Wallis test. However, this test provides a larger p-value.> kruskal.test(Weight~Feed,data=
hi
ken)Kruskal-Wallis rank sum testdata: Weight by FeedKruskal-Wallis 
hi-squared = 12.0522, df = 2, p-value = 0.002415To produ
e the 
omplete ANOVA table as above we 
al
ulate the general varian
e and the grandsum of squares:> var(
hi
ken$Weight)[1℄ 0.01101286> 23*var(
hi
ken$Weight)[1℄ 0.2532958Then we obtain the following ANOVA table:Cause of variability Degrees of freedom Sum of squares Varian
e estimatesDi�eren
esbetweenfa
tor levels 2 ΣSST = 0.132358 σ̂2
SST = 0.066179Measurementerror 21 ΣSSE = 0.120938 σ̂2
SSE = 0.005759Total 23 ΣSSG = 0.253296 σ̂2

SSG = 0.01101286We see that indeed 0.132358 + 0.120938 = 0.253296 is satis�ed. Moreover, the 
olumn Mean Sq inthe ANOVA table of R 
ontaines the varian
e estimates σ̂2
SST and σ̂2

SSE.
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008413.2.2 Example (Germinating seeds)The data in the �le GERMIN.DAT �
ame from an experiment to study the e�e
t of di�erent amountsof water on the germination of seeds. For ea
h amount of water, four identi
al boxes were sown with100 seeds ea
h, and the number of seeds having germinated after two weeks was re
ordered. Theexperiment was repeated with boxes 
overed to slow evaporation. There were six levels of watering,
oded 1 to 6, with higher 
odes 
orresponding to more water.�(Hand et al. 1996, P.1)Here the number of seeds germinating per box:Un
overed boxesAmount of water1 2 3 4 5 622 41 66 82 79 025 46 72 73 68 027 59 51 73 74 023 38 78 84 70 0
Covered boxesAmount of water1 2 3 4 5 645 65 81 55 31 041 80 73 51 36 042 79 74 40 45 043 77 76 62 * 0Here we analyse only the results for the un
overed boxes. The treatments are here the 6 levels ofwatering. We want to test whether there is a e�e
t of watering in the un
overed boxes. Hen
e thenull hypothesis is that there is no e�e
t of watering on the seed numbers.To apply the fun
tion lm, the data set must have the form where di�erent units belong to di�erentrows. To transform the data from the data �le GERMIN.DAT into this form, the following fun
tionGermin.fun
t was written:fun
tion (){germin0<-read.table("GERMIN.DAT",na.string="*")germin1<-data.frame(germin0[1:4,℄,"un
overed")germin2<-data.frame(germin0[5:8,℄,"
overed")germin11<-
bind(germin1[,
(1,7)℄,"1")germin12<-
bind(germin1[,
(2,7)℄,"2")germin13<-
bind(germin1[,
(3,7)℄,"3")germin14<-
bind(germin1[,
(4,7)℄,"4")germin15<-
bind(germin1[,
(5,7)℄,"5")germin16<-
bind(germin1[,
(6,7)℄,"6")germin21<-
bind(germin2[,
(1,7)℄,"1")germin22<-
bind(germin2[,
(2,7)℄,"2")germin23<-
bind(germin2[,
(3,7)℄,"3")germin24<-
bind(germin2[,
(4,7)℄,"4")germin25<-
bind(germin2[-4,
(5,7)℄,"5")germin26<-
bind(germin2[,
(6,7)℄,"6")names(germin11)<-
("seed.numbers","box","watering")names(germin11)<-
("seed.numbers","box","watering")names(germin12)<-
("seed.numbers","box","watering")names(germin13)<-
("seed.numbers","box","watering")names(germin14)<-
("seed.numbers","box","watering")



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/200842names(germin15)<-
("seed.numbers","box","watering")names(germin16)<-
("seed.numbers","box","watering")names(germin21)<-
("seed.numbers","box","watering")names(germin22)<-
("seed.numbers","box","watering")names(germin23)<-
("seed.numbers","box","watering")names(germin24)<-
("seed.numbers","box","watering")names(germin25)<-
("seed.numbers","box","watering")names(germin26)<-
("seed.numbers","box","watering")germin<-rbind(germin11,germin12,germin13,germin14,germin15,germin16,germin21,germin22,germin23,germin24,germin25,germin26)row.names(germin)<-1:47germin}Sin
e ea
h group has only 4 measurement it is very unlikely that the normal distribution is reje
tedin the groups 1,2,3,4,5. The group 6 should be dropped from the data set sin
e there the varian
edi�ers 
learly from the varian
es in the other groups. Sin
e this varian
e is 0, it even would produ
ea break down of R if the Bartlett test is used.> germin<-germin.fun
t()> germin.un
<-germin[germin$box=="un
overed",℄> bartlett.test(seed.numbers~watering,data=germin.un
[germin.un
$watering!="6",℄)Bartlett test for homogeneity of varian
esdata: seed.numbers by wateringBartlett's K-squared = 6.7289, df = 4, p-value = 0.1509Hen
e the requirements of the ANOVA test are not reje
ted so that the ANOVA table for theun
overed boxes 
an be produ
ed:> anova(lm(seed.numbers~watering,data=germin.un
[germin.un
$watering!="6",℄))Analysis of Varian
e TableResponse: seed.numbersDf Sum Sq Mean Sq F value Pr(>F)watering 4 7904.7 1976.2 34.946 1.943e-07 ***Residuals 15 848.2 56.5---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1With> var(germin.un
[germin.un
$watering!="6","seed.numbers"℄)[1℄ 460.6816> 19*var(germin.un
[germin.un
$watering!="6","seed.numbers"℄)[1℄ 8752.95



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/200843we obtain the 
omplete ANOVA table:Cause of variability Degrees of freedom Sum of squares Varian
e estimatesDi�eren
esbetweenfa
tor levels 4 ΣSST = 7904.7 σ̂2
SST = 1976.2Measurementerror 15 ΣSSE = 848.2 σ̂2
SSE = 56.5Total 19 ΣSSG = 8752.9 σ̂2

SSG = 460.6816Sin
e we obtain the very small p-value of 1.943e-07, the null hypothesis is reje
ted. Hen
e there isa signi�
ant e�e
t of watering in the un
overed boxes.3.2.3 Exer
ise (Germinating seeds: Covered boxes)Test whether there is also a watering e�e
t for the seed numbers in the 
overed boxes in Example3.2.2. Che
k the requirements of the ANOVA test and produ
e the 
omplete ANOVA table.3.2.4 Exer
ise (Trees)Test with the ANOVA test as well as with the Kruskal-Wallis test whether the stem diameters oftrees di�er signi�
antly between spe
ies in the data set trees in the library agri
olae. Che
k therequirements of the ANOVA test.3.3 Multiple 
omparisonsIf the ANOVA test reje
ts the hypothesis H0 : µ1 = µ2 = . . . = µI , then one would like to knowwhi
h µi are di�erent. The naive pro
edure is to perform all pairwise t-tests for H0 : µi = µjwith i 6= j. But then I(I − 1)/2 tests are performed at the same data set so that the Bonferroniadjustment for the levels of the t-test should be used. This means that α = 2 0.05
I (I−1) is used for thelevel of the t-tests. Let here

d̂(yi∗, yj∗) =

√
Ni Nj

Ni + Nj

yi• − yj•

σ̂ijdenote the t-test statisti
 for testing H0 : µi = µj based on yi∗ and yj∗.Multiple 
omparisons with the Bonferroni adjustmentIf there are I levels (groups), then for 1 ≤ i < j ≤ I:Reje
t H0 : µi = µj if { P-value of the t-test is not greater than 2 α
I (I−1) , or

|d̂(yi∗, yj∗)| > tN1+N2−2,1− α
I (I−1)

, respe
tively.However, the 
omparisons with the Bonferroni adjustment are very 
onservative, i.e. the β-erroris high. A better method is Tukey's Honest Signi�
ant Di�eren
e (HSD) method. It uses the fa
t
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/200844that the maximum relative range
R̂ =

maxn=1,...,N Yn − minn=1,...,N Yn

σ̂has a studentized range distribution qN,v if Y1, . . . , YN are independent and identi
ally distributedwith normal distribution N (µ, σ) and σ̂2 is independently distributed as χ-squared with v degreesof freedom.Multiple 
omparisons with the Tukey's Honest Signi�
ant Di�eren
e methodIf there are I levels (groups), then for 1 ≤ i < j ≤ I:Reje
t H0 : µi = µj if √
2

√
Ni Nj

Ni + Nj

|yi• − yj•|
σ̂SSE

> qI,N−I,1−αThereby qN,v,α denotes the α-quantile of the studentized range distribution qN,v. These quantilesare given in R by qtukey. R o�ers also a fun
tion for making the 
omparisons. This fun
tion is
alled TukeyHSD and bases on the results of the fun
tion aov, whi
h produ
es a redu
ed ANOVAtable. Besides yi• − yj• and the p-values for the pairwise 
omparisons, TukeyHSD provides also thelower and upper bounds of the simultaneous 
on�den
e intervals for the mean di�eren
es µi − µj,i.e. it 
al
ulates
yi• − yj• ± qI,N−I,1−α

σ̂SSE√
2

√
1

Ni
+

1

Njfor all 1 ≤ i < j ≤ I.When the sample sizes Ni are very unequal, Tukey's HSD 
an be also very 
onservative. There-fore, the R pa
kage agri
olae provides several other multiple 
omparison method as the Waller-Dun
anmethod given in waller.test. However, to run them without errors, a newer version of theagri
olae pa
kage must be used, namely agri
olae 1.0-6.zip fromhttp://tarwi.lamolina.edu.pe/∼fmendiburu/.3.3.1 Example (Germinating seeds: Un
overed boxes)To see whi
h watering levels provides really di�erent seed numbers we use Tukey's Honest Signi�-
ant Di�eren
e method. Before using this, we 
ompare at �rst the 
ommands anova(lm...) andaov(...):> germin.un
<-germin[germin$box=="un
overed",℄> anova(lm(seed.numbers~watering,data=germin.un
[germin.un
$watering!="6",℄))Analysis of Varian
e TableResponse: seed.numbersDf Sum Sq Mean Sq F value Pr(>F)watering 4 7904.7 1976.2 34.946 1.943e-07 ***Residuals 15 848.2 56.5---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1> aov(seed.numbers~watering,data=germin.un
[germin.un
$watering!="6",℄)
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/200845Call:aov(formula = seed.numbers ~ watering, data = germin.un
[germin.un
$watering !="6", ℄)Terms: watering ResidualsSum of Squares 7904.70 848.25Deg. of Freedom 4 15Residual standard error: 7.519973Estimated effe
ts may be unbalan
edWe see that indeed aov provides a redu
ed ANOVA table.> germin.un
<-germin[germin$box=="un
overed",℄> TukeyHSD(aov(seed.numbers~watering,data=germin.un
[germin.un
$watering!="6",℄))Tukey multiple 
omparisons of means95% family-wise 
onfiden
e levelFit: aov(formula = seed.numbers ~ watering,data = germin.un
[germin.un
$watering != "6", ℄)$wateringdiff lwr upr p adj2-1 21.75 5.330196 38.16980 0.00730443-1 42.50 26.080196 58.91980 0.00000754-1 53.75 37.330196 70.16980 0.00000045-1 48.50 32.080196 64.91980 0.00000143-2 20.75 4.330196 37.16980 0.01052294-2 32.00 15.580196 48.41980 0.00019675-2 26.75 10.330196 43.16980 0.00120134-3 11.25 -5.169804 27.66980 0.26375075-3 6.00 -10.419804 22.41980 0.78949555-4 -5.25 -21.669804 11.16980 0.8569113We 
an 
on
lude that almost all pairs of watering levels produ
e di�erent seed numbers. The onlyex
eptions are the levels 4-3, 5-3, and 5-4. This result 
orresponds also to the boxplots:> boxplot(seed.numbers~watering,data=germin.un
[germin.un
$watering!="6",℄)Now we 
ompare the results of Tukey's Honest Signi�
ant Di�eren
e method with the Bonferroniadjustment method:> gerS.un
<-germin.un
[,"seed.numbers"℄> gerW.un
<-germin.un
[,"watering"℄> t.test(gerS.un
[gerW.un
=="1"℄,gerS.un
[gerW.un
=="2"℄)$p.value[1℄ 0.01557484
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Figure 3.1: Box plots for the un
overed boxes> t.test(gerS.un
[gerW.un
=="1"℄,gerS.un
[gerW.un
=="3"℄)$p.value[1℄ 0.004334964> t.test(gerS.un
[gerW.un
=="1"℄,gerS.un
[gerW.un
=="4"℄)$p.value[1℄ 8.701039e-05> t.test(gerS.un
[gerW.un
=="1"℄,gerS.un
[gerW.un
=="5"℄)$p.value[1℄ 3.762982e-05> t.test(gerS.un
[gerW.un
=="2"℄,gerS.un
[gerW.un
=="3"℄)$p.value[1℄ 0.03292381> t.test(gerS.un
[gerW.un
=="2"℄,gerS.un
[gerW.un
=="4"℄)$p.value[1℄ 0.002008712> t.test(gerS.un
[gerW.un
=="2"℄,gerS.un
[gerW.un
=="5"℄)$p.value[1℄ 0.004932404> t.test(gerS.un
[gerW.un
=="3"℄,gerS.un
[gerW.un
=="4"℄)$p.value[1℄ 0.1508645> t.test(gerS.un
[gerW.un
=="3"℄,gerS.un
[gerW.un
=="5"℄)$p.value[1℄ 0.393299> t.test(gerS.un
[gerW.un
=="4"℄,gerS.un
[gerW.un
=="5"℄)$p.value[1℄ 0.2172643Sin
e the adjusted signi�
an
e level is 0.05/10 = 0.005, we obtain only signi�
ant di�eren
es forthe watering 
ombinations 1-3, 1-4, 1-5, 2-4, 2-5. Hen
e the di�eren
es for 1-2, 2-3, whi
h appearedsigni�
ant with Tukey's Honest Signi�
ant Di�eren
e method, are not any more signi�
ant. Thisshows that the Bonferroni method is more 
onservative.We 
an use also HSD.test and waller.test of the newest agri
olae pa
kage:> library(agri
olae)> atta
h(germin.un
[germin.un
$watering!="6",℄)> model<-aov(seed.numbers~watering)> df<-df.residual(model)> MSerror<-devian
e(model)/df> 
omparison<-HSD.test(seed.numbers,watering,df,MSerror,group=TRUE,main="title")
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omparisontrt means M N std.err1 4 78.00 a 4 2.9154762 5 72.75 a 4 2.4281343 3 66.75 a 4 5.7933154 2 46.00 b 4 4.6368095 1 24.25 
 4 1.108678The lengthy printout of HSD.test is dropped here. Sin
e HSD.test uses Tukey's Honest Signi�
antDi�eren
e, it provides the same results as TukeyHSD but in a di�erent form: di�erent letters in the
olumn M indi
ate signi�
antly di�erent means. Hen
e 3-4, 3-5, and 4-5 do not 
on
ern di�erentmeans. The Waller-Dun
an method provides even more signi�
antly di�erent means:> 
omparison<-waller.test(seed.numbers,watering,df,MSerror,+ F
,group=TRUE,main="title")> 
omparisontrt means M N std.err1 4 78.00 a 4 2.9154762 5 72.75 ab 4 2.4281343 3 66.75 b 4 5.7933154 2 46.00 
 4 4.6368095 1 24.25 d 4 1.108678Here additionally 3-4 shows signi�
antly di�erent means.3.3.2 Exer
ise (Germinating seeds: Covered boxes)Find out for the 
overed boxes whi
h watering levels provides signi�
antly di�erent seed numbers.Use Tukey's Honest Signi�
ant Di�eren
e method and the Bonferroni adjustment method and 
om-pare the results. Use also HSD.test and waller.test from the newest version of the agri
olaepa
kage. Visualize the results with boxplots.3.3.3 Exer
ise (Trees)Find out with the data set trees from the agri
olae pa
kage whi
h spe
ies have signi�
antlydi�erent stem diameters. Visualize the result with boxplots.3.4 Designing the one-way ANOVALike for the t-test, the smallest β-error is a
hieved if the samples sizes N1, N2, . . . , NI are equal oras equal as possible. Moreover, the allo
ations of the levels (treatments) to the experimental unitsshould be done randomly. Su
h designs are 
alled 
ompletely randomized designs for onefa
tor and 
an be 
reated, for example, with the fun
tion design.
rd of the agri
olae pa
kage.3.4.1 Exer
ise (One-way ANOVA design)Determine a good design for 3 treatments TR1, TR2, TR3, TR4 applied at 12 experimental units.
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008484 Two-way ANOVAHere it is assumed that the data set 
ontains three variables: one numeri
 variable 
on
erningmeasurements and two fa
tor variables A and B 
on
erning treatments or blo
ks (groups). Thefa
tor variable A has A levels and the fa
tor variable B has B levels. Let Nab denote the samplesize for fa
tor level 
ombination (a, b). Be
ause of AB level 
ombinations, we have the followingtable for the sample sizes: B1 2 . . . B1 N11 N12 . . . N1BA 2 N21 N22 . . . N2B... ... ... ...
A NA1 NA2 . . . NABTable 1: Numbers of repetitions for ea
h level 
ombinationIn balan
ed designs the sample sizes are all equal, i.e. Nab = M for a = 1, . . . , A and b = 1, . . . , B.But unbalan
ed designs with di�erent sample sizes are also 
onsidered. In parti
ular, same ofthe sample sizes Nab 
an be zero.In the general 
ase, we have the following measurements:

y11∗ = (y111, . . . , y11N11)
⊤ the ve
tor of observations for level 
ombination (1, 1),

y12∗ = (y121, . . . , y12N12)
⊤ the ve
tor of observations for level 
ombination (1, 2),...

y1B∗ = (y1B1, . . . , y1BN1B
)⊤ the ve
tor of observations for level 
ombination (1, B),

y21∗ = (y211, . . . , y21N21)
⊤ the ve
tor of observations for level 
ombination (2, 1),...

y2B∗ = (y2B1, . . . , y2BN2B
)⊤ the ve
tor of observations for level 
ombination (2, B),...

yA1∗ = (yA11, . . . , yA1NA1
)⊤ the ve
tor of observations for level 
ombination (A, 1),...

yAB∗ = (yAB1, . . . , yABNAB
)⊤ the ve
tor of observations for level 
ombination (A,B).Altogether there are N = N11 + N12 + . . . + N1B + N21 + . . . + N2B + . . . + NA1 + . . . + NABobservations. y11∗, . . . , yAB∗ are realizations of independent random ve
tors Y11∗, . . . , YAB∗ where

Yab∗ = (Yab1, . . . , YabNab
)⊤ for a = 1, . . . , A and b = 1, . . . , B.The ANOVA test assumes that yabn is a realization of a random variable Yabn with normal dis-tribution N (µab, σ

2) and that all measurement variables Yabn are sto
hasti
ally independent for
n = 1, . . . , Nab, a = 1, . . . , A, b = 1, . . . , B. Note that all variables Yabn have the same varian
e as
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tionsIf Nab ≤ 2 for all a = 1, . . . , A, b = 1, . . . , B, then the following model for the distribution of themeasurements variables 
an be used:
Yabn = µab + Zin = µ + αa + βb + γab + Zabn with Zabn ∼ N (0, σ2),where1. Zabn is the measurement error,2. µ the average mean,3. αa the main e�e
t of level a of fa
tor A,4. βb the main e�e
t of level b of fa
tor B,5. γab the intera
tion between the levels a and b of the fa
tors A and B.If the parameters µ, α1, . . . , αA, β1, . . . , βB , γ11, . . . , γ1B , . . . , γAB 
an attain arbitrary values, thenthe model is overparametrized sin
e there are 1 + A + B + AB di�erent parameters while there areonly AB level 
ombinations. Hen
e side 
onditions for the parameters are needed, whi
h are:
A∑

a=1

αa = 0,

B∑

b=1

βb = 0,

A∑

a=1

γab = 0 for all b = 1, . . . , B,

B∑

b=1

γab = 0 for all a = 1, . . . , A. (2)
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∑B

b=1 Nab and N•b =
∑A

a=1 Nab. The parameters have the following estimates:
µ : µ̂ = y••• :=

1

N

A∑

a=1

B∑

b=1

Nab∑

n=1

yabn,

µab : µ̂ab = yab• :=
1

Nab

Nab∑

n=1

yabn,

αa : α̂a =
1

Na•

B∑

b=1

Nab∑

n=1

yabn − y••• = ya•• − y•••,

βb : β̂b =
1

N•b

A∑

a=1

Nab∑

n=1

yabn − y••• = y•b• − y•••,

γab = µab − µ − αa − βb : γ̂ab = µ̂ab − µ̂ − α̂a − β̂b = yab• − ya•• − y•b• + y•••,

zabn = yabn − µab : ẑabn = yabn − yab•,

σ2 : σ̂2
SSE =

1

N − AB

A∑

a=1

B∑

b=1

Nab∑

n=1

ẑ2
abn (3)

=
1

N − AB

A∑

a=1

B∑

b=1

Nab∑

n=1

(yabn − yab•)
2.Note that the estimates α̂a, β̂b, and γ̂ab satisfy the side 
onditions 2.4.2 Model without intera
tionsIf some of the Nab are zero or equal to 1, then the model with intera
tions 
annot be used. Then amodel without intera
tion shall be used:

Yabn = µab + Zin = µ + αa + βb + Zabn with Zabn ∼ N (0, σ2),where µ, αa and βb have the same interpretations as before and also the same estimates. Only theestimate for the varian
e 
hanges:
zabn = yabn − µ − αa − βb : ẑabn = yabn − µ̂ − α̂a − β̂b,

σ2 : σ̂2
SSE|A+B =

1

N − AB

A∑

a=1

B∑

b=1

Nab∑

n=1

ẑ2
abn (4)

=
1

N − A − B + 1

A∑

a=1

B∑

b=1

Nab∑

n=1

(yabn − µ̂ − α̂a − β̂b)
2.
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tions, there are three hypotheses, whi
h should be tested:
HI

0 : γab = 0 for all (a, b) versus HI
1 : there exists (a, b) with γab 6= 0,

HA
0 : αa = 0 for all a versus HA

1 : there exists a with αa 6= 0,

HB
0 : βb = 0 for all b versus HB

1 : there exists b with βb 6= 0.The tests are derived by regarding modi�ed hypotheses whi
h 
an be tested sequentially:
H̃A+B

0 : µab = µ + αa + βb versus H̃A+B
1 : µab = µ + αa + βb + γab,

H̃
A|A+B
0 : µab = µ + βb versus H̃

A|A+B
1 : µab = µ + αa + βb,

H̃B
0 : µab = µ versus H̃B

1 : µab = µ + βb.The hypotheses H̃A+B
0 , H̃

A|A+B
0 , and H̃B

0 
an be tested separately byReje
t H̃A+B
0 if ΣSSI/(A − 1)(B − 1)

ΣSSE/(N − AB)
> F(A−1)(B−1),N−A B,1−α. (5)Reje
t H̃

A|A+B
0 if ΣSSA|A+B/(A − 1)

ΣSSE|A+B/(N − A − B + 1)
> FA−1,N−A−B+1,1−α.Reje
t H̃B

0 if ΣSSB/(B − 1)

ΣSSE|B/(N − B)
> FB−1,N−B,1−α.Thereby FN,M,α denotes again the α-quantile of the 
entral F-distribution with N and M degreesof freedom. The 
onstru
tions of the tests bases on the fa
t that the used sum of squares aresto
hasti
ally independent with χ2-distribution.Note, that the last test is the ANOVA test for the one-way layout. Thus, we have

ΣSSB =

B∑

b=1

N•b (y•b• − y•••)
2 is the sum of squares for fa
tor B,

ΣSSE|B =
A∑

a=1

B∑

b=1

Nab∑

n=1

(yabn − y•b•)
2 is the sum of squares for errors in the one-way layout.
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ΣSSA|A+B is the sum of squares for fa
tor A in model A+B,

ΣSSE|A+B =

A∑

a=1

B∑

b=1

Nab∑

n=1

(yabn − µ̂ − α̂a − β̂b)
2 is the sum of squares for errors in model A+B,

ΣSSI =

A∑

a=1

B∑

b=1

Nab (yab• − ya•• − y•b• + y•••)
2 is the sum of squares for intera
tions,

ΣSSE =

A∑

a=1

B∑

b=1

Nab∑

n=1

(yabn − yab•)
2 is the sum of squares for errors in the full model.The grand sum of squares

ΣSSG :=
A∑

a=1

B∑

b=1

Nab∑

n=1

(yabn − y•••)
2.
an be de
omposed as follows

ΣSSG = ΣSSB + ΣSSE|B,

ΣSSG = ΣSSB + ΣSSA|A+B + ΣSSE|A+B,

ΣSSG = ΣSSB + ΣSSA|A+B + ΣSSI + ΣSSE,where
ΣSSB, ΣSSE|B are sto
hasti
ally independent,
ΣSSB, ΣSSA|A+B, ΣSSE|A+B are sto
hasti
ally independent,
ΣSSB, ΣSSA|A+B, ΣSSI , ΣSSE are sto
hasti
ally independent.Note that there is no simple expression for ΣSSA|A+B. Moreover, the tests depend on the order ofthe fa
tors. We obtain other tests if the fa
tors A and B are ex
hanged. This means in pra
ti
ethat we have to de
ide whi
h fa
tor should take the role of fa
tor A and whi
h fa
tor the role offa
tor B.Balan
ed designsHowever, for balan
ed designs with Nab = M for all a = 1, . . . , A, b = 1, . . . , B, we do not have thisproblem. There it holds

ΣSSB = M A
B∑

b=1

(y•b• − y•••)
2,

ΣSSA|A+B = ΣSSA = M B
A∑

a=1

(ya•• − y•••)
2,

ΣSSI = M

A∑

a=1

B∑

b=1

(yab• − ya•• − y•b• + y•••)
2,
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omposition of the grand sum of squares be
omes
ΣSSG = ΣSSA + ΣSSB + ΣSSE|A+B (6)
ΣSSG = ΣSSA + ΣSSB + ΣSSI + ΣSSE. (7)Sin
e the sum of squares for fa
tors A and B are of analogous form, the fa
tors A and B 
an beex
hanged.4.3.1 Exer
ise (For mathemati
ians)Prove that the de
ompositions (6) and (7) really hold for balan
ed designs.ANOVA test for the two-way layout with intera
tions and general designUsing the tests in (5), the order of fa
tors A and B would be also important for balan
ed designssin
e the sum of squares for errors ΣSSE|A+B and ΣSSE|B are di�erent. Therefore, always ΣSSEis used in the denominator of the ANOVA test statisti
. Moreover, only then it is not ne
essaryto adjust the level α of the tests. I.e. we 
an use for all three tests α = 0.05 if these are the onlytests at the data set ex
ept for some pretests. This is due to the de
omposition of the grand sum ofsquares. The following varian
e estimators are used in the test statisti
s besides σ̂2

SSE given in (3):
σ̂2

SSB =
1

B − 1
ΣSSB, σ̂2

SSA|A+B =
1

A − 1
ΣSSA|A+B, σ̂2

SSI =
1

(A − 1) (B − 1)
ΣSSI .This leads to the following tests:ANOVA tests for the two-way layout with intera
tionsReje
t HI

0 : γab = 0 for all (a, b) if V̂I =
σ̂2

SSI

σ̂2
SSE

> F(A−1)(B−1),N−A B,1−α.Reje
t HA
0 : αa = 0 for all a if V̂A =

σ̂2
SSA|A+B

σ̂2
SSE

> FA−1,N−A B,1−α.Reje
t HB
0 : βb = 0 for all b if V̂B =

σ̂2
SSB

σ̂2
SSE

> FB−1,N−A B,1−α.
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/200854Again, the values for the analysis of varian
e are summarized in the so-
alled ANOVA table:Cause of variability Degrees of freedom Sum of squares Varian
e estimatesFa
tor B B − 1 ΣSSB σ̂2
SSB = 1

B−1ΣSSBFa
tor A A − 1 ΣSSA|A+B σ̂2
SSA|A+B = 1

A−1ΣSSA|A+BIntera
tion (A − 1)(B − 1) ΣSSI σ̂2
SSI = 1

(A−1)(B−1)ΣSSIMeasurementerror N − AB ΣSSE σ̂2
SSE = 1

N−A BΣSSETotal N − 1 ΣSSG σ̂2
SSG = 1

N−1ΣSSGANOVA test for the two-way layout without intera
tions and with general designHere ΣSSE|A+B is used in the denominator of the test statisti
s sin
e then we have again thede
omposition of the grand sum of squares.ANOVA tests for the two-way layout without intera
tionsReje
t HA
0 : αa = 0 for all a if V̂A =

σ̂2
SSA|A+B

σ̂2
SSE|A+B

> FA−1,N−A−B+1,1−α.Reje
t HB
0 : βb = 0 for all b if V̂B =

σ̂2
SSB

σ̂2
SSE|A+B

> FB−1,N−A−B+1,1−α.Again, the values for the analysis of varian
e are summarized in the so-
alled ANOVA table:Cause of variability Degrees of freedom Sum of squares Varian
e estimatesFa
tor B B − 1 ΣSSB σ̂2
SSB = 1

B−1ΣSSBFa
tor A A − 1 ΣSSA|A+B σ̂2
SSA|A+B = 1

A−1ΣSSA|A+BMeasurementerror N − A − B + 1 ΣSSE|A+B σ̂2
SSE|A+B = 1

N−A−B+1ΣSSE|A+BTotal N − 1 ΣSSG σ̂2
SSG = 1

N−1ΣSSG
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king the requirements of the two-way ANOVA testsAs for the one-way ANOVA test the normal distribution for ea
h fa
tor 
ombination and the ho-mogeneity of the varian
es must be 
he
ked. However this 
an be done only if there are manymeasurements for ea
h fa
tor 
ombination. In su
h situations, the same methods as for the one-way layout 
an be used by regarding ea
h level 
ombination separately. But in designs with fewor even zero observations for some fa
tor 
ombinations this makes no sense. The normal distri-bution, however, 
an be always tested by testing the normal distribution of the residuals withshapiro.test(lm(...)$residuals. This method should be also used if there are many levels inthe one-way layout.4.3.2 Example (Germinating seeds)We have seen in Example 3.2.2 and Exer
ise 3.2.3 that there is a signi�
ant watering e�e
t for theun
overed boxes as well as for the 
overed boxes. To test whether there is also a box e�e
t, we
ould use the t-test. But then we have to take into a

ount that we are doing three tests at thesame data set germin. Therefore, it is better to use the ANOVA test. With this test we also 
antest whether there is an intera
tion between the type of the box and the watering level. But at �rstwe test whether we 
an assume the normal distribution and the homogeneity of the varian
es:> shapiro.test(lm(seed.numbers~watering*box,data=germin[germin$watering!="6",℄+ )$residuals)$p.value[1℄ 0.9119584Hen
e there is no eviden
e that the normal distribution is not satis�ed.> anova(lm(seed.numbers~watering*box,data=germin[germin$watering!="6",℄))Analysis of Varian
e TableResponse: seed.numbersDf Sum Sq Mean Sq F value Pr(>F)watering 4 6675.8 1668.9 34.7094 1.142e-10 ***box 1 0.2 0.2 0.0035 0.953watering:box 4 6068.9 1517.2 31.5540 3.492e-10 ***Residuals 29 1394.4 48.1---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1We 
an 
on
lude that there is a signi�
ant watering e�e
t and a signi�
ant intera
tion. The typeof the box has no signi�
ant e�e
t. With> var(germin[germin$watering!="6","seed.numbers"℄)[1℄ 372.085> 38*var(germin[germin$watering!="6","seed.numbers"℄)[1℄ 14139.23



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/200856we 
an produ
e the 
omplete ANOVA table:Cause of variability Degrees of freedom Sum of squares Varian
e estimatesFa
tor B 4 ΣSSB = 6675.8 σ̂2
SSB = 1668.9Fa
tor A 1 ΣSSA|A+B = 0.2 σ̂2
SSA|A+B = 0.2Intera
tion 4 ΣSSI = 6068.9 σ̂2
SSI = 1517.2Measurementerror 29 ΣSSE = 1394.4 σ̂2
SSE = 48.1Total 38 ΣSSG = 14139.23 σ̂2

SSG = 372.085If the order of the fa
tors watering and box are ex
hanged, then almost the same table is obtained.This is due to the fa
t that we have almost a balan
ed design with Nab = 4. Only one observationis missing in the 
overed boxes for watering level 5:> anova(lm(seed.numbers~box*watering,data=germin[germin$watering!="6",℄))Analysis of Varian
e TableResponse: seed.numbersDf Sum Sq Mean Sq F value Pr(>F)box 1 0.2 0.2 0.0037 0.9522watering 4 6675.8 1668.9 34.7093 1.142e-10 ***box:watering 4 6068.9 1517.2 31.5540 3.492e-10 ***Residuals 29 1394.4 48.1---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Although there is a signi�
ant intera
tion and Nab ≤ 3 always, we demonstrate here the use ofanova(lm(...)) also for the one-way layout without intera
tions:> shapiro.test(lm(seed.numbers~box+watering,data=germin[germin$watering!="6",℄+ )$residuals)$p.value[1℄ 0.0704208The p-value provided by the Shapiro-Wilks test is now mu
h smaller than in the model with inter-a
tions. This is due to the strong intera
tions. But still it is larger than 0.05.> anova(lm(seed.numbers~box+watering,data=germin[germin$watering!="6",℄))
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/200857Analysis of Varian
e TableResponse: seed.numbersDf Sum Sq Mean Sq F value Pr(>F)box 1 0.2 0.2 0.0008 0.9779438watering 4 6675.8 1668.9 7.3795 0.0002320 ***Residuals 33 7463.3 226.2---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1We see that the test statisti
s, the F values, have 
hanged. But we see also that the sum of squaresfor box:watering and Residuals satisfy 6068.9 + 1394.4 = 7463.3.4.3.3 Exer
ise (Mustard)In Example 2.2.1, the two t-tests for testing for an in�uen
e of 
utting and of the growing 
onditionsprovided no signi�
ant results.a) Now test with the ANOVA test whether there are e�e
ts of the 
utting and the growing 
onditionsand whether there are intera
tions between the two treatment fa
tors. Test also the requirementsof the ANOVA test and produ
e a 
omplete ANOVA table. What do you 
on
lude?b) Change also the order of the treatment fa
tors and 
ompare the results.
) Use the test for intera
tions as pretest. If the hypothesis of no intera
tions is not reje
ted, usealso the ANOVA test for the two-way layout without intera
tions. Test then also its requirements.Compare the results with the ANOVA test for the two-way layout with intera
tions. What happenswith the test statisti
s and P values? Explain the result.4.4 Designs for two treatment fa
torsTable 4 regarded as matrix is 
alled in
iden
e matrix and has the form



N11 N12 . . . N1B

N21 N22 . . . N2B... ... ...
NA1 NA2 . . . NAB




(8)If there are two treatments, then also the intera
tion of the treatments is of interest. This meansthat ea
h Nab should be at least 2. We have seen that balan
ed designs have the advantage that theorder of the treatment has no in�uen
e on the analysis. Hen
e a good design is a balan
ed designwith Nab = M for all a = 1, . . . , A, b = 1, . . . , B and M ≥ 2. We know that the higher M is thesmaller the β-error of the test is.The allo
ation of the level 
ombinations should be done randomly to the N = M AB experimentalunits. Su
h designs are 
alled randomized designs for two fa
tors and 
an be 
reated with thefun
tion design.ab of the library agri
olae.4.4.1 ExampleIf fa
tor A has the levels A1, A2, A3 and fa
tor B has the levels B1, B2, B3, B4 and M = 2, then
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/200858we obtain for example the following allo
ation:> library(agri
olae)> design.ab(
("A1","A2","A3"),
("B1","B2","B3","B4"),2)plots blo
k 
("A1", "A2", "A3") 
("B1", "B2", "B3", "B4")1 1 1 A1 B42 2 1 A3 B13 3 1 A2 B14 4 1 A3 B35 5 1 A3 B26 6 1 A2 B37 7 1 A1 B18 8 1 A1 B29 9 1 A2 B210 10 1 A2 B411 11 1 A3 B412 12 1 A1 B313 13 2 A2 B214 14 2 A3 B315 15 2 A3 B216 16 2 A1 B217 17 2 A2 B418 18 2 A2 B119 19 2 A2 B320 20 2 A3 B121 21 2 A1 B422 22 2 A1 B323 23 2 A3 B424 24 2 A1 B1We see that the se
ond repetitions are given in a se
ond blo
k. This makes sense sin
e if theexperiment must be stopped before all measurements are done, then at least all level 
ombinationswere used at least one time.4.5 Designs for one treatment and one blo
k fa
torUsually experiments 
annot be done under the same 
onditions. There are temporal and spa
ial
onditions. The random allo
ation of the treatments to the experimental units in the one-waylayout des
ribed in Subse
tion 3.4 aims to redu
e unknown temporal and spa
ial in�uen
es. Butsometimes these temporal and spa
ial in�uen
es are known and therefore 
annot be negle
ted. Thisis in parti
ular the 
ase if the experiments are done in di�erent years with di�erent weather or atdi�erent experimental stations with di�erent 
limati
 
onditions and di�erent ground. Then thesedi�erent 
onditions must be regarded as blo
k fa
tor. In our notation, the se
ond fa
tor B willdenote this blo
k fa
tor. Sin
e there are usually many blo
k fa
tors, the numbers Nab of samplesizes for the level 
ombinations of the treatment and the blo
k fa
tor are small. Very often thein
iden
e matrix given in (8) 
onsists only of zeros and ones. Sin
e the numbers Nab are su
h small,only the ANOVA test for the one-way layout without intera
tion is used. This makes sense, sin
e
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k e�e
t and intera
tions are of less interest. The orderof the treatment fa
tor and the blo
k fa
tor should be su
h that the treatment is the fa
tor A andthe blo
k fa
tor is the fa
tor B. Then at �rst in the whole model it is tested whether there is atreatment e�e
t, and then in a model without treatment e�e
ts it is tested whether the blo
ks havesigni�
ant in�uen
e.The treatment fa
tor is the fa
tor A and the blo
k fa
tor is the fa
tor B in the ANOVA test ofSubse
tion 4.3.For example a in
iden
e matrix 
an have the form:



1 1 0 1 0 1

0 0 1 0 0 1

0 1 1 1 1 0

1 0 0 0 1 0


This is a blo
k design with A = 4 treatments and B = 6 blo
ks. It is a in
omplete blo
k designsin
e some Nab are equal to zero.A blo
k design is 
alled 
omplete blo
k design if Nab ≥ 0 for all a = 1, . . . , A, b = 1, . . . , B.A blo
k design is 
alled in
omplete blo
k design if there exists level 
ombinations (a, b) with

Nab = 0.A blo
k design is 
alled balan
ed blo
k design if the number of treatments N•b is equal inea
h blo
k b (N•1 = N•2 = . . . = N•B), ea
h treatment level a appears in the same number ofblo
ks (N1• = N2• = . . . = NA•) and ea
h pair of treatments a1, a2 ∈ {1, . . . , A} appears in thesame number of blo
ks.Obviously, if Nab = M for all a = 1, . . . , A, b = 1, . . . , B, then this is a balan
ed 
omplete blo
kdesign. But there are also balan
ed in
omplete blo
k designs.A blo
k in
omplete design whi
h is balan
ed is 
alled balan
ed in
omplete blo
k design(BIBD).Balan
ed 
omplete blo
k designsAlthough with the blo
k fa
tor a temporal or spa
ial in�uen
e is taking into a

ount, there maybe also unknown temporal or spa
ial in�uen
e. Therefore the treatments should be allo
ated in ablo
k randomly. Su
h designs are 
alled randomized 
omplete blo
k designs (RCBD) and
an be 
onstru
ted with design.r
bd of the agri
olae pa
kage.4.5.1 ExampleIf there are 3 levels T1, T2, T3 for the treatment and 4 levels for the blo
k fa
tor, we 
an use forexample the following randomized 
omplete blo
k design:> library(agri
olae)> design.r
bd(
("T1","T2","T3"),4)plots blo
k 
("T1", "T2", "T3")1 1 1 T1
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omplete blo
k designs, we have Nab = 1 for all a = 1, . . . , A, b = 1, . . . , B. Besidesthe ANOVA test for two-way layout without intera
tions, also the Friedman rank sum test 
anbe used. This is a distribution-free test and should be used if the normal distribution is reje
ted.4.5.2 Example (A soil experiment)The data in the �le SOIL.DAT �are part of a larger experiment to determine the e�e
tiveness of blastfurna
e slags (German: Ho
hofens
hla
ke) as agri
ulural liming material (German: S
heidungsma-terial) on three types of soil, sandy loam (German: Lehm) (I), sandy 
lay loam (
lay in German:Ton) (II) and loamy sand (III). The treatments were all applied at 4000 lbs per a
re, and what wasmeasured was the 
orn yield in bushels per a
re.� (Hand et al. 1996, P. 220)The tree types of soil are regarded as blo
ks. There were 7 levels of the treatment: none slagNone, 
oarse slag Coarse, medium slag Medium, agri
ultural slag slag, agri
ultural limestone lime,agri
ultural slag + minor elements slag.plus, agri
ultural limestone + minor elements lime.plus.At �rst we read the data:> soil0<-read.table("SOIL.DAT")> soil1<-
(soil0[,1℄,soil0[,2℄,soil0[,3℄)> soil2<-data.frame(rep(
("none","
oarse","medium","slag","lime","slag.plus",+ "lime.plus"),3),soil1)> soil<-data.frame(
(rep("I",7),rep("II",7),rep("III",7)),soil2)> names(soil)<-
("soil","slag","yield")> soilsoil slag yield1 I none 11.12 I 
oarse 15.33 I medium 22.74 I slag 23.85 I lime 25.66 I slag.plus 31.27 I lime.plus 25.88 II none 32.69 II 
oarse 40.810 II medium 52.111 II slag 52.812 II lime 63.1
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oarse 65.017 III medium 58.818 III slag 61.419 III lime 41.120 III slag.plus 78.121 III lime.plus 60.2This is not a randomized 
omplete blo
k design. But maybe the randomization was lost by puttingthe data in �le SOIL.DAT.Then we test for normality:> shapiro.test(lm(yield~soil+slag,data=soil)$residuals)$p.value[1℄ 0.2199803Hen
e the normal distribution is not reje
ted so that the ANOVA test 
an be used. Sin
e soil isthe blo
k fa
tor it should 
ome at �rst:> anova(lm(yield~soil+slag,data=soil))Analysis of Varian
e TableResponse: yieldDf Sum Sq Mean Sq F value Pr(>F)soil 2 5696.3 2848.2 36.0743 8.41e-06 ***slag 6 731.1 121.8 1.5432 0.2457Residuals 12 947.4 79.0---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Hen
e the types of slags have no signi�
ant in�uen
e, however the soil has. But this was probablyknown before the experiment. Now we 
an also test the hypothesis of the in�uen
e of slag typeswith the Friedman rank sum test:> friedman.test(yield~slag|soil,data=soil)Friedman rank sum testdata: yield and slag and soilFriedman 
hi-squared = 8.1429, df = 6, p-value = 0.2278It provides almost the same p-value although usually distribution-free tests provides larger p-valuesand have larger β-error. Note the di�erent writing of the formula: yield∼soil+slag in the ANOVAtest and yield∼slag|soil in the Friedman rank sum test.



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/200862Balan
ed in
omplete blo
k designsBalan
ed in
omplete blo
k designs are needed when the blo
k size is too small so that not alltreatments 
an be applied in the blo
k. The blo
k size 
an be even 2 in the extreme 
ase. This isfor example the 
ase when the experimental units are the eyes persons and k > 2 eye drops shouldbe studied. Then ea
h person provides a blo
k of blo
k size is 2 and the number of treatments levelsis higher than the blo
k size.The question is, for whi
h blo
k sizes and for whi
h numbers of treatment levels a balan
ed in
om-plete blo
k design exists. Here some ne
essary 
onditions for the existen
e are given. For balan
eddesigns, let be
R = N1• = . . . = NA• the blo
k size,
K = N•1 = . . . = N•B the total number of repetitions of the treatment levels,
λ the number of blo
ks in whi
h a pair of di�erent treatments a1, a2 ∈ {1, . . . , A} appears.Obviously, it holds:

A R = B K (9)Moreover, there are
(

A

2

)
=

A (A − 1)

2
di�erent pairs of treatment levels,

(
K

2

)
=

K (K − 1)

2
di�erent pairs of treatments in ea
h blo
k,so that

λ A (A − 1) = B K (K − 1).Substituting B K by A R and dividing by A, we obtain
λ (A − 1) = R (K − 1). (10)Conditions (9) and (10) are only ne
essary 
onditions for a balan
ed in
omplete blo
k designs butnot su�
ient 
onditions. For example A = 16, R = 3, B = 8, K = 6, and λ = 1 satis�es with16 3=8 6 and 1 15=3 5 the 
onditions (9) and (10) but there exists no balan
ed in
omplete blo
kdesign.In the fun
tion design.bib of the agri
olae pa
kage one 
an only spe
ify the number of treatmentsand the blo
k size.4.5.3 Example (Balan
ed in
omplete blo
k design)The balan
ed in
omplete blo
k design for A = 3 and B = 2 has the form:
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("T1","T2","T3"),k=2)Parameters BIB==============Lambda : 1treatmeans : 3Blo
k size : 2Blo
ks : 3Repli
ation: 2Effi
ien
y fa
tor 0.75<<< Book >>>plots blo
k 
("T1", "T2", "T3")1 1 1 T12 2 1 T23 3 2 T14 4 2 T35 5 3 T26 6 3 T3This means that we have R = 2, B = 3 and λ = 1. A BIB design with A = 16 and K = 6 is solarge that we give here only the automati
 printout:> ddd<-design.bib(as.fa
tor(1:16),k=6)Parameters BIB==============Lambda : 1001treatmeans : 16Blo
k size : 6Blo
ks : 8008Repli
ation: 3003Effi
ien
y fa
tor 0.8888889<<< Book >>>4.5.4 Exer
ise (Designs for two fa
tors)a) Create a randomized design for two treatments A and B where treatment A has 6 levels, treatmentB has 4 levels, and M = 2.b) Create a randomized 
omplete blo
k design for a treatment with 6 levels and a blo
k fa
tor with4 levels.
) Is it possible so 
reate a randomized in
omplete blo
k design for 6 treatments levels, 4 blo
klevels and blo
k size 3? d) Create a randomized in
omplete blo
k design for 6 treatments levels andblo
k size 3.
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ise (Pepper)Consider the data set pepper in Exer
ise 1.5.2. Treat the three treatment fa
tors Heating, Lighting,Carbon dioxid, where ea
h has 2 levels, as one treatment fa
tor with 8 = 23 levels. The 
onditionof the experiment was that only 6 
ompartments per blo
k are available. Is the design of data setpepper randomized in
omplete blo
k design if the blo
k fa
tor year is negle
ted? Find a randomizedin
omplete blo
k design for the experimental 
onditions with minimum number N of experimentalunits. Negle
t again the blo
k fa
tor year. How many blo
ks are needed? And if only two blo
ksper year 
an be realized, how many years are needed for a randomized in
omplete blo
k design?
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tor variables, then we have a multi-way layout. The fa
torvariables 
an 
onsist of several blo
k variables B1, . . . ,BI and several treatment variables A1, . . . ,AJ .Still we assume that there is only one numeri
 variable.Sin
e we have more than two fa
tors, we do not have only intera
tions between two fa
tors but alsohigher order intera
tions between several fa
tors.Intera
tions of higher orderThe e�e
t, whi
h appears when several fa
tors are simultaneous at 
ertain levels, is 
alled higherorder intera
tions.Example: four-way layoutConsider for example four fa
tors A, B, C, and D. The fa
tor A has levels a1, . . . , aA, fa
tor B haslevels b1, . . . , bB , fa
tor C has levels c1, . . . , cC , and the fa
tor D has levels d1, . . . , dD. The fullmodel with all intera
tions is than
Yabcd = µ + αa + βb + γc + δd + αβab + αγac + βγbc + αδad + βδbd

+ αβγabc + αβδabd + βγδbcd + αβγδabcd + Zabcdwith Zabcd ∼ N (0, σ2) for all a ∈ {a1, . . . , aA}, b ∈ {b1, . . . , bB}, c ∈ {c1, . . . , cC}, d ∈ {d1, . . . , dD}.For simpli
ity we also write: a ∈ {1, . . . , A}, b ∈ {1, . . . , B}, c ∈ {1, . . . , C}, d ∈ {1, . . . ,D}.Thereby,
µ is the average mean,

αa, βb, γc, δd are the main e�e
ts of the fa
tors a, B, C, D,

αβab is the se
ond order intera
tion of fa
tor A at level aand fa
tor B at level b,

αγac, βγbc, αδad, βδbd are the other se
ond order intera
tions,
αβγabc is the third order intera
tion of fa
tor A at level a, fa
tor B at level b,and fa
tor C at level c,

αβδabd + βγδbcd are the other third order intera
tions,
αβγδabcd is the forth order intera
tion of fa
tor A at level a, fa
tor B at level b,fa
tor C at level c, and fa
tor D at level d.The main e�e
ts and the se
ond order intera
tions should satisfy the same side 
onditions as forthe two-way layout. Moreover, the higher order intera
tions should satisfy for example

0 =

A∑

a=1

αβγabc =

B∑

b=1

αβγabc =

C∑

c=1

αβγabc,

0 =
A∑

a=1

αβγδabcd =
B∑

b=1

αβγδabcd =
C∑

c=1

αβγδabcd =
D∑

d=1

αβγδabcd,
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1 + (A − 1) + (B − 1) + (C − 1) + (D − 1) + (A − 1)(B − 1) + (A − 1)(C − 1)

+ (B − 1)(C − 1) + (A − 1)(D − 1) + (B − 1)(D − 1) + (C − 1)(D − 1) +

+ (A − 1)(B − 1)(C − 1) + (A − 1)(B − 1)(D − 1) + (A − 1)(C − 1)(D − 1)

+ (B − 1)(C − 1)(D − 1) + (A − 1)(B − 1)(C − 1)(D − 1)

= A · B · C · Dparameters.Estimability in the full model of the four-way layoutAll of the AB C D parameters of the full model are estimable if the total sample size N is atleast A ·B ·C ·D, i.e. N ≥ A ·B ·C ·D, and ea
h level 
ombimation a, b, c, d is observed at leaston
e, i.e. Nabcd ≥ 1.Testability in the full model of the four-way layoutAll hypotheses about main e�e
ts and intera
tions are testable if the total sample size N isgreater than A ·B ·C ·D, i.e. N > A ·B ·C ·D, and ea
h level 
ombimation a, b, c, d is observedat least on
e, i.e. Nabcd ≥ 1.This means that for testing, we need at least one observation more than for estimation. This isdue to the fa
t that for testing we additionally need an estimate for the varian
e σ2, whi
h is notallowed to be zero.5.1 The ANOVA test for the multi-way layoutThe ANOVA test tests the intera
tions and main e�e
ts again in a sequential order. For example,for the four-way layout as follows:
1) HABCD

0 : µabcd = µ + αa + βb + γc + δd + αβab + αγac + βγbc + αδad + βδbd

+ αβγabc + αβδabd + βγδbcdversus
HABCD

1 : µabcd = µ + αa + βb + γc + δd + αβab + αγac + βγbc + αδad + βδbd

+ αβγabc + αβδabd + βγδbcd + αβγδabcd

2) HBCD
0 : µabcd = µ + αa + βb + γc + δd + αβab + αγac + βγbc + αδad + βδbd

+ αβγabc + αβδabdversus
HBCD

1 : µabcd = µ + αa + βb + γc + δd + αβab + αγac + βγbc + αδad + βδbd

+ αβγabc + αβδabd + βγδbcd
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3) HABD

0 : µabcd = µ + αa + βb + γc + δd + αβab + αγac + βγbc + αδad + βδbd

+αβγabcversus
HABD

1 : µabcd = µ + αa + βb + γc + δd + αβab + αγac + βγbc + αδad + βδbd

+ αβγabc + αβδabd

4) HABC
0 : µabcd = µ + αa + βb + γc + δd + αβab + αγac + βγbc + αδad + βδbdversus

HABC
1 : µabcd = µ + αa + βb + γc + δd + αβab + αγac + βγbc + αδad + βδbd

+ αβγabc

5) HBD
0 : µabcd = µ + αa + βb + γc + δd + αβab + αγac + βγbc + αδadversus

HBD
1 : µabcd = µ + αa + βb + γc + δd + αβab + αγac + βγbc + αδad + βδbd

6) HAD
0 : µabcd = µ + αa + βb + γc + δd + αβab + αγac + βγbcversus

HAD
1 : µabcd = µ + αa + βb + γc + δd + αβab + αγac + βγbc + αδad

7) HBC
0 : µabcd = µ + αa + βb + γc + δd + αβab + βγbcversus

HBC
1 : µabcd = µ + αa + βb + γc + δd + αβab + αγac + βγbc

8) HAC
0 : µabcd = µ + αa + βb + γc + δd + αβabversus

HAC
1 : µabcd = µ + αa + βb + γc + δd + αβab + αγac

9) HAB
0 : µabcd = µ + αa + βb + γc + δdversus

HAB
1 : µabcd = µ + αa + βb + γc + δd + αβab

10) HD
0 : µabcd = µ + αa + βb + γcversus

HD
1 : µabcd = µ + αa + βb + γc + δd
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11) HC

0 : µabcd = µ + αa + βbversus
HC

1 : µabcd = µ + αa + βb + γc

12) HB
0 : µabcd = µ + αaversus

HB
1 : µabcd = µ + αa + βb

13) HA
0 : µabcd = µversus

HA
1 : µabcd = µ + αaAll these hypotheses 
an be only tested if the sample size is greater than A ·B ·C ·D. If this is notthe 
ase some intera
tion must be dropped.5.1.1 Example (Pepper)Now we regard all variables of the Example 1.5.2 separately. This means that there are two blo
kvariables (Year and Blo
k) and three treatment variables (Heating, Lighting CO2).> aov(Ex
ess~Year*Blo
k*Heating*Lighting*CO2,data=pepper)Call:aov(formula = Ex
ess ~ Year * Blo
k * Heating * Lighting * CO2,data = pepper)Terms: Year Blo
k Heating Lighting CO2 Year:Blo
kSum of Squares 24.40167 92.04167 7.62881 20.36507 1.19428 0.17964Deg. of Freedom 1 1 1 1 1 1Year:Heating Blo
k:Heating Year:Lighting Blo
k:LightingSum of Squares 0.44831 0.00373 0.02709 0.49988Deg. of Freedom 1 1 1 1Heating:Lighting Year:CO2 Blo
k:CO2 Heating:CO2 Lighting:CO2Sum of Squares 0.08403 0.26779 0.84438 0.17992 0.15277Deg. of Freedom 1 1 1 1 1Year:Blo
k:Heating Year:Blo
k:Lighting Blo
k:Heating:LightingSum of Squares 1.64638 0.34362 0.47883Deg. of Freedom 1 1 1Year:Blo
k:CO2 Blo
k:Heating:CO2 Blo
k:Lighting:CO2 ResidualsSum of Squares 0.72043 0.00600 0.51571 1.21000Deg. of Freedom 1 1 1 2Residual standard error: 0.777817510 out of 32 effe
ts not estimableEstimated effe
ts may be unbalan
ed
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e not all of the parameters of the full model are estimable. Hen
e we must redu
e the model,for example, to:> aov(Ex
ess~Year+Blo
k+Heating*Lighting*CO2,data=pepper)Call:aov(formula = Ex
ess ~ Year + Blo
k + Heating * Lighting * CO2,data = pepper)Terms: Year Blo
k Heating Lighting CO2 Heating:LightingSum of Squares 24.40167 92.04167 7.62881 20.36507 1.19428 0.20271Deg. of Freedom 1 1 1 1 1 1Heating:CO2 Lighting:CO2 Heating:Lighting:CO2 ResidualsSum of Squares 0.03074 0.13298 1.17600 6.06607Deg. of Freedom 1 1 1 14Residual standard error: 0.6582484Estimated effe
ts may be unbalan
edIn this model, all parameters are estimable. Before we use the ANOVA test, we test for normaldistribution:> shapiro.test(aov(Ex
ess~Year+Blo
k+Heating*Lighting*CO2,data=pepper)$residuals)$p.value[1℄ 0.7816656> anova(lm(Ex
ess~Year+Blo
k+Heating*Lighting*CO2,data=pepper))Analysis of Varian
e TableResponse: Ex
ess Df Sum Sq Mean Sq F value Pr(>F)Year 1 24.402 24.402 56.3170 2.859e-06 ***Blo
k 1 92.042 92.042 212.4246 7.441e-10 ***Heating 1 7.629 7.629 17.6067 0.0008974 ***Lighting 1 20.365 20.365 47.0009 7.861e-06 ***CO2 1 1.194 1.194 2.7563 0.1190947Heating:Lighting 1 0.203 0.203 0.4678 0.5051472Heating:CO2 1 0.031 0.031 0.0709 0.7938500Lighting:CO2 1 0.133 0.133 0.3069 0.5883288Heating:Lighting:CO2 1 1.176 1.176 2.7141 0.1217170Residuals 14 6.066 0.433---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1In this model the following tests were done in the following order. Thereby the following abbrevia-tions are used: Y =Year, B =Blo
k, H =Heating, L =Lighting, C =CO2.
1) HH∗L∗C

0 : µybhlc = µ + Y + B + H + L + C + H ∗ L + H ∗ C + L ∗ Cversus
HH∗L∗C

1 : µybhlc = µ + Y + B + H + L + C + H ∗ L + H ∗ C + L ∗ C + H ∗ L ∗ C
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HH∗L∗C

0 is not reje
ted.
2) HL∗C

0 : µybhlc = µ + Y + B + H + L + C + H ∗ L + H ∗ Cversus
HL∗C

1 : µybhlc = µ + Y + B + H + L + C + H ∗ L + H ∗ C + L ∗ C

HL∗C
0 is not reje
ted.

3) HH∗C
0 : µybhlc = µ + Y + B + H + L + C + H ∗ Lversus

HH∗C
1 : µybhlc = µ + Y + B + H + L + C + H ∗ L + H ∗ C

HH∗C
0 is not reje
ted.

4) HH∗L
0 : µybhlc = µ + Y + B + H + L + Cversus

HH∗L
1 : µybhlc = µ + Y + B + H + L + C + H ∗ L

HH∗L
0 is not reje
ted.

5) HC
0 : µybhlc = µ + Y + B + H + Lversus

HC
1 : µybhlc = µ + Y + B + H + L + C

HC
0 is not reje
ted.

6) HL
0 : µybhlc = µ + Y + B + Hversus

HL
1 : µybhlc = µ + Y + B + H + LThere is a signi�
ant lighting e�e
t.

7) HH
0 : µybhlc = µ + Y + Bversus

HH
1 : µybhlc = µ + Y + B + HThere is a signi�
ant heating e�e
t.

8) HB
0 : µybhlc = µ + Yversus

HB
1 : µybhlc = µ + Y + B
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ant blo
k e�e
t.
9) HY

0 : µybhlc = µversus
HY

1 : µybhlc = µ + YThere is a signi�
ant year e�e
t.5.1.2 Exer
ise (Pepper)Study for the data set pepper also the following models: Ex
ess∼Year+Blo
k*Heating*Lighting*CO2,Ex
ess∼Year*Blo
k+Heating*Lighting*CO2, Ex
ess∼Year+Blo
k+Heating+Lighting+CO2. Inwhi
h model are all parameters estimable and in whi
h model are all hypothesis testable? In-di
ate the parameters whi
h are not estimable. Do the ANOVA for the testable models and 
he
kthe normal distribution. Whi
h model should be used in pra
ti
e?5.1.3 Exer
ise (Huasahuasi)The pa
kage agri
olae 
ontains the data set huasahuasi:> library(agri
olae)> data(huasahuasi)> huasahuasiBlo
k Treat Clon Comer
ial y1da y2da y3ra yield AUDPC1 I 40mm 386209.1 18.80 10.80 8.00 6.10 24.90 442.402 I 40mm 387164.4 28.25 22.75 5.50 4.14 32.39 2.103 I 40mm Cruza148 13.30 1.60 11.70 4.15 17.45 30.804 I 40mm Musuq 8.60 3.50 5.10 2.40 11.00 1424.855 I 40mm Yungay 20.82 10.92 9.90 5.20 26.02 404.956 I 7dias 386209.1 23.00 10.50 12.50 3.60 26.60 895.657 I 7dias 387164.4 28.98 21.98 7.00 7.60 36.58 7.708 I 7dias Cruza148 11.95 2.80 9.15 4.90 16.85 13.659 I 7dias Musuq 7.15 2.55 4.60 3.50 10.65 1147.3010 I 7dias Yungay 26.80 18.00 8.80 5.90 32.70 359.1011 I SinApli
 386209.1 13.60 10.75 2.85 2.50 16.10 2071.3012 I SinApli
 387164.4 31.80 29.30 2.50 6.50 38.30 20.3013 I SinApli
 Cruza148 16.80 10.50 6.30 4.20 21.00 156.4514 I SinApli
 Musuq 0.80 0.00 0.80 1.65 2.45 2590.7015 I SinApli
 Yungay 15.05 8.45 6.60 5.60 20.65 1790.6016 II 40mm 386209.1 15.80 12.00 3.80 3.10 18.90 1254.0517 II 40mm 387164.4 50.70 46.60 4.10 2.40 53.10 6.6518 II 40mm Cruza148 12.40 6.40 6.00 5.70 18.10 39.9019 II 40mm Musuq 0.85 0.00 0.85 1.30 2.15 3317.3020 II 40mm Yungay 24.80 14.10 10.70 1.95 26.75 1125.2521 II 7dias 386209.1 20.55 15.65 4.90 6.30 26.85 476.7022 II 7dias 387164.4 37.30 32.10 5.20 2.00 39.30 1.0523 II 7dias Cruza148 12.30 5.00 7.30 8.00 20.30 21.0024 II 7dias Musuq 9.60 6.00 3.60 2.30 11.90 428.05
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 386209.1 9.50 5.40 4.10 2.70 12.20 1785.0027 II SinApli
 387164.4 35.50 30.30 5.20 1.60 37.10 0.3528 II SinApli
 Cruza148 13.40 6.30 7.10 5.80 19.20 74.2029 II SinApli
 Musuq 0.00 0.00 0.00 0.40 0.40 3168.9030 II SinApli
 Yungay 11.60 5.50 6.10 2.15 13.75 2072.3531 III 40mm 386209.1 10.95 5.10 5.85 3.20 14.15 872.2032 III 40mm 387164.4 33.10 29.30 3.80 4.90 38.00 2.4533 III 40mm Cruza148 18.70 8.10 10.60 5.80 24.50 29.0534 III 40mm Musuq 1.50 0.50 1.00 1.10 2.60 3069.5035 III 40mm Yungay 24.00 15.70 8.30 1.40 25.40 754.9536 III 7dias 386209.1 18.75 10.40 8.35 3.05 21.80 517.3037 III 7dias 387164.4 37.80 32.10 5.70 3.10 40.90 3.5038 III 7dias Cruza148 17.90 9.30 8.60 3.55 21.45 15.0539 III 7dias Musuq 3.40 0.70 2.70 3.70 7.10 1352.4040 III 7dias Yungay 35.90 25.90 10.00 3.20 39.10 318.5041 III SinApli
 386209.1 11.35 4.85 6.50 4.40 15.75 1520.0542 III SinApli
 387164.4 34.70 29.20 5.50 4.65 39.35 2.4543 III SinApli
 Cruza148 14.70 3.80 10.90 4.70 19.40 33.6044 III SinApli
 Musuq 0.25 0.00 0.25 0.70 0.95 2903.6045 III SinApli
 Yungay 25.80 13.70 12.10 1.10 26.90 1055.95Regard only the measurement yield but all fa
tors Blo
k, Treat, Clon. Find the largest reasonablemodel in whi
h all parameters are estimable and the largest reasonable model in whi
h all hypothesisare testable. Write done the null hypotheses, alternatives and the 
on
lusions as in Example 5.1.1.5.2 Latin square and grae
o-latin square designsIf there are two blo
k fa
tors and one treatment fa
tor and all three fa
tors have the same numberof levels, than a latin square design is the best design.Latin square designA latin square design is a design whi
h allo
ates to ea
h level 
ombination of two blo
k fa
torsexa
tly one treatment level su
h that for ea
h blo
k level all treatment levels are used. Therebythe numbers of treatment and blo
k levels are the same.Latin square designs are produ
ed by design.lsd of the agri
olae pa
kage. For example,> library(agri
olae)> design.lsd(
("A","B","C","D"))plots row 
ol 
("A", "B", "C", "D")1 1 1 1 A2 2 1 2 D3 3 1 3 C4 4 1 4 B5 5 2 1 C6 6 2 2 B
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008737 7 2 3 A8 8 2 4 D9 9 3 1 D10 10 3 2 C11 11 3 3 B12 12 3 4 A13 13 4 1 B14 14 4 2 A15 15 4 3 D16 16 4 4 Cprovides the following latin square 1 2 3 41 A D C B2 C B A D3 D C B A4 B A D CHere the rows are the levels of the �rst blo
k fa
tor and the 
olumns are the levels of the se
ondblo
k fa
tor. The 
apital letters A,B,C,D denote the four levels of the treatment.If there are two blo
k fa
tors and two treatment fa
tors and all four fa
tors have the same numberof levels, than a grae
o-latin square design is the best design.Grae
o-latin square designA grae
o-latin square design is a design whi
h allo
ates to ea
h level 
ombination of two blo
kfa
tors exa
tly one 
ombination of levels of two treatment fa
tors su
h that for ea
h blo
k levelall levels of the �rst and the se
ond treatment fa
tor are used. Thereby the numbers of treatmentand blo
k levels are the same.Latin square designs are produ
ed by design.grae
o of the agri
olae pa
kage. For example,> library(agri
olae)> design.grae
o(
("A","B","C","D"),
("a","b","
","d"))plots row 
ol 
("A", "B", "C", "D") 
("a", "b", "
", "d")1 1 1 1 A b2 2 1 2 D a3 3 1 3 C d4 4 1 4 B 
5 5 2 1 D 
6 6 2 2 A d7 7 2 3 B a8 8 2 4 C b9 9 3 1 C a10 10 3 2 B b11 11 3 3 A 
12 12 3 4 D d
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15 15 4 3 D b16 16 4 4 A aprovides the following grae
o-latin square 1 2 3 41 Ab Da Cd B
2 D
 Ad Ba Cb3 Ca Bb A
 Dd4 Bd C
 Db AaHere the small letters stands for the grae
o letters.5.2.1 Exer
ise (Grae
o-latin square design)Produ
e a grae
o-latin square design for the 
ase that the numbers of blo
k and treatment levelsare 5. Write the design also as grae
o-latin square.The level 
ombinations of a latin square or grae
o-latin square design 
an have repetitions or not. Ifthey have repetitions, the number of repetitions should be equal for all 
ombinations of the design.Many latin and grae
o latin square designs have no repetitions. Then not all intera
tions 
an betested. Even in the 
ase of 3 levels for ea
h fa
tor, only an additive model, i.e. a model withoutintera
tion, 
an be used.5.2.2 Exer
ise (A vandalized experiment)The data �le VANDAL.DAT 
ontains the data of the following experiment. "`Six varieties of turnipwere grown in 36 plots arranged in a latin square design. The response variable is the fresh weight(roots plus tops) of turnips (German: Rübe) in pounds per plot (15ft × 15ft). Three plots in one
orner of the experiment had been atta
ked by vandals and therefore did not yield any usuabledata. Do the varieties of turnip di�er in mean weight per plot...? The data below are laid out inthe pattern of the experiment. The letters denote the varieties, A to F."' (Hand et al. 1996, P. 61)E, 29.0 F, 14.5 D, 20.5 A, 22.5 B, 16.0 C, 6.5B, 17.5 A, 29.5 E, 12.0 C, 9.0 D, 33.0 F, 12.5F, 17.0 B, 30.0 C, 13.0 D, 29.0 A, 27.0 E, 12.0A, 31.5 D, 31.5 F, 24.0 E, 19.5 C, 10.5 B, 21.0D, 25.0 C, 13.0 B, 31.0 F, 26.0 E, 19.5 A, NAC, 12.2 E, 13.0 A, 34.0 B, 20.0 F, NA D, NAAnalyze the experiment. Does the order of the fa
tors in�uen
e the analysis? What happens, if themissing values are substituted by 21.5 for F, 20.8 for A, 13.5 for D?
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torial designsLatin square designs and grae
o-latin square designs are spe
ial fra
tional fa
torial designs.Fa
torial and fra
tional fa
torial designAssume that there are k fa
tors, ea
h with n levels.A 
omplete fa
torial design is a design where ea
h of the nk level 
ombinations is realized
M ≥ 1 times.A fra
tional fa
torial design is a design where only some of the nk level 
ombinations arerealized M ≥ 1 times.As in latin square and grae
o-latin square designs, not all intera
tions 
an be estimated in fra
tionalfa
torial designs. However, some linear 
ombinations of the intera
tion parameters 
an be estimated.If intera
tion parameters are only estimable within su
h linear 
ombinations, then they are 
alled
onfounded (in German: vermengt).However, in 
omplete fa
torial, all intera
tions are estimable. The fun
tion fa
t.nk of the agri
olaepa
kage provides 
omplete fa
torial designs, where the allo
ation to the experimental units withinblo
ks is done randomly.5.3.1 Example (Complete fa
torial design)If there are three fa
tors, ea
h with two levels, whi
h should be allo
ated to the experimental unitsof four blo
ks, type> fa
t.nk(2,3,4)plots blo
ks A B C1 1 1 0 1 12 2 1 1 0 13 3 1 1 1 14 4 1 1 1 05 5 1 0 0 16 6 1 0 0 07 7 1 1 0 08 8 1 0 1 09 9 2 1 1 110 10 2 1 0 011 11 2 0 1 012 12 2 1 0 113 13 2 0 0 014 14 2 1 1 015 15 2 0 1 116 16 2 0 0 117 17 3 0 1 118 18 3 1 0 119 19 3 1 0 020 20 3 0 0 021 21 3 1 1 022 22 3 1 1 123 23 3 0 1 0
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h blo
k we have 23 = 8 level 
ombinations of the three fa
tors.5.3.2 Example (Pepper)The Example 1.5.2 provides a design where the treatments H =Heating, L =Lighting, C =CO2follow a 23 fa
torial design. However, the allo
ation of the 23 level 
ombinations to the blo
ks isnot 
omplete sin
e ea
h blo
k 
an have only 6 experimental units.It is 
lear as soon as we have more and more fa
tors, then the number of experimental units withinea
h blo
k explodes. For example, for 8 fa
tors, ea
h with 2 levels, we need 28 = 256 units for ea
hblo
k. This is usually not possible, the reason why fra
tional fa
torial designs are needed. The Rpa
kage 
onf.design provides fra
tional fa
torial designs. In parti
ular with this pa
kage designs
an be 
onstru
ted where spe
i�ed treatment 
ontrasts are 
onfounded with blo
ks.5.4 Hiera
hi
al models and split plot designs5.4.1 ExampleThe data set plots of the pa
kage agri
olae is based on a split plot design.> library(agri
olae)> data(plots)> plotsblo
k plot A B yield1 1 p1 a1 b1 42 1 p1 a1 b2 13 1 p1 a1 b3 94 1 p2 a2 b1 65 1 p2 a2 b2 106 1 p2 a2 b3 27 2 p3 a1 b1 58 2 p3 a1 b2 39 2 p3 a1 b3 1010 2 p4 a2 b1 411 2 p4 a2 b2 1412 2 p4 a2 b3 113 3 p5 a1 b1 2



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/20087714 3 p5 a1 b2 215 3 p5 a1 b3 1516 3 p6 a2 b1 317 3 p6 a2 b2 1218 3 p6 a2 b3 1There are 3 blo
ks and ea
h blo
k is divided in two subblo
ks 
alled plots. Hen
e there are 6 plotsbut ea
h plot belongs only to one blo
k. The blo
ks and plots are nested. Without the plots, thiswould be a balan
ed 
omplete blo
k design. Models, where fa
tors are nested, are 
alled hierar
hi
almodels or nested models.The nested stru
ture of the design 
an be expressed in the formula for the ANOVA by blo
k/plot:> anova(lm(yield~blo
k/plot+A*B,data=plots))Analysis of Varian
e TableResponse: yieldDf Sum Sq Mean Sq F value Pr(>F)blo
k 1 0.750 0.750 0.1742 0.6873870A 1 0.222 0.222 0.0516 0.8259782B 2 29.778 14.889 3.4581 0.0827438 .blo
k:plot 3 5.472 1.824 0.4237 0.7413290A:B 2 300.444 150.222 34.8903 0.0001119 ***Residuals 8 34.444 4.306---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1> summary(lm(yield~blo
k/plot+A*B,data=plots))Call:lm(formula = yield ~ blo
k/plot + A * B, data = plots)Residuals:Min 1Q Median 3Q Max-2.3333 -0.7778 0.1111 0.9167 3.0000Coeffi
ients: (2 not defined be
ause of singularities)Estimate Std. Error t value Pr(>|t|)(Inter
ept) 1.8333 2.1318 0.860 0.41483blo
k 0.8333 0.8471 0.984 0.35406Aa2 -0.5556 2.1872 -0.254 0.80590Bb2 -1.6667 1.6942 -0.984 0.35406Bb3 7.6667 1.6942 4.525 0.00194 **blo
k:plotp2 2.3333 2.3960 0.974 0.35865blo
k:plotp3 0.2500 0.7336 0.341 0.74205blo
k:plotp4 0.9167 0.9471 0.968 0.36145blo
k:plotp5 NA NA NA NAblo
k:plotp6 NA NA NA NAAa2:Bb2 9.3333 2.3960 3.895 0.00457 **
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odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Residual standard error: 2.075 on 8 degrees of freedomMultiple R-Squared: 0.9072, Adjusted R-squared: 0.8028F-statisti
: 8.688 on 9 and 8 DF, p-value: 0.002851That some blo
k/plots parameters 
annot be estimated does not depend on the intera
tions of Aand B. We obtain the same problem without them:> summary(lm(yield~blo
k/plot+A+B,data=plots))Call:lm(formula = yield ~ blo
k/plot + A + B, data = plots)Residuals:Min 1Q Median 3Q Max-5.8889 -4.4722 0.1111 3.2778 8.1111Coeffi
ients: (2 not defined be
ause of singularities)Estimate Std. Error t value Pr(>|t|)(Inter
ept) 2.0556 5.6239 0.366 0.722blo
k 0.8333 2.3625 0.353 0.732Aa2 -1.0000 4.7250 -0.212 0.837Bb2 3.0000 3.3411 0.898 0.390Bb3 2.3333 3.3411 0.698 0.501blo
k:plotp2 2.3333 6.6822 0.349 0.734blo
k:plotp3 0.2500 2.0460 0.122 0.905blo
k:plotp4 0.9167 2.6414 0.347 0.736blo
k:plotp5 NA NA NA NAblo
k:plotp6 NA NA NA NAResidual standard error: 5.787 on 10 degrees of freedomMultiple R-Squared: 0.0976, Adjusted R-squared: -0.5341F-statisti
: 0.1545 on 7 and 10 DF, p-value: 0.98935.5 Models with random e�e
tsIf fa
tors are blo
k fa
tors, then it 
ould be that one is not interested in the e�e
t of a spe
i�
level sin
e the levels are for example regions or years and one is not interested in the e�e
t of aspe
i�
 randomly 
hosen region or spe
i�
 year whi
h will never 
ome again. Then one is onlyinterested whether the region or year at all has a e�e
t. Sin
e the regions or years are 
hosenrandomly, their e�e
t is also random. Usually, we do not have only blo
k fa
tors but also treatmentfa
tors so that we have fa
tors with random e�e
ts and fa
tors with �xed e�e
ts. Su
h modelsare 
alled mixed models (German: Gemis
hte Modelle). The analysis of varian
e (ANOVA) isthe same as for models with �xed e�e
ts if the designs are balan
ed. The main di�eren
e between
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ts and models with only �xed e�e
ts is that observations are not anymoresto
hasti
ally independent. This provides di�erent β-errors. Moreover, di�erent parameters areestimated. Instead of the e�e
ts of the �xed fa
tor levels, varian
e 
omponents of the randomfa
tors are estimated.
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tions, it was assumed that there is one numeri
 measurement variable and one orseveral fa
tor variables. The fa
tor variables 
an be also 
onsidered as explanatory variables forthe measurement variable. Here, we will assume that there are further numeri
 variables besides themeasurement variable and that these other numeri
 variable 
an be used as explanatory variablefor the measurement variable. These explanatory numeri
 variables are 
onsidered as indepen-dent variables while the measurement variable is a dependent variable whi
h depends on theexplanatory variables. The aim of regression is to spe
ify this dependen
e.6.1 Linear regressionThe simplest dependen
e is that of linear regression. In this 
ase we have only one explanatoryvariable:
x = (x1, . . . , xN )⊤.The dependent measurement variable is denoted by
y = (y1, . . . , yN )⊤and is a realization of a random ve
tor Y = (Y1, . . . , YN )⊤ of sto
hasti
ally independent variables

Y1, . . . , YN . Often x = (x1, . . . , xN )⊤ is given by the experimenter for example if this variable
on
erns some 
on
entrations or doses of a drug or fertilizer. But it also 
an 
onsist of measurements.Than it is also a realization of a random variable. But we will only 
onsider the 
onditionaldistribution of Y = (Y1, . . . , YN )⊤ given x = (x1, . . . , xN )⊤ so that x = (x1, . . . , xN )⊤ is regardedalways as nonrandom.In a linear regression model, the dependen
e of the measurement Yn on the explanatory variable xnis given by
Yn = β0 + β1 xn + Zn, with Zn ∼ N (0, σ2),for all n = 1, . . . , N .Estimates for the unknown parameters β0 and β1 are obtained by the method of least squares, i.e.

β̂0 and β̂1 are those values so that the sum of squares
N∑

n=1

(yn − β0 − β1 xn)2is as small as possible. It 
an be proved that this minimization problem is solved by
β̂0 = y − β̂1 x,

β̂1 =
sxy

s2
x

,
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y =

1

N

N∑

n=1

yn, x =
1

N

N∑

n=1

xnare the arithmeti
 means of y and x, respe
tively,
sxy =

1

N − 1

N∑

n=1

(yn − y)(xn − x)is the empiri
al 
ovarian
e between y and x, and
s2
x =

1

N − 1

N∑

n=1

(xn − x)2is the empiri
al varian
e of x. The estimate for the unknown varian
e σ2 is based on the sum ofsquares for errors whi
h is the sum of squares with the estimates β̂0 and β̂1, i.e.
σ̂2 = σ̂2

SSE =
1

N − 2

N∑

n=1

(yn − β̂0 − β̂1 xn)2.These estimators are unbaised estimators, i.e. their expe
tations are the values whi
h they areestimating, i.e.
Eβ0,β1,σ2(β̂0) = β0, Eβ0,β1,σ2(β̂1) = β1, Eβ0,β1,σ2(σ̂2) = σ2,for all β0, β1, σ2. The varian
es of the estimates β̂0 and β̂1 are
σ2

β0
= varβ0,β1,σ2(β̂0) =

x2

(N − 1)s2
x

σ2 =

∑N
n=1 x2

n

N
∑N

n=1(xn − x)2
σ2and

σ2
β1

= varβ0,β1,σ2(β̂1) =
1

(N − 1)s2
x

σ2 =
1∑N

n=1(xn − x)2
σ2.These varian
es are estimated by

σ̂2
β0

=

∑N
n=1 x2

n

N
∑N

n=1(xn − x)2
σ̂2 and σ̂2

β1
=

1
∑N

n=1(xn − x)2
σ̂2.
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ise (Designs for linear regression)Assume that the design region is [0,1℄ and that N = 12. Whi
h 
onstellations of x1, . . . , x12 ∈ [0, 1]provides the smallest varian
e σ2
β0

and whi
h provides the smallest varian
e σ2
β1
? Try di�erent
onstellations like

x = (0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.5, 0.6, 0.7, 0.8, 0.9, 1)⊤ ,

x = (0, 0, 0.2, 0.2, 0.4, 0.4, 0.6, 0.6, 0.8, 0.8, 1, 1)⊤ ,

x = (0, 0, 0, 0.3, 0.3, 0.3, 0.7, 0.7, 0.7, 1, 1, 1)⊤ ,

x = (0, 0, 0, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 1, 1, 1)⊤ ,

x = (0, 0, 0, 0, 0.5, 0.5, 0.5, 0.5, 1, 1, 1, 1)⊤ ,

x = (0, 0, 0, 0, 0, 0.5, 0.5, 1, 1, 1, 1, 1)⊤ ,

x = (0, 0, 0, 0, 0, 0, 1, 1, 1, 1, 1, 1)⊤ .What are your 
on
lusions?Hint: for example, the varian
e σ2
β1


an be 
al
ulated for the �rst design as follows:> x<-
(0,0.1,0.2,0.3,0.4,0.5,0.5,0.6,0.7,0.8,0.9,1)> mean(x^2)/(9*var(x))Testing whether the inter
ept β0 is b0For testing
H0

0 : β0 = b0 versus H0
0 : β0 6= b0,the test statisti
 is

d̂0 =
β̂0 − b0

σ̂β0

.It has a t-distribution with N − 2 degrees of freedom.t-test for the inter
eptReje
t H0
0 : β0 = b0 if |d̂0| > tN−2,1−α

2
.Squaring the test statisti
 leads to a test statisti
 with F-distribution with 1 and N2 degrees offreedom.F-test for the inter
eptReje
t H0

0 : β0 = b0 if d̂2
0 > F1,N−2,1−α.Testing whether the slope β1 is b1For testing

H1
0 : β1 = b1 versus H1

0 : β1 6= b1,
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/200883the test statisti
 is
d̂1 =

β̂1 − b1

σ̂β1

.It has again a t-distribution with N − 2 degrees of freedom.t-test for the slopeReje
t H1
0 : β1 = b1 if |d̂1| > tN−2,1−α

2
.Squaring the test statisti
 leads also to a test statisti
 with F-distribution with 1 and N2 degreesof freedom.F-test for the slopeReje
t H1

0 : β1 = b1 if d̂2
1 > F1,N−2,1−α.The estimators β̂0 and β̂1 are 
al
ulated in R with lsfit or summary(lm(...)). The t-tests for

H0
0 : β0 = 0 and H1

0 : β1 = 0 are obtained with summary(lm(...)) and the F-test for H1
0 : β1 = 0with anova(lm(...)). The requirement of normal distributed errors and residuals 
an be testedagain with shapiro.test(aov(...)).6.1.2 Example (Protein 
ontent in ground wheat)The data �le GROUND.DAT 
ontains �the results of an experiment to 
alibrate a near infrared re-�e
tan
e instrument for the measurement of protein 
ontent of ground wheat (German: gemahlenerWeizen) samples. The se
ond 
olumn shows the protein 
ontent, measured by the standard Kjeldahlmethod. The �nal six 
olumns show measurements of the re�e
tan
e of near infrared radiation ofthe wheat samples at six wavelengths in range 1680-2310. In the sour
e paper the aim was to �nd alinear 
ombination of the last six 
olumns whi
h 
ould be used to predi
t protein 
ontent.� (Handet al. 1996, P. 411)> ground<-read.table("GROUND.DAT")> names(ground)<-
("sample","protein", "L1","L2","L3","L4","L5","L6")> groundsample protein L1 L2 L3 L4 L5 L61 1 9.23 468 123 246 374 386 -112 2 8.01 458 112 236 368 383 -153 3 10.95 457 118 240 359 353 -164 4 11.67 450 115 236 352 340 -155 5 10.41 464 119 243 366 371 -166 6 9.51 499 147 273 404 433 57 7 8.67 463 119 242 370 377 -128 8 7.75 462 115 238 370 353 -139 9 8.05 488 134 258 393 377 -510 10 11.39 483 141 264 384 398 -211 11 9.95 463 120 243 367 378 -1312 12 8.25 456 111 233 365 365 -1513 13 10.57 512 161 288 415 443 1214 14 10.23 518 167 293 421 450 19
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/20088415 15 11.87 552 197 324 448 467 3216 16 8.09 497 146 271 407 451 1117 17 12.55 592 229 360 484 524 5118 18 8.38 501 150 274 406 407 1119 19 9.64 483 137 260 385 374 -320 20 11.35 491 147 269 389 391 121 21 9.70 463 121 242 366 353 -1322 22 10.75 507 159 285 410 445 1323 23 10.75 474 132 255 376 383 -724 24 11.47 496 152 276 396 404 6We regard here only the 
olumns protein and L1 where L1 is the explanatory variable. Theestimators β̂0 and β̂1 are obtained by> lsfit(ground$L1,ground$protein)$
oefInter
ept X0.24069916 0.01995496or by> summary(lm(protein~L1,data=ground))Call:lm(formula = protein ~ L1, data = ground)Residuals:Min 1Q Median 3Q Max-2.0683 -0.8799 0.1663 0.9453 2.4496Coeffi
ients:Estimate Std. Error t value Pr(>|t|)(Inter
ept) 0.240699 3.938416 0.061 0.9518L1 0.019955 0.008063 2.475 0.0215 *---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Residual standard error: 1.282 on 22 degrees of freedomMultiple R-Squared: 0.2178, Adjusted R-squared: 0.1822F-statisti
: 6.125 on 1 and 22 DF, p-value: 0.02151We 
an 
on
lude that the slope of the regression line di�ers signi�
antly from zero, i.e. the variableL1 has a signi�
ant in�uen
e on the variable protein. However, there is no eviden
e that theregression line has an inter
ept di�erent from zero. summary(lm(...)) provides also the estimatedvarian
es σ̂β0 and σ̂β1 in the 
olumn Std.Error while anova(lm(...)) produ
es only the followingANOVA table:> anova(lm(protein~L1,data=ground))
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/200885Analysis of Varian
e TableResponse: proteinDf Sum Sq Mean Sq F value Pr(>F)L1 1 10.069 10.069 6.125 0.02151 *Residuals 22 36.165 1.644---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1We see that we get exa
tly the same p-value for testing H1
0 : β1 = βL1 = 0. The squared t-value isalso the F-value sin
e 2.4752 = 6.125625. We should also test whether the requirement of normallydistributed errors is satis�ed:> shapiro.test(aov(protein~L1,data=ground)$residuals)$p.value[1℄ 0.613258The fun
tion lsfit is useful to draw the estimated line in the s
atter plot:> plot(ground$L1,ground$protein,xlab="L1",ylab="Protein")> abline(lsfit(ground$L1,ground$protein)$
oef)
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Figure 6.1: S
atter plot with regression line
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ise (Protein 
ontent in ground wheat)Tests whether the other variables L2, L3, L4, L5, L6 of the data set ground have signi�
antin�uen
e on the variable protein and test whether the regression lines have an inter
ept di�erentfrom zero. Take into a

ount that six tests with the test of Example 6.1.2 are done at the samedata set. Che
k also the normal distribution. Plot the s
atter plot with the regression line for thevariables L2 and protein.6.2 Polynomial regressionThe dependen
e of the variable y on the variable x 
annot des
ribed always by a linear fun
tion.Sometimes a better des
ription of the dependen
e is given by a quadrati
 or 
ubi
 fun
tion or evenby polynomial fun
tion of higher order.If we assume a polynomial fun
tion of order r, then we use the model
Yn = β0 + β1 xn + β1 x2

n + . . . + βR xR
n + Zn, with Zn ∼ N (0, σ2), (11)for all n = 1, . . . , N . The unknown parameters β0, β1 . . . , βR are estimated again by the methodof least squares. This means that their estimates β̂0, β̂1 . . . , β̂R are those values β0, β1 . . . , βR forwhi
h the sum of squares

N∑

n=1

(yn − β0 − β1 xn − β1 x2
n − . . . − βR xR

n )2is as small as possible. There are not any more simple forms for the estimates β̂0, β̂1 . . . , β̂R as forlinear regression. However, if the design matrix X is de�ned as
X =




1 x1 x2
1 . . . xR

1

1 x2 x2
2 . . . xR

2... ... ... ...
1 xN x2

N . . . xR
N


then the ve
tor β̂ = (β̂0, β̂1 . . . , β̂R)⊤ of estimates is given by

β̂ = (X⊤X)−1X⊤y.The unknown error varian
e σ2 is estimated as before by
σ̂2 = σ̂2

SSE =
1

N − R − 1

N∑

n=1

(yn − β̂0 − β̂1 xn − β̂1 x2
n − . . . − β̂R xR

n )2.The 
ovarian
e matrix of the estimator β̂ isCov(β̂) = (X⊤X)−1σ2
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/200887and is estimated byĈov(β̂) = (X⊤X)−1σ̂2.The varian
es for the single estimators β̂0, β̂1 . . . , β̂R and their estimated values are given by thediagonal elements of the 
ovarian
e matri
es Cov(β̂) and Ĉov(β̂), respe
tively. In parti
ular thesum of the varian
es is the tra
e of the 
ovarian
e matrix Cov(β̂).6.2.1 Example (Quadrati
 regression)In a quadrati
 regression model the degree of the polynomial is R = 2. Regard the followingexplanatory variable or design, respe
tively,:
x = (0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9)⊤The matrix (X⊤X)−1 
an be 
al
ulated in R with the fun
tion ginv of the 
ontributed library MASS:> x<-
(0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9)> X<-
bind(rep(1,10),x,x^2)> library(MASS)> ginv(t(X)%*%X)[,1℄ [,2℄ [,3℄[1,℄ 0.6181818 -2.590909 2.272727[2,℄ -2.5909091 16.553030 -17.045455[3,℄ 2.2727273 -17.045455 18.939394Hen
e 0.6181818σ2 is the varian
e of the estimate β̂0, 16.553030σ2 is the varian
e of the estimate

β̂1, and 18.939394σ2 is the varian
e of the estimate β̂2, for the design given by x. The sum of thevarian
es 
an be obtained by> ginv(t(X)%*%X)[1,1℄+ginv(t(X)%*%X)[2,2℄+ginv(t(X)%*%X)[3,3℄[1℄ 36.11061so that 36.11061σ2 is the sum of the varian
es.6.2.2 Exer
ise (Designs for quadrati
 regression)Assume as in Example 6.1.1 that the design region is [0,1℄ and that N = 12. Whi
h 
onstellationsof x1, . . . , x12 ∈ [0, 1] provides the smallest sum of varian
es? Try for example again the �rst sixdesigns of Example 6.1.1 for x. Note that the 7th design 
annot be used for quadrati
 regressionsin
e a quadrati
 fun
tion 
annot be determined with measurements only at two di�erent points.What is your proposal 
on
erning a good design for quadrati
 regression?Often it is unknown whi
h degree of the polynomial shall be used. There are two possibilities to�nd the degree:1. Start with a high degree and test whether this degree has a signi�
ant in�uen
e. If it hasno signi�
ant in�uen
e, redu
e the degree and test whether this has a signi�
ant in�uen
e.
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/200888And so on. As soon as you have �nd a degree with signi�
ant in�uen
e you should use apolynomial model with this degree.2. Start with a model with low degree where the largest degree has signi�
ant in�uen
e. Adda degree and test whether it has a signi�
ant in�uen
e. Stop when the added degree has nosigni�
ant in�uen
e. Use then the polynomial model without this degree.6.2.3 Example (Protein 
ontent in ground wheat)For the variables protein and L1 of the data set ground of Example 6.1.2, we start with a polynomialmodel with degree 5:> summary(lm(protein~L1+I(L1^2)+I(L1^3)+I(L1^4)+I(L1^5),data=ground))Call:lm(formula = protein ~ L1 + I(L1^2) + I(L1^3) + I(L1^4) + I(L1^5),data = ground)Residuals:Min 1Q Median 3Q Max-1.9889 -0.8412 0.1932 0.9740 1.5638Coeffi
ients: Estimate Std. Error t value Pr(>|t|)(Inter
ept) 2.625e+05 2.311e+05 1.136 0.271L1 -2.568e+03 2.266e+03 -1.133 0.272I(L1^2) 1.003e+01 8.871e+00 1.131 0.273I(L1^3) -1.954e-02 1.732e-02 -1.128 0.274I(L1^4) 1.900e-05 1.688e-05 1.126 0.275I(L1^5) -7.374e-09 6.563e-09 -1.124 0.276Residual standard error: 1.324 on 18 degrees of freedomMultiple R-Squared: 0.3177, Adjusted R-squared: 0.1282F-statisti
: 1.677 on 5 and 18 DF, p-value: 0.1912In the 
olumn Estimate are the estimates β̂0, β̂1 . . . , β̂5 de�ned as above. They 
an be also obtainedwith lsfit:> lsfit(
bind(ground$L1,ground$L1^2,ground$L1^3,ground$L1^4,ground$L1^5),+ ground$protein)$
oefInter
ept X1 X2 X3 X42.625338e+05 -2.568146e+03 1.002919e+01 -1.954335e-02 1.900193e-05X5-7.374407e-09Sin
e the term L1̂ 5 has no signi�
ant in�uen
e, we redu
e the model to a polynomial of degree 4and then further and further:> summary(lm(protein~L1+I(L1^2)+I(L1^3)+I(L1^4),data=ground))



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/200889Call:lm(formula = protein ~ L1 + I(L1^2) + I(L1^3) + I(L1^4), data = ground)Residuals:Min 1Q Median 3Q Max-1.8092 -1.0254 0.1343 0.9793 1.8553Coeffi
ients: Estimate Std. Error t value Pr(>|t|)(Inter
ept) 3.206e+03 1.178e+04 0.272 0.788L1 -2.379e+01 9.173e+01 -0.259 0.798I(L1^2) 6.610e-02 2.671e-01 0.247 0.807I(L1^3) -8.132e-05 3.447e-04 -0.236 0.816I(L1^4) 3.742e-08 1.664e-07 0.225 0.824Residual standard error: 1.333 on 19 degrees of freedomMultiple R-Squared: 0.2699, Adjusted R-squared: 0.1162F-statisti
: 1.756 on 4 and 19 DF, p-value: 0.1795> summary(lm(protein~L1+I(L1^2)+I(L1^3),data=ground))Call:lm(formula = protein ~ L1 + I(L1^2) + I(L1^3), data = ground)Residuals:Min 1Q Median 3Q Max-1.84300 -1.04798 0.06961 0.94494 1.81930Coeffi
ients: Estimate Std. Error t value Pr(>|t|)(Inter
ept) 5.623e+02 7.808e+02 0.720 0.480L1 -3.190e+00 4.571e+00 -0.698 0.493I(L1^2) 6.076e-03 8.884e-03 0.684 0.502I(L1^3) -3.811e-06 5.728e-06 -0.665 0.513Residual standard error: 1.301 on 20 degrees of freedomMultiple R-Squared: 0.2679, Adjusted R-squared: 0.1581F-statisti
: 2.44 on 3 and 20 DF, p-value: 0.09425> summary(lm(protein~L1+I(L1^2)+I(L1^3),data=ground))Call:lm(formula = protein ~ L1 + I(L1^2) + I(L1^3), data = ground)Residuals:Min 1Q Median 3Q Max-1.84300 -1.04798 0.06961 0.94494 1.81930
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ients: Estimate Std. Error t value Pr(>|t|)(Inter
ept) 5.623e+02 7.808e+02 0.720 0.480L1 -3.190e+00 4.571e+00 -0.698 0.493I(L1^2) 6.076e-03 8.884e-03 0.684 0.502I(L1^3) -3.811e-06 5.728e-06 -0.665 0.513Residual standard error: 1.301 on 20 degrees of freedomMultiple R-Squared: 0.2679, Adjusted R-squared: 0.1581F-statisti
: 2.44 on 3 and 20 DF, p-value: 0.09425> summary(lm(protein~L1+I(L1^2),data=ground))Call:lm(formula = protein ~ L1 + I(L1^2), data = ground)Residuals:Min 1Q Median 3Q Max-1.85132 -1.03552 0.01018 0.87267 2.08337Coeffi
ients: Estimate Std. Error t value Pr(>|t|)(Inter
ept) 43.7098394 44.7032358 0.978 0.339L1 -0.1508808 0.1751872 -0.861 0.399I(L1^2) 0.0001668 0.0001708 0.976 0.340Residual standard error: 1.284 on 21 degrees of freedomMultiple R-Squared: 0.2517, Adjusted R-squared: 0.1805F-statisti
: 3.532 on 2 and 21 DF, p-value: 0.0476> summary(lm(protein~L1,data=ground))Call:lm(formula = protein ~ L1, data = ground)Residuals:Min 1Q Median 3Q Max-2.0683 -0.8799 0.1663 0.9453 2.4496Coeffi
ients:Estimate Std. Error t value Pr(>|t|)(Inter
ept) 0.240699 3.938416 0.061 0.9518L1 0.019955 0.008063 2.475 0.0215 *---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Residual standard error: 1.282 on 22 degrees of freedom
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/200891Multiple R-Squared: 0.2178, Adjusted R-squared: 0.1822F-statisti
: 6.125 on 1 and 22 DF, p-value: 0.02151Hen
e the linear regression model is the 
orre
t model. We also see that the t-values and the p-values 
hanges every time when the model is re�tted. In parti
ular the linear term is not signi�
antin the polynomial models with degree larger than 1, but is signi�
ant in the linear regression model.For large degrees, there 
an be problems with numeri
al stability. Orthogonal polynomials getaround this problem by using
z1 = a1 + b1 x,

z2 = a2 + b2 x + c2 x2,

z3 = a3 + b3
x + c3 x2 + d4 x3,et
. where the 
oe�
inets a, b, c, , . . . are 
hosen su
h that z⊤r zs = 0 when r 6= s. z1, z2, z3, . . . , zRare 
alled orthogonal polynomials. If zr = (z1r, . . . , zNr)

⊤ for r = 1, . . . , R, then we have a newparametrization of the model (11):
Yn = α0 + α1 zn1 + α2 zn2 + . . . + αR znR + Zn. (12)The design matrix of this parametrization is
Z =




1 z11 z12 . . . z1R

1 z21 z22 . . . z2R... ... ... ...
1 zN1 zN2 . . . zNR


and satis�es that Z⊤Z is a diagonal matrix. This means that the estimates α̂0, α̂1, α̂2, . . . , α̂R for

α1, α2, . . . , αR do not depend on the degree R of the model sin
e α̂ = (α̂0, α̂1, α̂2, . . . , α̂R)⊤ is againgiven by
α̂ = (Z⊤Z)−1Z⊤y.The poly() fun
tion 
onstru
ts orthogonal polynomials.6.2.4 Example (Protein 
ontent in ground wheat: Continuation of Example 6.2.3)> summary(lm(protein~poly(L1,5),data=ground))



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/200892Call:lm(formula = protein ~ poly(L1, 5), data = ground)Residuals:Min 1Q Median 3Q Max-1.9889 -0.8412 0.1932 0.9740 1.5638Coeffi
ients:Estimate Std. Error t value Pr(>|t|)(Inter
ept) 9.9663 0.2702 36.882 <2e-16 ***poly(L1, 5)1 3.1731 1.3238 2.397 0.0276 *poly(L1, 5)2 1.2530 1.3238 0.946 0.3564poly(L1, 5)3 -0.8655 1.3238 -0.654 0.5215poly(L1, 5)4 0.2997 1.3238 0.226 0.8234poly(L1, 5)5 -1.4875 1.3238 -1.124 0.2759---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Residual standard error: 1.324 on 18 degrees of freedomMultiple R-Squared: 0.3177, Adjusted R-squared: 0.1282F-statisti
: 1.677 on 5 and 18 DF, p-value: 0.1912Here we see at on
e that only the linear term has a signi�
ant in�uen
e so that the linear model isthe 
orre
t model. Now the estimates in 
olumn Estimate are the estimates α̂0, α̂1, α̂2, . . . , α̂5 forthe orthogonal polynomials. Note that they di�er from the estimates β̂0, β̂1 . . . , β̂5. However , theestimates α̂0, α̂1, α̂2, α̂3, α̂4 do not 
hange if a model of degree 4 is used:> summary(lm(protein~poly(L1,4),data=ground))Call:lm(formula = protein ~ poly(L1, 4), data = ground)Residuals:Min 1Q Median 3Q Max-1.8092 -1.0254 0.1343 0.9793 1.8553Coeffi
ients:Estimate Std. Error t value Pr(>|t|)(Inter
ept) 9.9663 0.2721 36.630 <2e-16 ***poly(L1, 4)1 3.1731 1.3329 2.381 0.0279 *poly(L1, 4)2 1.2530 1.3329 0.940 0.3590poly(L1, 4)3 -0.8655 1.3329 -0.649 0.5239poly(L1, 4)4 0.2997 1.3329 0.225 0.8245---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Residual standard error: 1.333 on 19 degrees of freedomMultiple R-Squared: 0.2699, Adjusted R-squared: 0.1162
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/200893F-statisti
: 1.756 on 4 and 19 DF, p-value: 0.1795Only the p-values 
hanges slightly sin
e the varian
e estimates σ̂2
SSE 
hanges slightly be
ause theestimate for poly(L1, 5)5, i.e. for α5, is with -1.4875 not zero but rather small. The same p-valuesare obtained also with the ANOVA approa
h:> anova(lm(protein~L1+I(L1^2)+I(L1^3)+I(L1^4),data=ground))Analysis of Varian
e TableResponse: proteinDf Sum Sq Mean Sq F value Pr(>F)L1 1 10.069 10.069 5.6673 0.02791 *I(L1^2) 1 1.570 1.570 0.8836 0.35901I(L1^3) 1 0.749 0.749 0.4216 0.52391I(L1^4) 1 0.090 0.090 0.0506 0.82448Residuals 19 33.756 1.777---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1On
e one has found an appropriate model, one would like to plot the estimated polynomial fun
tionin the s
atter plot. This is done by plotting estimated fun
tions values

ŷm = f̂(χm) = β̂0 + β̂1 χm + β̂2 χ2
m + . . . + β̂R χR

mat several points χ1, . . . , χM of the range of x1, . . . , xN . For these points, a design matrix 
an be
reated as
X =




1 χ1 χ2
1 . . . χR

1

1 χ2 χ2
2 . . . χR

2... ... ... ...
1 χM χ2

M . . . χR
M


Then the ve
tor ŷ = (ŷ1, . . . , ŷM )⊤ of the M estimated fun
tions values at the points χ1, . . . , χM isgiven by

ŷ = X β̂.

6.2.5 Example (Protein 
ontent in ground wheat: Continuation of Example 6.2.4)Although the quadrati
 term is not signi�
ant, we plot the estimated quadrati
 fun
tion and 
omparethis fun
tion with the estimated linear fun
tion:
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/200894> plot(ground$L1,ground$protein,xlab="L1",ylab="Protein")> abline(lsfit(ground$L1,ground$protein)$
oef)> x<-seq(440,600,by=2)> X<-
bind(rep(1,length(x)),x,x^2)> beta<-lsfit(
bind(ground$L1,ground$L1^2),ground$protein)$
oef> y<-X%*%beta> lines(x,y)
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Figure 6.2: S
atter plot with linear and quadrati
 regression line6.2.6 Exer
ise (Split)Regard the data set split from Exer
ise 1.5.1 and 
onsider the variable Yield as dependent variableand the variable Manure as explanatory variable, i.e. negle
t the variables Blo
k and Variety. Findan appropriate polynomial model for the dependen
e of Yield on Manure. Find the model withand without the fun
tion poly. What are the estimates for the parameters of the model? Plot theestimated fun
tion in the s
atter plot and 
ompare the result with the linear regression line.6.3 Multiple regressionThe Subse
tions 6.1 and 6.2 allowed only one explanatory variable. But often there several ex-planatory variables as in the Example 6.1.2. Let x•1 = (x11, . . . , xN1)
2, x•2 = (x12, . . . , xN2)

2, . . .,
x•R = (x1R, . . . , xNR)2 denote R explanatory variables.Multiple Regression without intera
tionsThe model without intera
tions, also 
alled additive model, is given by

Yn = β0 + β1 xn1 + β2 xn2 + . . . + βR xnR + Zn, with Zn ∼ N (0, σ2),
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/200895for all n = 1, . . . , N . Estimates β̂0, β̂1, β̂2, . . . , β̂R are given again by those values β0, β1, β2, . . . , βRwhi
h minimizes the sum of squares
N∑

n=1

(yn − β1 xn1 − β2 xn2 − . . . − βR xnR)2and the estimate for the error varian
e σ2 is
σ̂2 = σ̂2

SSE =
1

N − R − 1

N∑

n=1

(yn − β̂1 xn1 − β̂2 xn2 − . . . − β̂R xnR)2.The ve
tor β̂ = (β̂0, β̂1, β̂2, . . . , β̂R)⊤ of parameter estimates 
an be 
al
ulated as before by
β̂ = (X⊤X)−1X⊤ywhere the design matrix X is here
X =




1 x11 x12 . . . x1R

1 x21 x22 . . . x2R... ... ... ...
1 xN1 xN2 . . . xNR




.As soon as the 
olumns of the design matrix are orthogonal to ea
h other whi
h 
an be satis�ed byspe
ial designs then X⊤X is a diagonal matrix and the parameter estimates are β̂0, β̂1, β̂2, . . . , β̂Rindependent of the number R of explanatory variables. I.e. for a smaller model with a smaller Rwe would get the same estimates. Moreover, the order of the tests
H0 : β1 = 0 versus H1 : β1 6= 0,

H0 : β2 = 0 versus H1 : β2 6= 0,...
H0 : βR = 0 versus H1 : βR 6= 0,does not depend on the order of the explanatory variables.However, in the general 
ase all this is not true. Hen
e we should take into a

ount in whi
h modelan estimator β̂r is obtained and what are the null and alternative hypotheses whi
h are tested. The
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tion summary(lm(...)) provides the t-tests for the following hypotheses:
0) H0

0 : µn = β1 xn1 + β2 xn2 + . . . + βR xnRversus
H0

1 : µn = β0 + β1 xn1 + β2 xn2 + . . . + βR xnR,

1) H1
0 : µn = β0 + β2 xn2 + . . . + βR xnRversus

H1
1 : µn = β0 + β1 xn1 + β2 xn2 + . . . + βR xnR,

2) H2
0 : µn = β0 + β1 xn1 + . . . + βR xnRversus

H2
1 : µn = β0 + β1 xn1 + β2 xn2 + . . . + βR xnR,...

r) Hr
0 : µn = β0 + β1 xn1 + β2 xn2 + . . . + βR−1 xn(R−1)versus

Hr
1 : µn = β0 + β1 xn1 + β2 xn2 + . . . + βR xnR.Additionally it provides in the last line of the output the p-value for testing

H0 :




β0

β1

β2...
βR




=




0

0

0...
0




versus H1 :




β0

β1

β2...
βR




6=




0

0

0...
0




.

The fun
tion anova(lm(...)) provides the F-tests for the following sequential hypotheses:
1) H1

0 : µn = β0versus
H1

1 : µn = β0 + β1,

2) H2
0 : µn = β0 + β1 xn1versus

H2
1 : µn = β0 + β1 xn1 + β2 xn2,

3) H3
0 : µn = β0 + β1 xn1 + β2 xn2versus

H3
1 : µn = β0 + β1 xn1 + β2 xn2 + β3 xn3,...

r) Hr
0 : µn = β0 + β1 xn1 + β2 xn2 + . . . + βR−1 xn(R−1)versus

Hr
1 : µn = β0 + β1 xn1 + β2 xn2 + . . . + βR xnR.
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oin
ide so that the p-values should be the same. However, the othertests are di�erent. Moreover, the ANOVA tests depend very mu
h on the order of the explanatoryvariables.6.3.1 Example (Protein 
ontent in ground wheat: Continuation of Example 6.1.2)Here we regard additionally the explanatory variables L2 and L3 besides L1.> summary(lm(protein~L1+L2+L3,data=ground))Call:lm(formula = protein ~ L1 + L2 + L3, data = ground)Residuals:Min 1Q Median 3Q Max-1.09579 -0.29380 0.02471 0.29865 1.24967Coeffi
ients:Estimate Std. Error t value Pr(>|t|)(Inter
ept) 87.14739 12.53757 6.951 9.52e-07 ***L1 -0.32804 0.04195 -7.820 1.66e-07 ***L2 0.17296 0.12302 1.406 0.175L3 0.22074 0.13928 1.585 0.129---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Residual standard error: 0.5607 on 20 degrees of freedomMultiple R-Squared: 0.864, Adjusted R-squared: 0.8436F-statisti
: 42.36 on 3 and 20 DF, p-value: 7.484e-09We see from the last line that β = (β0, βL1, βL2, βL3)
⊤ di�ers signi�
antly from zero in the modelwith explanatory variables L1, L2, L3. But the analysis for the single variables shows that only thevariable L1 has signi�
ant in�uen
e.> anova(lm(protein~L1+L2+L3,data=ground))Analysis of Varian
e TableResponse: proteinDf Sum Sq Mean Sq F value Pr(>F)L1 1 10.0688 10.0688 32.0322 1.539e-05 ***L2 1 29.0890 29.0890 92.5423 6.046e-09 ***L3 1 0.7896 0.7896 2.5118 0.1287Residuals 20 6.2866 0.3143---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Here we 
an 
on
lude that the variable L2 has a signi�
ant in�uen
e in the model with the ex-planatory variables L1 and L2 and variable L1 has a signi�
ant in�uen
e in the model with the onlyexplanatory variables L1. To see whether variable L1 has also a signi�
ant in�uen
e in the modelwith the explanatory variables L1 and L2, wee need again summary(lm(...)):
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/200898> summary(lm(protein~L1+L2,data=ground))Call:lm(formula = protein ~ L1 + L2, data = ground)Residuals:Min 1Q Median 3Q Max-1.11384 -0.27161 0.01101 0.29607 1.49950Coeffi
ients:Estimate Std. Error t value Pr(>|t|)(Inter
ept) 98.37271 10.71122 9.184 8.42e-09 ***L1 -0.28482 0.03300 -8.630 2.39e-08 ***L2 0.35876 0.03861 9.291 6.91e-09 ***---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Residual standard error: 0.5805 on 21 degrees of freedomMultiple R-Squared: 0.8469, Adjusted R-squared: 0.8324F-statisti
: 58.1 on 2 and 21 DF, p-value: 2.759e-09Indeed both variables have signi�
ant in�uen
e in the model with the two variables L1 and L2.What happens with the ANOVA tests when we 
hange the order of the variables:> anova(lm(protein~L2+L1+L3,data=ground))Analysis of Varian
e TableResponse: proteinDf Sum Sq Mean Sq F value Pr(>F)L2 1 14.0641 14.0641 44.7427 1.645e-06 ***L1 1 25.0937 25.0937 79.8318 2.029e-08 ***L3 1 0.7896 0.7896 2.5118 0.1287Residuals 20 6.2866 0.3143---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Hen
e this result is similar to that before. But we get a 
ompletely di�erent result when we type:> anova(lm(protein~L2+L3+L1,data=ground))Analysis of Varian
e TableResponse: proteinDf Sum Sq Mean Sq F value Pr(>F)L2 1 14.0641 14.0641 44.743 1.645e-06 ***L3 1 6.6634 6.6634 21.199 0.0001717 ***L1 1 19.2199 19.2199 61.145 1.655e-07 ***Residuals 20 6.2866 0.3143
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odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1This means that L1 has signi�
ant in�uen
e in the model with the variables L1, L2, L3, variable L3has signi�
ant in�uen
e in the model with variables L2, L3, and variable L2 has signi�
ant in�uen
ein the model with only variable L2.> summary(lm(protein~L2+L3,data=ground))Call:lm(formula = protein ~ L2 + L3, data = ground)Residuals:Min 1Q Median 3Q Max-2.18978 -0.56816 -0.06679 0.77975 1.78713Coeffi
ients:Estimate Std. Error t value Pr(>|t|)(Inter
ept) 61.7833 23.8062 2.595 0.0169 *L2 0.5487 0.2226 2.465 0.0224 *L3 -0.4873 0.2080 -2.342 0.0291 *---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Residual standard error: 1.102 on 21 degrees of freedomMultiple R-Squared: 0.4483, Adjusted R-squared: 0.3958F-statisti
: 8.533 on 2 and 21 DF, p-value: 0.001940It seems that it was not a good idea to drop variable L1 from the model. We have done 6 testswhi
h means that we should use α = 0.05/6 = 0.008333333 so that L2 and L3 has no signi�
antin�uen
e. Sin
e the other p-values are so small, we are here glad that we still have some signi�
antresults. But doing so many test is very dangerous.The strategy for testing in the additive multiple regression model1. Choose an order of the variables so that the �rst variables have the highest 
han
es to havean in�uen
e in your opinion.2. Then do only one ANOVA test.3. Drop all the last variables from the model whi
h show no signi�
ant in�uen
e.4. Test in the redu
ed model with summary(lm(...)) whether β di�ers signi�
antly from zero.5. If β di�ers signi�
antly from zero, then test with summary(lm(...)) for signi�
ant in�uen
eof the single variables.6.3.2 Exer
ise (Protein 
ontent in ground wheat: Continuation of Example 6.1.2)Regard now all variables L1, L2, L3, L4, L5, L6 as explanatory variables and assume that you expe
t
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reasing in�uen
e of the variables with in
reasing number, i.e. you expe
t that variable L1 hasthe most in�uen
e. Do the analysis within an additive model.Multiple Regression with �rst order intera
tionsThe model with �rst order intera
tions is given by
Yn = β0 +

R∑

r=1

βr xnr +

R∑

r=1

R∑

s=r+1

βrs xnr xns + Zn, with Zn ∼ N (0, σ2),for all n = 1, . . . , N . This model has 1 + R + R(R − 1)/2 model parameters β0, β1, . . . , βr, β12, . . . ,
β(R−1)R. Estimates β̂0, β̂1, . . . , β̂R, β̂12, . . . , β̂1R, . . . , β̂(R−1)R are given again by those values β0, β1,
. . . , βr, β12, . . . , β(R−1)R whi
h minimizes the sum of squares

N∑

n=1

(
yn −

R∑

r=1

βr xnr −
R∑

r=1

R∑

s=r+1

βrs xnr xns

)2and the estimate for the error varian
e σ2 is
σ̂2 = σ̂2

SSE =
1

N − R − R(R − 1)/2 − 1

N∑

n=1

(
yn −

R∑

r=1

β̂r xnr −
R∑

r=1

R∑

s=r+1

β̂rs xnr xns

)2

.Multiple Regression with �rst order intera
tions and quadrati
 termsIn the model we 
an use additionally quadrati
 terms besides the �rst order intera
tions so that themodel is given by
Yn = β0 +

R∑

r=1

βr xnr +
R∑

r=1

R∑

s=r

βrs xnr xns + Zn, with Zn ∼ N (0, σ2),for all n = 1, . . . , N . Here we have 1+R+R2−R(R−1)/2 model parameters. These are estimatedas before with the method of least squares.Multiple Regression with higher order intera
tionsBesides �rst order intera
tions also higher order intera
tions 
an be in
luded in the model. Ifintera
tions up to the order S are in
luded, then the model is given by
Yn = β0 +

R∑

r=1

βr xnr +
R∑

r=1

R∑

s=r+1

βrs xnr xns + . . .

+
R∑

r1=1

R∑

r2=r+1

. . .
R∑

rS=r+S−1

βr1r2...rS
xnr1 xnr2 . . . , xnrS

+ Zn, with Zn ∼ N (0, σ2),
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(

R

0

)
+

(
R

1

)
+

(
R

2

)
+

(
R

3

)
+ . . . +

(
R

S

)
= 1 + R +

R(R − 1)

2
+

R!

3!(R − 3)!
+ . . . +

R!

S!(R − S)!model parameters.General multiple regressionAlso models with arbitrary 
ombinations of spe
i�
 intera
tions and higher order terms 
an be used.But note that only a model 
an be used where the number of model parameters is less than thesample size N .6.3.3 Example (Protein 
ontent in ground wheat: Continuation of Example 6.3.1)Let us regard as explanatory variables the variables L1, L2, L3, L4. If we want to use a model withall higher order intera
tions we 
an use> anova(lm(protein~L1*L2*L3*L4,data=ground))Analysis of Varian
e TableResponse: proteinDf Sum Sq Mean Sq F value Pr(>F)L1 1 10.0688 10.0688 134.1987 2.803e-06 ***L2 1 29.0890 29.0890 387.7053 4.605e-08 ***L3 1 0.7896 0.7896 10.5234 0.01181 *L4 1 5.2074 5.2074 69.4053 3.258e-05 ***L1:L2 1 0.0292 0.0292 0.3894 0.55000L1:L3 1 0.0139 0.0139 0.1849 0.67853L2:L3 1 0.0001 0.0001 0.0012 0.97344L1:L4 1 0.0884 0.0884 1.1788 0.30923L2:L4 1 0.1017 0.1017 1.3549 0.27796L3:L4 1 0.0579 0.0579 0.7718 0.40527L1:L2:L3 1 0.0575 0.0575 0.7664 0.40684L1:L2:L4 1 0.0001 0.0001 0.0016 0.96867L1:L3:L4 1 0.0645 0.0645 0.8597 0.38095L2:L3:L4 1 0.0628 0.0628 0.8373 0.38692L1:L2:L3:L4 1 0.0029 0.0029 0.0385 0.84925Residuals 8 0.6002 0.0750---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1If a model with �rst order intera
tions and quadrati
 terms should be used, then type:> anova(lm(protein~L1+L2+L3+L4+I(L1^2)+I(L2^2)+I(L3^2)+I(L4^2)++ L1:L2+L1:L3+L1:L4+L2:L3+L2:L4+L3:L4,data=ground))Analysis of Varian
e TableResponse: proteinDf Sum Sq Mean Sq F value Pr(>F)



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008102L1 1 10.0688 10.0688 122.3152 1.538e-06 ***L2 1 29.0890 29.0890 353.3735 1.567e-08 ***L3 1 0.7896 0.7896 9.5915 0.01278 *L4 1 5.2074 5.2074 63.2594 2.319e-05 ***I(L1^2) 1 0.0265 0.0265 0.3219 0.58433I(L2^2) 1 0.0150 0.0150 0.1824 0.67933I(L3^2) 1 2.211e-06 2.211e-06 2.686e-05 0.99598I(L4^2) 1 0.0376 0.0376 0.4569 0.51606L1:L2 1 0.1679 0.1679 2.0400 0.18698L1:L3 1 0.0872 0.0872 1.0588 0.33035L1:L4 1 0.0011 0.0011 0.0134 0.91053L2:L3 1 0.0005 0.0005 0.0066 0.93687L2:L4 1 0.0023 0.0023 0.0277 0.87159L3:L4 1 0.0003 0.0003 0.0031 0.95713Residuals 9 0.7409 0.0823---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1The analysis of both extended models shows that the additive model is already an appropriatemodel.6.3.4 Exer
ise (Protein 
ontent in ground wheat: Continuation of Example 6.3.3)Regard now all explanatory variables L1, L2, L3, L4, L5, L6 and 
onsider the modelsprotein∼L1*L2*L3*L4*L5*L6,protein∼L1*L2*L3*L4*L5+L6,protein∼L1*L2*L3*L4+L5*L6,protein∼L1*L2*L3+L4*L5*L6,protein∼L1*L2*L3*L4+L5+L6,protein∼L1*L2*L3+L4+L5+L6.Determine for ea
h model the number of model parameters. Whi
h is the largest model whi
h 
anbe used? Explain why some models 
annot be used. Determine for the models whi
h 
an be usedappropriate submodels.6.4 Analysis of 
ovarian
eIf there are numeri
 explanatory variables and explanatory variables whi
h are fa
tors then theAnalysis of Varian
e is also 
alled Analysis of Covarian
e (ANCOVA). The numeri
 explanatoryvariables are also 
alled 
ovariates. For the analysis in R, there is nothing new ex
ept the re-quirement that blo
k fa
tors should be given at �rst and that they are usually given as additivevariables. Treatment variables should be given at last and it makes sense to use intera
tions betweenthe treatment and the numeri
 variables. It 
an be that the dependen
e of the measurement on thenumeri
 explanatory variable is di�erent for di�erent treatment levels.If a linear regression line des
ribes the dependen
e of the measurement on the numeri
 explanatoryvariable, then a signi�
ant e�e
t of a fa
tor variable means that the inter
ept of the regression linesis di�erent for the di�erent levels of the fa
tor. A signi�
ant intera
tion between fa
tor and numeri
explanatory variable means that the slopes of the regressions lines are di�erent for the di�erent
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tor.Example: Model for one 
ovariate with linear in�uen
e and one fa
torThe model for one 
ovariate with linear in�uen
e, one fa
tor A with A levels, and with intera
tionsbetween A and the 
ovariate has the form
Yn = µ + αa + β xn + γa xn + Zn, with Zn ∼ N (0, σ2), (13)for all n = 1, . . . , N . Thereby, µ is the average mean, α1, . . . , αA are the main e�e
ts of the fa
torA, β1 is the main slope of the regression line, and γ1, . . . , γA are the intera
tions between 
ovariateand fa
tor A. Again we have
A∑

a=1

αa = 0
A∑

a=1

γa = 0,whi
h means
−α1 =

A∑

a=2

αa, −γ1 =
A∑

a=2

γa.Setting β0 = µ − α1 and β1 = β − γ1, the model (13) is equivalent with
Yn = β0 + αa + β1 xn + γa xn + Zn, with Zn ∼ N (0, σ2),for all n = 1, . . . , N . Here, β0 and β1 are the inter
ept and the slope of the regression line for fa
torlevel a = 1, and β0 + αa and β1 + γa are the inter
ept and slope of the fa
tor levels a = 2, . . . , A.6.4.1 Example (Ground 
over under apple trees)The data in data �le APPLE.DAT, �whi
h were �rst published by Professor Pear
e in 1953, 
ome froman experiment to study the best way of forming ground 
over in an apple plantation. TreatmentO represents what was the usual treatment, keeping the land 
lear during the growing season butletting the weeds grow up towards the end. Treatments A,B,C,D and E represent the growing ofvarious permanent 
rops (German: Feldfrü
hte) under the trees. There were four randomized blo
ks.The response Y was the total 
rop weight in pounds over a four-year period after the treatmentswere begun. The trees were old and their 
rop seizes would be likely to vary 
onsiderable from onetree to the next. However, re
ords were available of 
ropping before the experiment began. Thesewere used to provide a 
ovariate X, the total volume of 
rop bushels over a four-year period beforethe new treatments began.� (Hand et al. 1996, P. 66)> apple0<-read.table("APPLE.DAT")> apple1<-
(apple0[,1℄,apple0[,3℄,apple0[,5℄,apple0[,7℄)> apple2<-
(apple0[,2℄,apple0[,4℄,apple0[,6℄,apple0[,8℄)> apple<-data.frame(
(rep("1",6),rep("2",6),rep("3",6),rep("4",6)),+ rep(
("A","B","C","D","E","O"),4),apple1,apple2)> names(apple)<-
("Blo
k","Treat","X","Y")> apple
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008104Blo
k Treat X Y1 1 A 8.2 2872 1 B 8.2 2713 1 C 6.8 2344 1 D 5.7 1895 1 E 6.1 2106 1 O 7.6 2227 2 A 9.4 2908 2 B 6.0 2099 2 C 7.0 21010 2 D 5.5 20511 2 E 7.0 27612 2 O 10.1 30113 3 A 7.7 25414 3 B 9.1 24315 3 C 9.7 28616 3 D 10.2 31217 3 E 8.7 27918 3 O 9.0 23819 4 A 8.5 30720 4 B 10.1 34821 4 C 9.9 37122 4 D 10.3 37523 4 E 8.1 34424 4 O 10.5 357At �rst we do an analysis without the 
ovariate:> anova(lm(Y~Blo
k+Treat,data=apple))Analysis of Varian
e TableResponse: YDf Sum Sq Mean Sq F value Pr(>F)Blo
k 3 47853 15951 10.211 0.0006492 ***Treat 5 750 150 0.096 0.9914606Residuals 15 23432 1562---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1We see that there is no treatment e�e
t. Now we add the 
ovariate X in the analysis:> anova(lm(Y~Blo
k+X*Treat,data=apple))Analysis of Varian
e TableResponse: YDf Sum Sq Mean Sq F value Pr(>F)Blo
k 3 47853 15951 80.819 7.913e-07 ***
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008105X 1 15944 15944 80.781 8.633e-06 ***Treat 5 4353 871 4.411 0.02622 *X:Treat 5 2109 422 2.137 0.15207Residuals 9 1776 197---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Now there is a signi�
ant treatment e�e
t. We 
an also look at the estimated e�e
ts:> summary(lm(Y~Blo
k+X*Treat,data=apple))Call:lm(formula = Y ~ Blo
k + X * Treat, data = apple)Residuals:Min 1Q Median 3Q Max-17.902 -6.654 0.775 6.135 16.891Coeffi
ients:Estimate Std. Error t value Pr(>|t|)(Inter
ept) 317.699 111.672 2.845 0.01925 *Blo
k2 3.147 9.386 0.335 0.74509Blo
k3 -39.750 11.434 -3.476 0.00698 **Blo
k4 32.134 11.715 2.743 0.02273 *X -3.797 13.127 -0.289 0.77895TreatB -267.757 129.926 -2.061 0.06938 .TreatC -360.563 130.653 -2.760 0.02212 *TreatD -304.252 121.095 -2.513 0.03317 *TreatE -350.886 137.274 -2.556 0.03088 *TreatO -344.749 126.273 -2.730 0.02322 *X:TreatB 30.015 15.367 1.953 0.08254 .X:TreatC 42.028 15.456 2.719 0.02364 *X:TreatD 36.342 14.385 2.526 0.03243 *X:TreatE 45.476 16.809 2.706 0.02417 *X:TreatO 36.879 14.576 2.530 0.03222 *---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Residual standard error: 14.05 on 9 degrees of freedomMultiple R-Squared: 0.9753, Adjusted R-squared: 0.937F-statisti
: 25.43 on 14 and 9 DF, p-value: 1.623e-05The estimates 
an be obtained by:> 
oeffi
ients(lm(Y~Blo
k+X*Treat,data=apple))(Inter
ept) Blo
k2 Blo
k3 Blo
k4 X TreatB317.699450 3.147023 -39.750123 32.133547 -3.796694 -267.757215
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008106TreatC TreatD TreatE TreatO X:TreatB X:TreatC-360.563086 -304.252285 -350.885716 -344.748648 30.015275 42.027954X:TreatD X:TreatE X:TreatO36.341832 45.476112 36.879122To plot the regression lines for the di�erent treatments, we drop the fa
tor blo
k from the modelalthough it has signi�
ant in�uen
e:> plot(apple$X,apple$Y,type="n",xlab="X",ylab="Y")> text(apple$X,apple$Y,as.
hara
ter(apple$Treat))> 
o<-
oeffi
ients(lm(Y~X*Treat,data=apple))> 
o(Inter
ept) X TreatB TreatC TreatD TreatE126.545752 18.692810 -95.045206 -162.518533 -106.254956 -104.695471TreatO X:TreatB X:TreatC X:TreatD X:TreatE X:TreatO-252.128756 9.600537 18.579379 12.847783 15.474376 24.864502> abline(
o[1℄,
o[2℄)> abline(
o[1℄+
o[3℄,
o[2℄+
o[8℄,lty=2)> abline(
o[1℄+
o[4℄,
o[2℄+
o[9℄,lty=3)> abline(
o[1℄+
o[5℄,
o[2℄+
o[10℄,lty=4)> abline(
o[1℄+
o[6℄,
o[2℄+
o[11℄,lty=5)> abline(
o[1℄+
o[7℄,
o[2℄+
o[12℄,lty=6)> legend(6,370,
("A","B","C","D","E","O"),lty=1:6)
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Figure 6.3: S
atter plot with regression lines for the 6 treatmentsWe see that the 6 regression lines have di�erent slopes and di�erent inter
epts. The di�erent slopesare due to the fa
t that the intera
tions between the treatment and the 
ovariate X are in
luded inthe model. If the intera
tions are not in
luded, then the regression lines are parallel:
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008107> plot(apple$X,apple$Y,type="n",xlab="X",ylab="Y")> text(apple$X,apple$Y,as.
hara
ter(apple$Treat))> 
o<-
oeffi
ients(lm(Y~X+Treat,data=apple))> 
o(Inter
ept) X TreatB TreatC TreatD TreatE6.064324 32.950968 -13.454903 -5.954903 3.049258 24.877193TreatO-33.008322> abline(
o[1℄,
o[2℄)> abline(
o[1℄+
o[3℄,
o[2℄,lty=2)> abline(
o[1℄+
o[4℄,
o[2℄,lty=3)> abline(
o[1℄+
o[5℄,
o[2℄,lty=4)> abline(
o[1℄+
o[6℄,
o[2℄,lty=5)> abline(
o[1℄+
o[7℄,
o[2℄,lty=6)> legend(6,370,
("A","B","C","D","E","O"),lty=1:6)
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Figure 6.4: S
atter plot with regression lines for the 6 treatments6.4.2 Exer
ise (Split: Continuation of Exer
ise 6.2.6)Regard in the data set split the variables Yield, Manure, Variety. Investigate whether the varietyhas an in�uen
e on the linear dependen
e of the yield on the manure. Plot the di�erent regressionlines for the three varieties also when the varieties have no signi�
ant in�uen
e and there is nosigni�
ant intera
tion between variety and manure.6.5 Designing regression experimentsOrthogonal polynomials have the advantage that they provide a design matrix Z so that the 
olumnsof the matrix Z are orthogonal to ea
h other, so that Z⊤Z is diagonal matrix. This orthogonalityproperty of the design matrix is also the aim of designing multiple regression and the analysis of
ovarian
e.
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008108Designing multiple regressionMultiple regression 
an be designed as soon as the input of explanatory variables are given bythe experimenter. This is for example the 
ase when the explanatory variable 
onsists of somedrug doses or some 
on
entrations of some fertilizer or inse
ti
ide. To derive the orthogonalityproperty it is useful to subtra
t the mean of the explanatory variables from the variable, i.e. regard
x̃•r = (x1r − x•r, . . . , xNr − x•r)

2 instead of x•r = (x1r, . . . , xNr)
2 for r = 1, . . . , R. The model

Yn = β0 + β1 xn1 + β2 xn2 + . . . + βR xnR + Zn,be
omes then the model
Yn = β0 + β1x•1 + . . . + βRx•R + β1 (xn1 − x•1) + . . . + βR (xnR − x•R) + Zn,

= β̃0 + β1x̃n1 + . . . + βRx̃nR + Zn,so that only the inter
ept has 
hanged. Then ea
h ve
tor x̃•r is orthogonal to the ve
tor (1, 1, . . . , 1, 1)⊤
onsisting only of ones. As soon as the inputs of the ve
tors x•r are 
hosen su
h that x̃•1, . . . , x̃•Rare mutually orthogonal, i.e. x̃⊤
•rx̃•s for all r 6= s, then the design matrix

X̃ =




1 x̃11 x̃12 . . . x̃1R

1 x̃21 x̃22 . . . x̃2R... ... ... ...
1 x̃N1 x̃N2 . . . x̃NR


has orthogonal 
olumns and X̃⊤X̃ is a diagonal matrix. This means that ea
h of the parameters

β1, . . . , βR 
an be estimated independently from the other parameters and that the ANOVA testsdoes not depend on the order of the variables. Designs with this orthogonality property 
an beobtained for example by fa
t.nk for fa
torial designs.6.5.1 ExampleIf there are two explanatory variables and ea
h should be realized at 3 points (levels), then use:> x<-fa
t.nk(3,2,1)> xplots blo
ks A B1 1 1 0 02 2 1 1 03 3 1 2 04 4 1 1 15 5 1 0 26 6 1 2 27 7 1 0 18 8 1 1 29 9 1 2 1The last two 
olumns provide the design points. If the design region is not [0, 2], then the designpoints must be shifted and s
aled appropriately. These design points are given again in a random
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e the in�uen
e of unknown fa
tors. To see that the design points indeed provide theorthogonal property, type:> t(x$A-mean(x$A))%*%(x$B-mean(x$B))[,1℄[1,℄ 0Sorting the design point with respe
t to the �rst variable, the orthogonality property 
an be seenalready from the design if one has some experien
e with this:> x[order(x$A),
(3,4)℄A B1 0 05 0 27 0 12 1 04 1 18 1 23 2 06 2 29 2 1Regression designs based on 
omplete fa
torial designs need like the 
omplete blo
k designs a highsample size N . If there are many explanatory variables than 
omplete fa
torial designs with even2 levels for ea
h variable are not possible. Then fra
tional fa
torial designs are needed. In thesedesigns not all unknown parameters are estimable sin
e some are 
onfounded with other parameters.But the R pa
kage 
onf.design allows the 
onstru
tion of fra
tional fa
torial designs where the
onfounded parameters 
an be spe
i�ed.6.5.2 Exer
ise (Split: Continuation of Exer
ise 6.4.2)Compare the models Yield∼Manure*Variety and Yield∼Variety*Manure with respe
t to the es-timators and the p-values of the ANOVA tests. Do the same for the modelsYield∼Blo
k+Manure*Variety, Yield∼Blo
k+Variety*ManureYield∼Blo
k*Manure*Variety, Yield∼Variety*Blo
k*ManureRegard in the last 
omparison only the p-values of the ANOVA tests. Does the order of the variableshave an in�uen
e? Explain the result.Designing the analysis of 
ovarian
eThe model for the analysis of 
ovarian
e is the most general model sin
e in in
ludes numeri
 ex-planatory variables as well as fa
tor variables. The question is whether also here a design matrixwith orthogonal 
olumns 
an be 
reated. For that we need to know how to get the 
olumns ofthe design matrix if the variable is a fa
tor. Note that if the fa
tor has A levels, then there are Amain e�e
ts α1, . . . , αA. Sin
e they should satisfy ∑A
a=1 αa = 0 there are indeed only A − 1 freeparameters. There are two main possibilities for 
oding the A− 1 parameters in the design matrix:treatment 
oding and Helmert 
oding. For example for 4 levels the treatment 
oding is
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oding1 2 31 0 0 0levels 2 1 0 03 0 1 04 0 0 1The Helmert 
oding is given by Dummy 
oding1 2 31 -1 -1 -1levels 2 1 -1 -13 0 2 -14 0 0 3We see that in both 
odings the 
olumns are mutually orthogonal and that the 
olumns are orthog-onal to the ve
tor (1, 1, 1, 1)⊤ . Hen
e a design where the levels 1,2,3,4 are repeated with the samenumber, M say, provides a design matrix where the 
orresponding 
olumns are mutually orthogonaland whi
h are orthogonal to the �rst 
olumn 
onsisting of ones. This means that balan
es designssatisfy the orthogonality property.A- and D-optimal designsBesides the orthogonality 
riterion, there are also other design 
riteria. These are based on the
ovarian
e matrix of the estimators whi
h is proportional to
(X⊤X)−1,where X is again the design matrix. The sum of the diagonal elements of the matrix (X⊤X)−1 isthe sum of the varian
es of the single estimators. Thus minimizing the sum of the diagonal elementsof the matrix (X⊤X)−1 means that an average of the varian
es is minimized.A-optimal designsIf a design minimizes the sum of the diagonal elements of the matrix (X⊤X)−1 within all possibledesigns, then the design is 
alled A-optimal (A from average).The power of the ANOVA tests however depends on the determinant of (X⊤X)−1.D-optimal designsIf a design minimizes the determinant of the matrix (X⊤X)−1 within all possible designs, thenthe design is 
alled D-optimal (D from determinant).Exer
ise 6.2.2 shows that the A-optimal designs for polynomial regression 
an be rather strange. Ingeneral it is not easy to �nd A- and D-optimal designs. However, A- and D-optimal designs 
an befound with the R pa
kage AlgDesign.
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/20081117 Multivariate Analysis7.1 Multivariate analysis of varian
e (MANOVA)Up to now, only one measurement variable was 
onsidered. But often several measurement variablesexists. It is no good strategy to analyze them separately sin
e these are tests at the same data setso that the level of the tests must be adjusted by the number of the tests, i.e.
α =

0.05number of testsmust be used as level for the tests. This is avoided by using the multivariate analysis of varian
e(MANOVA). In R, the analysis is done with summary(manova(...)). Its usage is the same as foranova(lm(...))) with the ex
eption that several measurement variables should be given.7.1.1 Example (Diet supplements)�Fifteen guinea pigs were given a growth inhibiting substan
e and body weight measurements (ingrams) were re
orded at the ends of weeks 1,3,4,5,6, and 7. At the beginning of week 5 vitamin Etherapy was started, the guinea pigs being divided into three groups of �ve to re
eive zero, low, orhigh doses of vitamin E.� (Hand et al. 1996, P. 325)> diet0<-read.table("DIET.DAT")> diet<-data.frame(diet[,1℄,
(rep("1",5),rep("2",5),rep("3",5)),diet0[,2:7℄)> names(diet)<-
("No","Group","Week1","Week3","Week4","Week5","Week6","Week7")> dietNo Group Week1 Week3 Week4 Week5 Week6 Week71 1 1 455 460 510 504 436 4662 2 1 467 565 610 596 542 5873 3 1 445 530 580 597 582 6194 4 1 485 542 594 583 611 6125 5 1 480 500 550 528 562 5766 6 2 514 560 565 524 552 5977 7 2 440 480 536 484 567 5698 8 2 495 570 569 585 576 6779 9 2 520 590 610 637 671 70210 10 2 503 555 591 605 649 67511 11 3 496 560 622 622 632 67012 12 3 498 540 589 557 568 60913 13 3 478 510 568 555 576 60514 14 3 545 565 580 601 633 64915 15 3 472 498 540 524 532 583No apply the multivariate analysis of varian
e:> summary(manova(
bind(Week1,Week3,Week4,Week5,Week6,Week7)~Group, data=diet))Df Pillai approx F num Df den Df Pr(>F)



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008112Group 2 1.4033 3.1358 12 16 0.01760 *Residuals 12---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1We see that there is a signi�
ant group e�e
t. If we would do 6 ANOVA tests for ea
h weekseparately, we even would get never a signi�
ant group e�e
t. These 6 ANOVA tests 
an 
alledeasily with summary(aov(...))> summary(aov(
bind(Week1,Week3,Week4,Week5,Week6,Week7)~Group, data=diet))Response Week1 :Df Sum Sq Mean Sq F value Pr(>F)Group 2 2969.2 1484.6 2.1006 0.1651Residuals 12 8481.2 706.8Response Week3 :Df Sum Sq Mean Sq F value Pr(>F)Group 2 2497.6 1248.8 0.8728 0.4427Residuals 12 17170.4 1430.9Response Week4 :Df Sum Sq Mean Sq F value Pr(>F)Group 2 302.5 151.3 0.1397 0.871Residuals 12 12992.4 1082.7Response Week5 :Df Sum Sq Mean Sq F value Pr(>F)Group 2 260.4 130.2 0.0541 0.9476Residuals 12 28906.0 2408.8Response Week6 :Df Sum Sq Mean Sq F value Pr(>F)Group 2 8551 4275 1.3905 0.2863Residuals 12 36898 3075Response Week7 :Df Sum Sq Mean Sq F value Pr(>F)Group 2 13730 6865 2.4563 0.1276Residuals 12 33539 2795To 
he
k that summary(aov(...)) provides the univariate ANOVA test, type:> anova(lm(Week7~Group, data=diet))Analysis of Varian
e TableResponse: Week7Df Sum Sq Mean Sq F value Pr(>F)
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008113Group 2 13730 6865 2.4563 0.1276Residuals 12 33539 2795Even if we regard the weeks before the therapy started and the weeks after start separately, thereis no group e�e
t:> summary(manova(
bind(Week5,Week6,Week7)~Group, data=diet))Df Pillai approx F num Df den Df Pr(>F)Group 2 0.70386 1.99117 6 22 0.1105Residuals 12> summary(manova(
bind(Week1,Week3,Week4)~Group, data=diet))Df Pillai approx F num Df den Df Pr(>F)Group 2 0.71841 2.05538 6 22 0.1007Residuals 12This means that e�e
ts 
an be
ome only signi�
ant if all measurements are analyzed simultaneously.This is the great advantage of MANOVA.R uses the method of Pillai by default. But there are also other methods as those of Wilks, Hotelling-Lawley, Roy. The method of Roy, also 
alled Roy's union interse
tion test, has a very simple idea:Let
y1 =




y1
1

y1
2...

y1
N




, y2 =




y2
1

y2
2...

y2
N




, . . . , yp =




yp
1

yp
2...

yp
N


the p measurements of the p measurements variables. These p measurements 
an be 
ombined to aunivariate variable by using a linear 
ombination given by a ve
tor a = (a1, a2, . . . , ap)

⊤ ∈ R
p:

ya = a1




y1
1

y1
2...

y1
N




+ a2




y2
1

y2
2...

y2
N




+ . . . + ap




yp
1

yp
2...

yp
N




.If t̂(y) is the test statisti
 of a univariate variable y, then it also 
an be used for the univariatevariable ya. Roy's idea was to regard
sup
a∈Rp

t̂(ya)as test statisti
 for the multivariate 
ase. The reje
tion set of this test is a union sin
e
{

sup
a∈Rp

t̂(ya) ≥ c

}
=
⋃

a∈Rp

{
t̂(ya) ≥ c

}
.



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008114If t̂(ya) is the test statisti
 for the univariate test for Ha
0 : θ ∈ Θa versus Ha

1 : θ /∈ Θa, then
supa∈Rp t̂(ya) is the test statisti
 for testing H0 : θ ∈ ⋂a∈Rp Θa versus H1 : θ /∈ ⋂a∈Rp Θa. This isthe reason why this method is 
alled Roy's union interse
tion test.7.1.2 Example (Diet supplements: Continuation of Example 7.1.1)The test results for the other testing methods are obtained by:> summary(manova(
bind(Week1,Week3,Week4,Week5,Week6,Week7)~Group, data=diet))Df Pillai approx F num Df den Df Pr(>F)Group 2 1.4033 3.1358 12 16 0.01760 *Residuals 12---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1> summary(manova(
bind(Week1,Week3,Week4,Week5,Week6,Week7)~Group, data=diet),+ test="Wilks")Df Wilks approx F num Df den Df Pr(>F)Group 2 0.08793 2.76773 12 14 0.03630 *Residuals 12---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1> summary(manova(
bind(Week1,Week3,Week4,Week5,Week6,Week7)~Group, data=diet),+ test="Hotelling-Lawley")Df Hotelling-Lawley approx F num Df den Df Pr(>F)Group 2 4.7859 2.3930 12 12 0.0724 .Residuals 12---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1> summary(manova(
bind(Week1,Week3,Week4,Week5,Week6,Week7)~Group, data=diet),+ test="Roy")Df Roy approx F num Df den Df Pr(>F)Group 2 2.7666 3.6888 6 8 0.04637 *Residuals 12---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1We see that the p-values of the di�erent methods are di�erent and that the method of Pillai providesthe smallest p-value. But this is not the 
ase in general.7.2 Crossover designsIn Example 7.1.1, the treatment, the dose of vitamin E, was not 
hanged over the weeks. Butsometimes it makes sense to 
hange the treatment so that ea
h experimental units is treated withseveral levels of the treatment, for example over the time. This is in parti
ular useful for �eldswhere several 
rops 
an grow in di�erent seasons or years and the yield is measures for ea
h seasonor year. Then it makes not sense to use for ea
h sub�eld the same 
rops. It is mu
h better to 
hangethe 
rop in ea
h sub�eld from season to season or year to year, respe
tively. Su
h designs are 
alled
rossover designs or 
arryover designs. They 
an be 
onstru
ted with the R pa
kage 
ross.des
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h needs the R pa
kages AlgDesign and gtools. Hen
e all three pa
kages must be installed. Itneeds also the library MASS but this is a 
ontributed library whi
h must be not installed additionally.7.2.1 Example (Crossover Design)To 
reate a balan
ed 
rossover design for 4 treatments in 3 time periods, type> library(
rossdes)Lade nötiges Paket: gtoolsLade nötiges Paket: MASS> all.
ombin(4,3)[,1℄ [,2℄ [,3℄[1,℄ 1 2 3[2,℄ 1 2 4[3,℄ 1 3 2[4,℄ 1 3 4[5,℄ 1 4 2[6,℄ 1 4 3[7,℄ 2 1 3[8,℄ 2 1 4[9,℄ 2 3 1[10,℄ 2 3 4[11,℄ 2 4 1[12,℄ 2 4 3[13,℄ 3 1 2[14,℄ 3 1 4[15,℄ 3 2 1[16,℄ 3 2 4[17,℄ 3 4 1[18,℄ 3 4 2[19,℄ 4 1 2[20,℄ 4 1 3[21,℄ 4 2 1[22,℄ 4 2 3[23,℄ 4 3 1[24,℄ 4 3 2Sin
e there are 4 · 3 · 2 = 24 
ombinations of the 4 treatments, at least 24 experimental units areneeded.
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al Foundations8 Preliminaries8.1 Spe
ial methods from linear algebra8.1.1 De�nition (Idempotent matrix)A n × n matrix A is 
alled idempotent if and only if AA = A.8.1.2 LemmaIf A is a symmetri
 and idempotent matrix of rank r, then A has r eigenvalues equal to 1 and n− reigenvalues equal to 0.Proof. With the spe
tral de
omposition of A. See e.g. Ren
her 1998, P. 414. �8.1.3 LemmaLet tr(A) denote the tra
e of a the matrix A ∈ R
N×N , i.e. the sum of the diagonal elements of A.Then we have:a) tr(AB) = tr(BA) for all matri
es A ∈ R

N×M , B ∈ R
M×N .b) If A is symmetri
, then tr(A) is the sum of the eigenvalues of the matrix A.Proof.a) Let A = (Anm)n=1,...,N,m=1,...,M and B = (Bmn)m=1,...,M,n=1,...,N . Then the n'the diagonalelement of AB ∈ R

N×N is ∑M
m=1 AnmBmn and the m'th diagonal element of BA ∈ R

M×M is∑N
n=1 BmnAnm so thattr(AB) =

N∑

n=1

M∑

m=1

AnmBmn =
M∑

m=1

N∑

n=1

BmnAnm = tr(BA).b) A has the spe
tral de
omposition PDP⊤ where P⊤P is the identity matrix I and D is a diagonalmatrix 
onsisting of the eigenvalues. A

ording to a) it holdstr(A) = tr(PDP⊤) = tr(DP⊤P ) = tr(DI) = tr(D)so that tr(A) is the sum of its eigenvalues. �8.1.4 De�nition (g-inverse)
A− ∈ R

m×n is 
alled g-inverse (generalized inverse) of A ∈ R
n×m if and only if AA− A = A.



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008117If A is a regular matrix, then A− = A−1 and A−1 is the only g-inverse. Hen
e the g-inverse is reallya generalization of the inverse for regular matri
es. But note that, if A is not a regular matrix,then the g-inverse of A is not unique, i.e. there are several g-inverses. For the g-inverse of A⊤A thefollowing lemma holds.8.1.5 LemmaLet (A⊤A)− be a g-inverse of A⊤A. Then it holds:a) ((A⊤A)−)⊤ is g-inverse of A⊤A.b) A⊤A(A⊤A)−A⊤ = A⊤ and A(A⊤A)−A⊤A = A.
) A(A⊤A)−A⊤ is idempotent, i.e. A(A⊤A)−A⊤ A(A⊤A)−A⊤ = A(A⊤A)−A⊤.d) A(A⊤A)−A⊤ is independent of the 
hoi
e of the g-inverse.e) A(A⊤A)−A⊤ is a symmetri
 matrix.Proof.a) A⊤A((A⊤A)−)⊤A⊤A = (A⊤A(A⊤A)−A⊤A)⊤ = (A⊤A)⊤ = A⊤A.b) In general, it holds: BD⊤D = CD⊤D implies BD⊤ = CD⊤. For BD⊤D = CD⊤D implies
0 = (BD⊤D − CD⊤D)(B − C)⊤ = (BD⊤ − CD⊤)D(B − C)⊤

= (BD⊤ − CD⊤) ((B − C)D⊤)⊤ = (BD⊤ − CD⊤) (BD⊤ − CD⊤)⊤Multiplying the last expression from both sides with an arbitrary ve
tor of appropriate dimensionyields 0 = x⊤(BD⊤ − CD⊤) (BD⊤ − CD⊤)⊤x. This means 0 = (BD⊤ − CD⊤)⊤x for all x andtherefore 0 = BD⊤ − CD⊤.Be
ause of the de�nition of the g-Inverse, it holds A⊤A(A⊤A)−A⊤A = A⊤A. Setting B =
A⊤A(A⊤A)−, C = I the identity matrix, and D = A provides the �rst part of the assertionb). The se
ond part follows from the �rst part by transposing the matri
es and using a).
) follows from b).d) Let (A⊤A)∼ be another g-inverse of A⊤A. Assertion b) implies A(A⊤A)∼A⊤A = A =
A(A⊤A)−A⊤A. Setting B = A(A⊤A)∼, C = A(A⊤A)− and D = A, then the assertion shownin b) provides A(A⊤A)∼A⊤ = A(A⊤A)−A⊤. This means that A(A⊤A)−A⊤ does not depend onthe 
hoi
e of the g-inverse.e) The assertion a) implies (A(A⊤A)−A⊤)⊤ = A((A⊤A)−)⊤A⊤ = A(A⊤A)−A⊤. �8.1.6 Lemma (g-inverse of partitioned matrix)If the symmetri
 matrix M is a partitioned matrix given by

M =

(
A B⊤

B C

)with A ∈ R
K×K, B ∈ R

L×K, and C ∈ R
K×K, where A is non-singular. Then the g-inverse of M isgiven by

M− =

(
A−1 + A−1B⊤E−B A−1 −A−1B⊤E−

−E−B A−1 E−

)with E = C − B A−1B⊤.
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M M− =

(
AA−1 + AA−1B⊤E−B A−1 − B⊤ E−B A−1 −AA−1B⊤E− + B⊤ E−

B A−1 + B A−1 B⊤E−B A−1 − C E−B A−1 −B A−1B⊤E− + C E−

)and
M M−M =

(
AA−1A + AA−1B⊤E−B A−1A − B⊤ E−B A−1A − AA−1B⊤E−B + B⊤ E−B

B A−1A + B A−1 B⊤E−B A−1A − C E−B A−1A − B A−1B⊤E−B + C E−B

AA−1B⊤ + AA−1B⊤E−B A−1B⊤ − B⊤ E−B A−1B⊤ − AA−1B⊤E−C + B⊤ E−C

B A−1B⊤ + B A−1 B⊤E−B A−1B⊤ − C E−B A−1B⊤ − B A−1B⊤E−C + C E−C

)

=

(
A + B⊤E−B − B⊤ E−B − B⊤E−B + B⊤ E−B

B + B A−1 B⊤E−B − C E−B − B A−1B⊤E−B + C E−B

B⊤ + B⊤E−B A−1B⊤ − B⊤ E−B A−1B⊤ − B⊤E−C + B⊤ E−C

B A−1B⊤ + B A−1 B⊤E−B A−1B⊤ − C E−B A−1B⊤ − B A−1B⊤E−C + C E−C

)

=

(
A B⊤

B C

)
= Msin
e

B A−1B⊤ + (B A−1 B⊤ − C)E−B A−1B⊤ − (B A−1B⊤ − C)E−C

= B A−1B⊤ + (B A−1 B⊤ − C)E−(B A−1B⊤ − C)

= B A−1B⊤ + B A−1 B⊤ − C = C. �8.1.7 De�nition (Column spa
e)Let be X ∈ R
N×R. Then

C(X) := {Xβ; β ∈ R
R}is 
alled the 
olumn spa
e of X.8.1.8 De�nition (Perpendi
ular proje
tion matrix)Let be U a subspa
e of R

N . P ∈ R
N×N is 
alled perpendi
ular proje
tion matrix onto U if andonly if

Pu = u for all u ∈ U,

Pv = 0 for all v ∈ U⊥ = {w ∈ R
N ; w⊥u for all u ∈ U}.8.1.9 Lemmaa) The perpendi
ular proje
tion matrix P ∈ R

N×N is idempotent.b) Every idempotent and symmetri
 matrix A ∈ R
N×N is a perpendi
ular proje
tion matrix onto

C(A).
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PPu = Pu = u for all u ∈ U,

PPv = P0 = 0 for all v ∈ U⊥.Let be w ∈ R
N arbitrary. Then there exists u ∈ U and v ∈ U⊥ with w = u + v. Then we obtain

PPw = PP (u + v) = Pu = u = P (u + v) = Pwand thus PP = P .b) For u = Aβ it holds Au = AAβ = Aβ = u. If
v ∈ C(A)⊥ = {w ∈ R

N ; w⊤Aβ = 0 for all β ∈ R
N},then v⊤Aβ = 0 for all β ∈ R

N . The symmetry of A implies β⊤Av = β⊤A⊤v = 0 for all β ∈ R
Nand thus Av = 0. �8.1.10 LemmaLet be X ∈ R

N×R.a) X(X⊤X)−X⊤ is the perpendi
ular proje
tion matrix onto C(X).b) IN×N − X(X⊤X)−X⊤ is the perpendi
ular proje
tion matrix onto C(X)⊥.(IN×N denotes the N × N identity matrix).Proof.a) Lemma 8.1.5 
) and e) and Lemma 8.1.9 imply that X(X⊤X)−X⊤ is the perpendi
ular proje
tionmatrix onto C(X(X⊤X)−X⊤). It remains to show C(X) = C(X(X⊤X)−X⊤). It is 
lear that
C(X(X⊤X)−X⊤) ⊂ C(X). For the opposite in
lusion note that for any u ∈ C(X) there exists
β ∈ R

p with u = Xβ. Then Lemma 8.1.5 b) implies
X(X⊤X)−X⊤u = X(X⊤X)−X⊤Xβ = Xβ = uand thus C(X) ⊂ C(X(X⊤X)−X⊤).b) Part a) implies X(X⊤X)−X⊤u = 0 for all u ∈ C(X)⊥ = C(X(X⊤X)−X⊤)⊥ and thus
(IN×N − X(X⊤X)−X⊤)u = u for all u ∈ C(X)⊥.If v ∈ (C(X)⊥)⊥ = C(X), then Part a) implies
(IN×N − X(X⊤X)−X⊤)v = v − v = 0. �8.1.11 LemmaFor any X ∈ R

N×R, it holdsa) rk(X(X⊤X)−X⊤) = rk(X).b) tr(X(X⊤X)−X⊤) = rk(X).
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) tr(IN×N − X(X⊤X)−X⊤) = N − rk(X).d) rk(IN×N − X(X⊤X)−X⊤) = N − rk(X).Thereby rk(A) denotes the rank of the matrix A.Proof.a) It is 
lear that rk(X(X⊤X)−X⊤) ≤ rk(X) holds. Be
ause of Lemma 8.1.5 b) also the 
onverseinequality holds:rk(X) = rk(X(X⊤X)−X⊤X) ≤ rk(X(X⊤X)−X⊤).b) X(X⊤X)−X⊤ is a perpendi
ular proje
tion matrix a

ording to Lemma 8.1.10 a). Hen
e it isidempotent a

ording to Lemma 8.1.9 a). This means a

ording to Lemma 8.1.2 that X(X⊤X)−X⊤ ∈
RN×N has r eigenvalues equal to 1 and N − r eigenvalues equal to 0, where r = rk(X(X⊤X)−X⊤).A

ording to a) we have r = rk(X) and a

ording to Lemma 8.1.3 b) tr(X(X⊤X)−X⊤) = r su
hthat tr(X(X⊤X)−X⊤) = rk(X).
) The linearity of the tra
e providestr(IN×N − X(X⊤X)−X⊤) = tr(IN×N ) − tr(X(X⊤X)−X⊤) = N − rk(X).d) Sin
e IN×N − X(X⊤X)−X⊤ is also a perpendi
ular matrix a

ording to Lemma 8.1.10 b), itsrank 
oin
ide with its tra
e as in b) so that the assertion follows from 
). �8.1.12 De�nitionLet be A = (Anm)n=1,...,N,m=1,...,M ∈ R

N×M and B ∈ R
I×J . The Krone
ker produ
t A ⊗ B isde�ned as

A ⊗ B =




A11B A12B . . . A1MB

A21B A22B . . . A2MB... ... ...
AN1B AN2B . . . ANMB




∈ R
N I×M J .

8.1.13 De�nitionLet be A = (Anm)n=1,...,N,m=1,...,M ∈ R
N×M . The vec operator vec : R

N×M −→ R
N ·M is de�ned as

vec(A) = (A11, A21, . . . , AN1, A12, . . . , AN2, . . . , A1M , . . . , ANM )⊤.Note that if A is given 
olumnwise by A = (A•1|A•2| . . . |A•M ), then
vec(A) =




A•1

A•2...
A•M




.



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/20081218.1.14 LemmaIf A ∈ R
N×M , B ∈ R

I×J , C ∈ R
M×L, D ∈ R

J×K , thena) (A ⊗ B) (C ⊗ D) = AC ⊗ B D ∈ R
N I×LK ,b) (A ⊗ B)⊤ = A⊤ ⊗ B⊤.Proof. Exer
ise. �8.2 Random ve
tors and random matri
es8.2.1 De�nitiona) Y = (Y1, . . . , Yp)

⊤ is a random ve
tor if Y1, . . . , Yp are random variables.b)
Z =




Z11 Z12 . . . Z1p

Z21 Z22 . . . Z2p... ... ...
ZN1 ZN2 . . . ZNp


is a random matrix if Z11, Z12, . . . , Z1p, Z21, . . . , Z2p, . . . , ZN1, . . . , ZNp are random variables.8.2.2 De�nition (Expe
tation of random ve
tors and random matri
es)a) If Y = (Y1, . . . , Yp)

⊤ is a random ve
tor, then
µ = µY = E(Y ) =




E(Y1)E(Y2)...E(Yp)




=




µ1

µ2...
µp




∈ R
pis the expe
tation of Y .b) If Z = (Zni)n=1,...,N,i=1,...,p is a random matrix, thenE(Z) =




E(Z11) E(Z12) . . . E(Z1p)E(Z21) E(Z22) . . . E(Z2p)... ... ...E(ZN1) E(ZN2) . . . E(ZNp)




∈ R
N×pis the expe
tation of Z.
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e matrix of a random ve
tor)If Y = (Y1, . . . , Yp)
⊤ is a random ve
tor, then

Σ = Cov(Y ) =





ov(Y1, Y1) 
ov(Y1, Y2) . . . 
ov(Y1, Yp)
ov(Y2, Y1) 
ov(Y2, Y2) . . . 
ov(Y2, Yp)... ... ...
ov(Yp, Y1) 
ov(Yp, Y2) . . . 
ov(Yp, Yp)




=




σ11 σ12 . . . σ1p

σ21 σ22 . . . σ2p... ... ...
σp1 σp2 . . . σpp




∈ R
p×pwith σij = 
ov(Yi, Yj) = E((Yi − µi)(Yj − µj)) for i, j = 1, . . . , p is the 
ovarian
e matrix of Y .Re
all that σ2

i = σii = 
ov(Yi, Yi) = E((Yi − µi)
2) is the varian
e of Yi, i.e. 
ov(Yi, Yi) = var(Yi).8.2.4 De�nition (Covarian
e matrix of two random ve
tors)If X = (X1, . . . ,Xq)

⊤ and Y = (Y1, . . . , Yp)
⊤ are random ve
tors, then

ΣXY = Cov(X,Y ) =





ov(X1, Y1) 
ov(X1, Y2) . . . 
ov(X1, Yp)
ov(X2, Y1) 
ov(X2, Y2) . . . 
ov(X2, Yp)... ... ...
ov(Xq, Y1) 
ov(Xq, Y2) . . . 
ov(Xq, Yp)




∈ R
q×pwith 
ov(Xi, Yj) = E ((Xi − E(Xi))(Yj − E(Yj))) for i = 1, . . . , q, j = 1, . . . , p is the 
ovarian
ematrix of X and Y .8.2.5 LemmaWe havea) Cov(Y, Y ) = Cov(Y ),b) Cov(X,Y ) = E ((X − µX)(Y − µY )⊤

).Proof.a) is 
lear.
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)

= E (X1 − E(X1))...
(Xq − E(Xq))


 ((Y1 − E(Y1)), . . . , (Yp − E(Yp)))




= E (X1 − E(X1))(Y1 − E(Y1)) . . . (X1 − E(Y1))(Yp − E(Yp))... ...
(Xq − E(Xq))(Y1 − E(Y1)) . . . (Xq − E(Xq))(Yp − E(Yp))







=




E((X1 − E(X1))(Y1 − E(Y1))) . . . E((X1 − E(Y1))(Yp − E(Yp)))... ...E((Xq − E(Xq))(Y1 − E(Y1))) . . . E((Xq − E(Xq))(Yp − E(Yp)))




= Cov(X,Y ). �8.2.6 LemmaLet X = (X1, . . . ,Xq)
⊤ and Y = (Y1, . . . , Yp)

⊤ be random ve
tors and Z be a q×p random matrix.Then:a) E(X + Y ) = E(X) + E(Y ) if q = p.b) E(AY + b) = AE(Y ) + b if A ∈ R
q×p, b ∈ R

q.
) E(AZ B) = AE(Z)B if A ∈ R
m×q, B ∈ R

p×n.d) Cov(Y ) = Cov(Y )⊤.e) Cov(Y ) is positive semide�nite.f) ΣXY = Cov(X,Y ) = E(X Y ⊤) − E(X)E(Y )⊤.g) Cov(AX + a,BY + b) = ACov(X,Y )B⊤ if A ∈ R
m×q, B ∈ R

n×p, a ∈ R
m, b ∈ R

n.h) Cov(AY + b) = ACov(Y )A⊤ if A ∈ R
q×p, b ∈ R

q.i) E(X⊤AY ) = tr(AΣY X) + µ⊤
XAµY if A ∈ R

q×p.j) Cov(X + Y ) = Cov(X) + Cov(Y ) if q = p and X and Y are sto
hasti
ally independent.Proof.a) to 
) follow from the linearity of the expe
tation.d) Sin
e
ov(Xi, Yj) = E ((Xi − E(Xi))(Yj − E(Yj))) = E ((Yj − E(Yj)(Xi − E(Xi)))) = 
ov(Yj ,Xi)for i = 1, . . . , q, j = 1, . . . , p, the assertion follows.
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tationCov(X,Y ) = E((X − µX)(Y − µY )⊤
)

= E(X Y ⊤ − X µ⊤
Y − µX Y ⊤ + µX µ⊤

Y

)

= E(X Y ⊤) − E(X)µ⊤
Y − µX E(Y ⊤) + µX µ⊤

Y = E(X Y ⊤) − E(X)E(Y )⊤.g) It follows from the above assertions:Cov(AX + a,BY + b)
f)
= E((AX + a) (BY + b)⊤

)
− E(AX + a)E(BY + b)⊤

b)
= E(AX Y ⊤B⊤ + aY ⊤B⊤ + AX b⊤ + a b⊤

)
− (AE(X) + a) (B E(Y ) + b)⊤

a),b)
= E(AX Y ⊤ B⊤) − AE(X)E(Y )⊤ B⊤ c)

= AE(X Y ⊤)B⊤ − AE(X)E(Y )⊤ B⊤

= A
(E(X Y ⊤) − E(X)E(Y )⊤

)
B⊤ f)

= ACov(X,Y )B⊤.h) follows from g).e) Assertion h) implies for all a ∈ R
p

a⊤ Cov(Y ) a = Cov(a⊤ Y ) = var(a⊤ Y ) ≥ 0.i) Lemma 8.1.3 and the linearity of the expe
tation provideE(X⊤ AY ) = E(tr(X⊤ AY )) = E(tr(AY X⊤)) = tr(E(AY X⊤))

c)
= tr(AE(Y X⊤))

f)
= tr(A (ΣY X + E(Y )E(X)⊤)) = tr(AΣY X) + tr(AE(Y )E(X)⊤)

= tr(AΣY X) + tr(E(X)⊤ AE(Y )) = tr(AΣY X) + µ⊤
X AµY .j) Regard the (i, j) 
omponent of Cov(X + Y ):Cov(X + Y )i,j = 
ov(Xi + Yi,Xj + Yj) = E((Xi + Yi)(Xj + Yj)) − E(Xi + Yi)E(Xj + Yj)

= E(XiXj + YiXj + XiYj + YiYj) − (E(Xi) + E(Yi)) (E(Xj) + E(Yj))

= E(XiXj) + E(Yi)E(Xj) + E(Xi)E(Yj) + E(YiYj)

− E(Xi)E(Xj) − E(Yi)E(Xj) − E(Xi)E(Yj) − E(Yi)E(Yj)

= = 
ov(Xi,Xj) + 
ov(Yi, Yj) = (Cov(X) + Cov(Y ))i,j. �8.3 The normal distribution and related distributions8.3.1 De�nitionThe random ve
tor Y has a p dimensional normal distribution with parameters µ ∈ R
p and Σ ∈

R
p×p, i.e. Y ∼ Np(µ,Σ), if and only if Y has the density

f(y) =
1

(2π)p/2
√

detΣ
e−

1
2

(y−µ)⊤Σ−1(y−µ).
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/20081258.3.2 Lemmaa) If Y has a p dimensional normal distribution with parameters µ ∈ R
p and Σ ∈ R

p×p, thenE(Y ) = µ, Cov(Y ) = Σ.b) If Y has a p dimensional normal distribution with parameters µ ∈ R
p and Σ ∈ R

p×p, A ∈ R
p×p,and b ∈ R

p, then
AY + b ∼ Np(Aµ + b , AΣA⊤) (14)Proof. See books whi
h give introdu
tions in probability theory. �8.3.3 LemmaIf Y = (Y1, . . . , Yp)

⊤ ∼ Np(µ,Σ) and the 
omponents Y1, . . . , Yp are pairwise sto
hasti
ally inde-pendent, i.e. Yi and Yj are sto
hasti
ally independent for i 6= j, then Y1, . . . , Yp are sto
hasti
allyindependent.Proof. Sin
e Σ is the 
ovarian
e matrix of Y , all 
omponents of Σ are the 
ovarian
es 
ov(Yi, Yj).The pairwise independen
e of Y1, . . . , Yp implies 
ov(Yi, Yj) = 0 for i 6= j. Hen
e Σ is a diagonalmatrix diag(σ2
1 , . . . , σ

2
p). This means with µ = (µ1, . . . , µp)

⊤ that the density of Y has the form
fY (y) =

1

(2π)p/2
√

det Σ
exp

(
−1

2
(y − µ)⊤Σ−1(y − µ)

)

=
1

(2π)p/2
√∏p

i=1 σ2
i

exp

(
−1

2

p∑

i=1

(yi − µi)
2

σ2
i

)

=

r∏

i=1

1√
2πσ2

i

exp

(
− 1

2σ2
i

(yi − µi)
2

)
=

r∏

i=1

fN (µi , σ2
i )(yi).Hen
e the 
ommon density is a produ
t of densities of the single densities of Yi, so that Y1, . . . , Ypare sto
hasti
ally independent. �8.3.4 TheoremIf Y ∼ Np(µ,Σ), A ∈ R

q×p, B ∈ R
p−q×p, (AB) is not singular with AΣB⊤ = 0, a ∈ R

q, b ∈ R
p−q,then:

AY + a ∼ Nq(Aµ + a , AΣA⊤)

BY + b ∼ Np−q(Bµ + b , BΣB⊤)and AY + a and BY + b are sto
hasti
ally independent.
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ording to (14) we have
(

X

Y

)
=

(
A

B

)
Y +

(
a

b

)
∼ Np

((
A

B

)
µ +

(
a

b

)
,

(
A

B

)
Σ

(
A

B

)⊤)
.Then

(
A

B

)
Σ

(
A

B

)⊤
=

(
AΣA⊤ AΣB⊤

BΣA⊤ BΣB⊤

)
=

(
AΣA⊤ 0

0 BΣB⊤

)implies
det

((
A

B

)
Σ

(
A

B

)⊤)
= det AΣA⊤ det BΣB⊤and thus

f(X
Y )(x, z)

=
1

(2π)p/2 (detAΣA⊤)1/2 (det BΣB⊤)1/2

· exp


−1

2

((
x

z

)
−
((

A

B

)
µ +

(
a

b

)))⊤ (
AΣA⊤ 0

0 BΣB⊤

)−1

·
((

x

z

)
−
((

A

B

)
µ +

(
a

b

))))

=
1

(2π)q/2 (det AΣA⊤)1/2
exp

(
−1

2
(x − (Aµ + a))⊤ (AΣA⊤)−1 (x − (Aµ + a))

)

· 1

(2π)(p−q)/2 (det BΣB⊤)1/2
exp

(
−1

2
(z − (Bµ + b))⊤ (BΣB⊤)−1 (z − (Bµ + b))

)

= fNq(Aµ+a,AΣA⊤)(x) · fNp−q(Bµ+b,BΣB⊤)(z).Sin
e the density f(X
Y )(x, z) is a produ
t of the densities of X and Z, X = AY + a and Z = BY + bare sto
hasti
ally independent. The produ
t form of the densities provides also the distribution of

X = AY + a and Z = BY + b. �8.3.5 CorollaryIf Y ∼ Np(µ,Σ), A ∈ R
q×p, B ∈ R

r×p, rkA = q, rkB = r and AΣB⊤ = 0, a ∈ R
q, b ∈ R

r, then:
AY + a ∼ Nq(Aµ + a , AΣA⊤)

BY + b ∼ Nr(Bµ + b , BΣB⊤)and AY + a and BY + b are sto
hasti
ally independent.
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e Σ is positive de�nite, there exists V ∈ R
p×p with Σ = V V ⊤ (linear algebra). Be
ause

A and B are of full rank (rk =rank), there exists also C ∈ R
p−q−r×p with AV V ⊤(B

C

)
= 0 andrk AV

BV

CV


 = rk A

B

C


 V


 = p.Then it holdsrk A

B

C


 = p and AΣ

(
B

C

)⊤
= 0.A

ording to Theorem 8.3.4, we obtain for every c ∈ R

p−q−r that AY + a and (BC)Y +
(b
c

) aresto
hasti
ally independent and AY + a ∼ Nq(Aµ + a,AΣA⊤). Then AY + a and BY + b aresto
hasti
ally independent as well, sin
e BY + b 
an be obtained by proje
tion onto the �rst
r 
omponents of (BC)Y +

(b
c

). By analogous extension of A to (A
C′

), we also obtain BY + b ∼
Nq(Bµ + b,BΣB⊤). �8.3.6 Theorem (Theorem of Craig and Sakamoto)If Y ∼ Np(µ,Σ) and A,B ∈ R

p×p are positive semide�nite with AΣB⊤ = 0, then:a) AY and BY are sto
hasti
ally independent.b) Y ⊤AY and BY are sto
hasti
ally independent.
) Y ⊤AY and Y ⊤BY are sto
hasti
ally independent.Proof. Be
ause A and B are positive semide�nite, there exists L ∈ R
p×q, M ∈ R

p×r with LL⊤ = A,
MM⊤ = B, rkL = q = rkL⊤L, rkM = r = rkM⊤M (linear algebra). Then 0 = AΣB⊤ implies

0 = (L⊤L)−1 L⊤LL⊤ Σ M M⊤M (M⊤M)−1 = L⊤ΣM.Corollary 8.3.5 provides that L⊤Y and M⊤Y are sto
hasti
ally independent. Sin
e fun
tions ofindependent random variables are also independent, i.e. h1(X) and h2(Z) are sto
hasti
ally inde-pendent if X and Z are sto
hasti
ally independent, we obtain the independen
e ofa) LL⊤Y = AY and MM⊤Y = BY ,b) Y ⊤LL⊤Y = Y ⊤AY and MM⊤Y = BY ,
) Y ⊤LL⊤Y = Y ⊤AY and Y ⊤MM⊤Y = Y ⊤BY . �8.3.7 De�nition (χ2-distribution)a) X has a χ2-distribution with N degrees of freedom and non-
entrality parameter µ⊤µ, ab-breviated by X ∼ χ2(N,µ⊤µ), if and only if there is a random ve
tor Y = (Y1, . . . , YN )⊤ with
Y ∼ NN (µ, IN×N ) su
h that

X = Y ⊤Y =

N∑

n=1

Y 2
n .
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entral χ2-distribution with N degrees of freedom, abbreviated by X ∼ χ2(N, 0), ifand only if there is a random ve
tor Y = (Y1, . . . , YN )⊤ with Y ∼ NN(0, IN×N (or if there aresto
hasti
ally independent random variables Y1, . . . , YN with Yn ∼ N1(0, 1) for n = 1, . . . , N) su
hthat
X = Y ⊤Y =

N∑

n=1

Y 2
n .
) X has a σ2χ2(N)-distribution, if and only if if there are sto
hasti
ally independent randomvariables Y1, . . . , YN with Yn ∼ N1(0, σ

2) for n = 1, . . . , N su
h that
X =

N∑

n=1

Y 2
n .8.3.8 De�nition (t-distribution)

T has a t-distribution with N degrees of freedom and non-
entrality parameter δ, abbreviated by
T ∼ t(N, δ), if and only if there are sto
hasti
ally independent random variables X and Y with
X ∼ χ2(N, 0) and Y ∼ N1(δ, 1) su
h that

T =
Y√
1
N X

.If δ = 0, then T has a 
entral t-distribution with N degrees of freedom.8.3.9 De�nition (F -distribution)
V has a F -distribution with M and N degrees of freedom and non-
entrality parameter δ, abbre-viated by V ∼ F (M,N, δ), if and only if there are sto
hasti
ally independent random variables Xand Y with X ∼ χ2(N, 0) and Y ∼ χ2(M, δ) su
h that

V =
1
M Y
1
N X

.If δ = 0, then V has a 
entral F -distribution with M and N degrees of freedom.8.3.10 LemmaIf X and Y are sto
hasti
ally independent with X ∼ χ2(N, 0) and Y ∼ N1(δ, 1) then
Y√
1
N X

∼ t(N, δ) and Y 2

1
N X

∼ F (1, N, δ2).Proof. The �rst part is the de�nition of the t-distribution. The se
ond part follows from Y 2 ∼
χ2(1, δ2) and the de�nition of the F -distribution. �8.3.11 TheoremLet be Y = (Y1, . . . , YN )⊤ a random ve
tor satisfying Y ∼ NN(µ, IN×I) with µ ∈ R

N and A ∈ R
N×Na symmetri
 and idempotent matrix of rank rk(A). Then

Y ⊤AY ∼ χ2(rk(A), µ⊤Aµ).
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e A is symmetri
 and idempotent with rank r = rk(A), A has the spe
tral de
ompo-sition (see Lemma 8.1.2)
A =

r∑

i=1

vi v⊤i = V ⊤V,where v1, . . . , vr ∈ R
N are mutually orthogonal and normed and V = (v1, . . . , vr)

⊤. This implies
Y ⊤AY = Y ⊤

r∑

i=1

vi v⊤i Y =
r∑

i=1

Y ⊤vi(Y
⊤vi)

⊤ = Z⊤Zwith Z = (Y ⊤v1, . . . , Y
⊤vr)

⊤ = V Y . Then we have that V is of full rank and
V V ⊤ =




v⊤1...
v⊤r


 (v1, . . . , vr) =




v⊤1 v1 v⊤1 v2 . . . v⊤1 vr

v⊤2 v1 v⊤2 v2 . . . v⊤2 vr... ... ...
v⊤r v1 v⊤r v2 . . . v⊤r vr




= Ir×rsin
e v⊤i vj = 0 if i 6= j and v⊤i vi = 1. Hen
e Lemma 8.3.4 provides
Z = V Y ∼ Nr(V µ, V IN×NV ⊤) = Nr(V µ, V V ⊤) = Nr(V µ, Ir×r)so that with De�nition 8.3.7 a)
Y ⊤AY = Z⊤Z ∼ χ2(r, µ⊤V ⊤V µ) = χ2(rk(A), µ⊤Aµ). �8.3.12 TheoremIf X and V are sto
hasti
ally independent with Y ∼ χ2(r, 0), V ∼ χ2(q, 0), then
Y + V ∼ χ2(r + q, 0).Proof. A

ording to De�nition 8.3.7, there are sto
hasti
ally independent random variables

Y1, . . . , Yr,W1, . . . ,Wq with Yi ∼ N (0, 1) for i = 1, . . . , r, Wj ∼ N (0, 1) for j = 1, . . . , q and
X =

∑r
i=1 Y 2

i , V =
∑q

j=1 W 2
j . Then it holds X + V =

∑r
i=1 Y 2

i +
∑q

j=1 W 2
j ∼ χ2(r + q, 0). �8.4 Foundations of statisti
al testsIn the general statisti
al setup, it is assumed that the data y1, . . . , yN ∈ Y are realizations ofrandom variables Y1, . . . , YN : Ω −→ Y. The ve
tor y = (y1, . . . , yN )⊤ ∈ YN is 
alled observationve
tor or sample and YN is 
alled sample spa
e. In the parametri
 setup, it is assumed that
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tor Y = (Y1, . . . , YN )⊤ : Ω −→ YN is known up to a unknownparameter θ, hen
e
P Y ∈

{
P Y

θ ; θ ∈ Θ
}

.Statisti
al tests are used if there are hypotheses about the unknown parameter:null hypotheses H0 : θ ∈ Θ0 versus alternative H1 : θ ∈ Θ1 = Θ \ Θ0.8.4.1 De�nition (De
ision rule between H0 and H1)
ϕ is 
alled a de
ision rule between H0 : θ ∈ Θ0 and H1 : θ ∈ Θ1 if and only if

ϕ : YN −→ {0, 1}.If ϕ(y) = 0, then a de
ision for H0 is made based on the sample y. If ϕ(y) = 1, then a de
ision for
H1 is made based on the sample y.8.4.2 Remark (α and β error probability)A de
ision rule between H0 : θ ∈ Θ0 and H1 : θ ∈ Θ1 has two error probabilities:the probability for the α-error

Pθ(ϕ(Y ) = 1) with θ ∈ Θ0,and the probability for the β-error
Pθ(ϕ(Y ) = 0) with θ ∈ Θ1.8.4.3 De�nition (α-level test)Let be α ∈ (0, 1). A de
ision rule ϕ between H0 : θ ∈ Θ0 and H1 : θ ∈ Θ1 is 
alled α-level test ifand only if
Pθ(ϕ(Y ) = 1) ≤ α for all θ ∈ Θ0,i.e. the probability for the α-error is always not larger than α.8.4.4 RemarkAn α-level test ϕ has usually the form
ϕ(y) = 1I{ bT (y)>c}(y),where T̂ (y) is 
alled test statisti
 and c is 
alled 
riti
al value. 1I denotes here the indi
atorfun
tion. The main task for the development of tests is to determine the test statisti
 and the
riti
al value.8.5 Tests for one and two samplesTests for one or two samples of normally distributed random variables use the quantiles of the

t-distribution, the χ2-distribution, and the F -distribution as 
riti
al values. Therefore let be
tM,α = F−1

tM
(α)
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entral t-distribution with M degrees of freedom,
χ2

M,α = F−1
χ2

M
(α)the α-quantile of the 
entral χ2-distribution with M degrees of freedom, and

FN,M,α = F−1
FN,M

(α)the α-quantil of the 
entral F -distribution with N and M degrees of freedom.Tests for one sampleIf the random variables Y1, . . . , YN are sto
hasti
ally independent and identi
ally distributed with
Yn ∼ N (µ, σ2), then there are two main test problems:

a) H0 : µ = µ0 versus H1 : µ 6= µ0,

b) H0 : µ ≤ µ0 versus H1 : µ > µ0,

c) H0 : µ ≥ µ0 versus H1 : µ < µ0,where µ0 is a given value, and
a) H0 : σ2 = σ2

0 versus H1 : σ2 6= σ2
0 ,

b) H0 : σ2 ≤ σ2
0 versus H1 : σ2 > σ2

0 ,

c) H0 : σ2 ≥ σ2
0 versus H1 : σ2 < σ2

0 ,where σ2
0 is a given value. The tests base on estimates for µ and σ2. The estimate for µ is thearithmeti
 mean

y :=
1

N

N∑

n=1

yn =
1

N
1⊤Ny,where 1N ∈ R

N denotes the N dimensional ve
tor 
onsisting only of ones, and the estimate for σ2is the empiri
al varian
e
σ̂2 := σ̂2(y) :=

1

N − 1

N∑

n=1

(Yn − Y )2.Thereby note (Exer
ise!) that
σ̂2 =

1

N − 1
Y ⊤

(
IN×N − 1N (1⊤N1N )−11⊤N

)
Y =

1

N − 1
Y ⊤

(
IN×N − 1

N
1N1⊤N

)
Y,where IN×N is the N × N identity matrix.8.5.1 TheoremIf Y1, . . . , YN are sto
hasti
ally independent with Yn ∼ N (µ, σ2) für n = 1, . . . , N , then
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N σ2),b) 1

σ2

∑N
n=1(Yn − Y )2 ∼ χ2(N − 1, 0),
) Y and ∑N

n=1(Yn − Y )2 are sto
hasti
ally independent.Proof.a) Note that the sto
hasti
 independen
e of Y1, . . . , YN implies Y = (Y1, . . . , YN )⊤

∼ NN(µ 1N , σ2IN×N ) so that the assertion follows from (14) with A = 1
N 1⊤N and b = 0 sin
e

y = 1
N 1⊤Ny.b) The above exer
ise provides

N∑

n=1

(Yn − Y )2 = Y ⊤AYwith A =
(
IN×N − 1

N 1N1⊤N
). A is a symmetri
 and idempotent matrix be
ause

A · A =

(
IN×N − 1

N
1N1⊤N

)(
IN×N − 1

N
1N1⊤N

)

= IN×N − 1

N
1N1⊤N − 1

N
1N1⊤N +

1

N2
1N1⊤N1N1⊤N = A.Moreover, we have

A 1N =

(
IN×N − 1

N
1N1⊤N

)
1N = 1N − 1

N
1N1⊤N 1N = 0.If v is orthogonal to 1N , i.e. 1⊤Nv = 0, then

Av = IN×N v − 1

N
1N1⊤N v = v.This means that A has rank N − 1. With Theorem 8.3.11 we obtain

1

σ2

N∑

n=1

(Yn − Y .)2 =
1

σ2
Y ⊤AY =

1

σ2
Y ⊤A⊤AY =

1

σ2
(Y − µ 1N )⊤A⊤A (Y − µ 1N )

=




Y1−µ
σ...

YN−µ
σ




⊤

A




Y1−µ
σ...

YN−µ
σ


 ∼ χ2(N − 1, 0),sin
e Yn−µ

σ ∼ N (0, 1) and Y1, . . . , YN are sto
hasti
ally independent.
) Be
ause of
Y ∼ N (µ 1N , σ2 IN×N ).
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A σ2 IN×N 1N 1⊤N = A 1N 1⊤N σ2 = 0,Theorem 8.3.6 implies the sto
hasti
 independen
e of Y ⊤AY and 1N 1⊤NY = N 1N Y . Then also∑N

n=1(Yn − Y )2 and Y are sto
hasti
ally independent. �8.5.2 Theorem (t-test for one sample)Let Y1, . . . , YN ∼ N (µ, σ2) be i.i.d. with unknown θ = (µ, σ2) ∈ R × R
+, µ0 ∈ R be known, and

d̂(y) :=
√

N
y − µ0

σ̂(y)
.Then:a) ϕ(y) = 1I{|bd(y)|>tN−1,1−α/2}(y) is α-level test for H0 : µ = µ0 versus H1 : µ 6= µ0.b) ϕ(y) = 1I{bd(y)>tN−1,1−α}(y) is α-level test for H0 : µ ≤ µ0 versus H1 : µ > µ0.
) ϕ(y) = 1I{bd(y)<tN−1,α}(y) is α-level test for H0 : µ ≥ µ0 versus H1 : µ < µ0.Proof. We show at �rst that d̂(y) has a 
entral t-distribution with N − 1 degrees of freedom if

Yn ∼ N (µ0, σ
2) for all n = 1, . . . , N . A

ording to Theorem 8.5.1, N−1

σ2 σ̂2(Y ) has a 
entral χ2-distribution with N − 1 degrees of freedom and is sto
hasti
ally independent from the arithmeti
mean Y . Then N−1
σ2 σ̂2(Y ) is also independent of √N Y −µ0

σ . Be
ause of Y ∼ N (µ01N , σ2IN×N ) and√
N Y −µ0

σ = 1√
Nσ

1⊤NY −
√

N
σ µ0, Theorem 8.3.4 or Corollary 8.3.5, respe
tively, provide

√
N

Y − µ0

σ
∼ N

(
1√
Nσ

1⊤N µ01N −
√

N

σ
µ0,

1√
Nσ

1⊤N σ2IN×N (
1√
Nσ

1⊤N )⊤
)

= N (0, 1).We 
an see also the N (0, 1)-distribution by 
al
ulating the expe
tation and varian
e of √N Y −µ0

σknowing that linear 
ombinations of normal distributed random variables are always normal dis-tributed. Sin
e √N Y −µ0

σ and N−1
σ2 σ̂2(Y ) are independent, the 
entral t-distribution of d̂(Y ) followsfrom De�nition 8.3.8. This implies at on
e a).b) Sin
e µ0 was arbitrary in the above 
onsiderations, we have for all µ ∈ R that √

N Y −µbσ(Y ) has a
t(N − 1, 0)-distribution if Yn ∼ N (µ, σ2) for all n = 1, . . . , N . In parti
ular we obtain for arbitrary
µ ≤ µ0

Pµ (ϕ(Y ) = 1) = Pµ

(√
N

Y − µ0

σ̂(Y )
> tN−1,1−α

)

= Pµ

(√
N

Y − µ

σ̂(Y )
> tN−1,1−α +

√
N

µ0 − µ

σ̂(Y )

)

≤ Pµ

(√
N

Y − µ

σ̂(Y )
> tN−1,1−α

)
= 1 − Ft(N−1,0)(tN−1,1−α) = 1 − (1 − α) = α.
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) This assertion follows analogously to the proof in b). �8.5.3 Example (Gepaarte Zwei-Sti
hproben-Probleme)Zum Beispiel werde der Blutdru
k von N Personen vor und na
h einer Therapie gemessen. Die
n'te Beoba
htung Yn ist dann die Di�erenz der Blutdru
kwerte Vn vor und des Blutdru
kwertes Wnna
h der Therapie, d.h. Yn = Vn − Wn. Gilt Vn ∼ N (µ1, σ

2
1) und Wn ∼ N (µ2, σ

2
2), so kann manau
h annehmen, dass der Zufallsvektor (Vn,Wn)⊤ eine zweidimensionale Normalverteilung besitzt.Na
h Satz 8.3.4 bzw. Folgerung 8.3.5 besitzt dann Yn = Vn − Wn au
h eine Normalverteilung mitErwartungswertE(Yn) = E(Vn) − E(Wn) = µ1 − µ2 =: µund Varianzvar(Yn) = var(Vn) + var(Wn) − 2
ov(Vn,Wn) = σ2

1 + σ2
2 − 2
ov(Vn,Wn) =: σ2,d.h. wir haben Yn ∼ N (µ, σ2). Hat die Therapie eine Blutdru
k senkende Wirkung, so gilt µ > 0.Um das zu belegen, muss man dann H0 : µ ≤ µ0 gegen H1 : µ > µ0 testen. Führt ein Test zumNiveau α zur Ablehnung der Nullhypothese, spre
hen die Daten zum Signi�kanzniveau α dafür, dassdie Therapie eine Wirkung hat. Natürli
h kann es dann immer no
h sein, dass die Therapie ni
htwirkt. Aber dann würde die Nullhypothese hö
hstens mit einer Wahrs
heinli
hkeit α abgelehntwerden, und bei kleinem α wäre das sehr unwahrs
heinli
h.

V1, . . . , VN und W1, . . . ,WN bilden zwei Sti
hproben, die aber gepaart sind, da Vn und Wn vonder glei
hen Person stammen und damit ni
ht unabhängig sind. Aus diesem Grund werden sol
heProbleme gepaarte Zwei-Sti
hproben-Probleme genannt.8.5.4 Theorem (Varian
e test for one sample)Let Y1, . . . , YN ∼ N (µ, σ2) be i.i.d. with unknown θ = (µ, σ2) ∈ R × R
+, σ2

0 ∈ R
+ be known, and

v̂(y) =
N − 1

σ2
0

σ̂2(y).Then:a) ϕ(y) = 1I{T (y)>χ2
N−1,1−α/2

or T (y)<χ2
N−1,α/2

}(y) is α-level test for H0 : σ2 = σ2
0 versus H1 : σ2 6= σ2

0 .b) ϕ(y) = 1I{T (y)>χ2
N−1,1−α}(y) is α-level test for H0 : σ2 ≤ σ2

0 versus H1 : σ2 > σ2
0.
) ϕ(y) = 1I{T (y)<χ2

N−1,α}(y) is α-level test for H0 : σ2 ≥ σ2
0 versus H1 : σ2 < σ2

0 .Proof. A

ording to Theorem 8.5.1, v̂(Y ) has a 
entral χ2-distribution with N − 1 degrees offreedom, if Yn ∼ N (µ, σ2
0) for all n = 1, . . . , N . This implies at on
e the assertion a).b) Sin
e for every σ2 ∈ R
+, N−1

σ2 σ̂2(Y ) has a 
entral χ2-distribution with N − 1 degrees of freedom,
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0

Pσ2 (ϕ(Y ) = 1) = Pσ2

(
N − 1

σ2
0

σ̂2(Y ) > χ2
N−1,1−α

)

= Pσ2

(
N − 1

σ2
σ̂2(Y ) >

σ2
0

σ2
χ2

N−1,1−α

)

≤ Pσ2

(
N − 1

σ2
σ̂2(Y ) > χ2

N−1,1−α

)
= 1 − Fχ2(N−1,0)(χ

2
N−1,1−α) = 1 − (1 − α) = α.The assertions 
) follows like that in b). �The probabilities of the β-error 
an be 
al
ulated for the t-tests given in Theorem 11.1.3. Wewill give here only the β-error for the two-sided alternative. The other β-errors 
an be obtained
ompletely similarly.8.5.5 Theorem (β-error of the two-sided one-sample t-test)Let Y1, . . . , YN ∼ N (µ, σ2) be i.i.d. and ϕ(y) = 1I{|bd(y)|>tN−1,1−α/2}(y) be the α-level test of Theorem11.1.3 for H0 : µ = µ0 versus H1 : µ 6= µ0. Then the probabilities of the β-error are given by

Pµ(ϕ(Y ) = 0) = Ft(N−1,δ(µ))(tN−1,1−α/2) − Ft(N−1,δ(µ))(−tN−1,1−α/2),where δ(µ) =
√

N µ−µ0

σ .Proof. If µ is the true value, then Theorem 8.3.4 or Corollary 8.3.5, respe
tively, provide (
omparewith the proof of Theorem 11.1.3 a))
√

N
Y − µ0

σ
∼ N

(
1√
Nσ

1⊤N µ 1N −
√

N

σ
µ0 ,

1√
Nσ

1⊤N σ2IN×N (
1√
Nσ

1⊤N )⊤
)

= N
(√

N
µ − µ0

σ
, 1

)
= N (δ(µ), 1).This means with Theorem 8.5.1 that

d̂(y) =
√

N
y − µ0

σ̂(y)
.has a t(N − 1, δ(µ))-distribution if µ is the true parameter. Hen
e

Pµ(ϕ(Y ) = 0) = Pµ

(
|d̂(y)| > tN−1,1−α/2

)

= Pµ

(
d̂(y) < −tN−1,1−α/2

)
+ Pµ

(
d̂(y) > tN−1,1−α/2

)

= Ft(N−1,δ(µ))(tN−1,1−α/2) − Ft(N−1,δ(µ))(−tN−1,1−α/2). �
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/20081368.5.6 Example (Einhaltung von Produktionsvorgaben)Bei der industriellen Produktion ist es ni
ht nur wi
htig, dass die Produkte, die eine Mas
hineerzeugt, eine bestimmte Gröÿe µ0 einhalten sondern dass die Gröÿe der Produkte au
h ni
ht zu sehrum den geforderten Mittelwert s
hwankt. So sollten S
hrauben, die einen bestimmten Dur
hmesserhaben sollen, in ihrem Dur
hmesser ni
ht zu sehr von dem vorgegebenen Dur
hmesser abwei
hen.Bei der Überprüfung der Mas
hine wird man also zuerst
H0 : µ = µ0 gegen H1 : µ 6= µ0testen und dann
H0 : σ2 ≤ σ2

0 gegen H1 : σ2 > σ2
0überprüfen, wobei σ2

0 der vorgegebene Genauigkeitswert ist. Wird eine der beiden Hypothesenabgelehnt, darf die Mas
hine ni
ht weiterbenutzt werden.Au
h bei 
hemis
hen Analyse-Geräten und Methoden gilt diese Anforderung. Sie müssen im Mitteldas Ri
htige liefern und die Ergebnisse dürfen ni
ht zu sehr um den Mittelwert s
hwanken.Tests for two samplesLet y11, . . . , y1N1 be the measurements of the �rst sample and y21, . . . , y2N2 the measurements ofthe se
ond sample. The sample sizes N1 and N2 
an be equal or di�erent. The ve
tor of obser-vations/measurements for the �rst sample is denoted by y1• = (y11, . . . , y1N1)
⊤ and the ve
tor forthe se
ond sample by y2• = (y21, . . . , y2N2)

⊤. Here we will assume that y11, . . . , y1N1 are realiza-tions of independent identi
ally distributed random variables Y11, . . . , Y1N1 with normal distribu-tion N (µ1, σ
2
1) and that y21, . . . , y2N2 are realizations of independent identi
ally distributed randomvariables Y21, . . . , Y2N2 with normal distribution N (µ2, σ

2
2). The two samples are sto
hasti
ally in-dependent, i.e. Y1• = (Y11, . . . , Y1N1)

⊤ and Y2• = (Y21, . . . , Y2N2)
⊤ are sto
hasti
ally independent.Here we have again two main test problems:

a) H0 : µ1 = µ2 versus H1 : µ1 6= µ2,

b) H0 : µ1 ≤ µ2 versus H1 : µ1 > µ2,

c) H0 : µ1 ≥ µ2 versus H1 : µ1 < µ2,and
a) H0 : σ2

1 = σ2
2 versus H1 : σ2

1 6= σ2
2 ,

b) H0 : σ2
1 ≤ σ2

2 versus H1 : σ2
1 > σ2

2 ,

c) H0 : σ2
1 ≥ σ2

2 versus H1 : σ2
1 < σ2

2 .Let be
y1• =

1

N1

N1∑

n=1

y1n and y2• =
1

N2

N2∑

n=1

y2n
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tively,
σ̂2(y1•) =

1

N1 − 1

N1∑

n=1

(y1n − y1•)
2 and σ̂2(y2•) =

1

N2 − 1

N2∑

n=1

(y2n − y2•)
2the estimates for σ2

1 and σ2
2 , respe
tively, and

σ̂2
12 =

1

N1 + N2 − 2

(
N1∑

n=1

(y1n − y1•)
2 +

N2∑

n=1

(y2n − y2•)
2

)
.the pooled varian
e estimate.8.5.7 Theorem (t-test for two samples)Let be Y11, . . . , Y1N1 , Y21, . . . , Y2N2 sto
hasti
ally independent with Y2n ∼ N (µ1, σ

2) for n = 1, . . . , N1and Y2m ∼ N (µ2, σ
2) for m = 1, . . . , N2 and

d̂(y) =

√
N1 N2

N1 + N2

y1• − y2•

σ̂12
.Then:a) ϕ(y) = 1{|bd(y)|>tN1+N2−2,1−α/2}(y) is α-level test for H0 : µ1 = µ2 versus H1 : µ1 6= µ2.b) ϕ(y) = 1{bd(y)>tN1+N2−2,1−α}(y) is α-level test for H0 : µ1 ≤ µ2 versus H1 : µ1 > µ2.
) ϕ(y) = 1{bd(y)<tN1+N2−2,α}(y) is α-level test for H0 : µ1 ≥ µ2 versus H1 : µ1 < µ2.Proof. A
oording to Theorem 8.5.1, N1+N2−2

σ2 σ̂2
12(Y ) has a 
entral χ2-distribution with N1 +N2−2degrees of freedom. Moreover Y 1• − Y 2• has a normal distribution. The parameters of this normaldistribution 
an be determined by 
al
ulating the expe
tation and the varian
e:E (Y 1• − Y 2•

)
= µ1 − µ2and var(√ N1 N2

N1 + N2

(
Y 1• − Y 2•

)
)

=
N1 N2

N1 + N2

(var(Y 1•) + var(Y 2•)
)

=
N1 N2

N1 + N2
σ2

(
1

N1
+

1

N2

)

= σ2.Hen
e
√

N1 N2

N1 + N2

Y 1• − Y 2•

σ2
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008138has a N (0, 1)-distribution under H0 : µ1 = µ2. A

ording to Theorem 8.5.1 
) and the sto
hasti
independen
e of Y 1 and Y 2, we have that Y 1•, Y 2•, ∑N1
n=1(Y1n − Y 1•)

2, ∑N2
n=1(Y2n − Y 2•)

2 aresto
hasti
ally independent. This implies that also √ N1 N2
N1+N2

(
Y 1• − Y 2•

) and σ̂2
12(y) are sto
hasti-
ally independent su
h that De�nition 8.3.8 provides that d̂(Y ) has a 
entral t-distribution with

N1 + N2 − 2 degrees of freedom under H0 : µ1 = µ2. This implies at on
e the assertion a).The proof of b) is an exer
ise sin
e it is similar to the proof for the t-test for one sample. The onlydi�eren
e is that µ1 − µ2 must be subtra
ted from y1• − y2• so that the numerator has a N (0, 1)-distribution. The also the proof of part b) of Theorem 8.5.8. The assertion 
) follows similarly likethe assertion b). �8.5.8 Theorem (Varian
e test for two samples)Let be Y11, . . . , Y1N1 , Y21, . . . , Y2N2 sto
hasti
ally independent with Y2n ∼ N (µ1, σ
2
1) for n = 1, . . . , N1and Y2m ∼ N (µ2, σ

2
2) for m = 1, . . . , N2 and

v̂(y) =
σ̂2(y1•)

σ̂2(y2•)
.Then:a) ϕ(y) = 1{bv(y)>FN1−1,N2−1,1−α/2 or bv(y)<FN1−1,N2−1,α/2}(y) is a α-level test for H0 : σ2

1 = σ2
2 versus

H1 : σ2
1 6= σ2

2.b) ϕ(y) = 1{bv(y)>FN1−1,N2−1,1−α}(y) is a α-level test for H0 : σ2
1 ≤ σ2

2 versus H1 : σ2
1 > σ2

2 .
) ϕ(y) = 1{bv(y)<FN1−1,N2−1,α}(y) is a α-level test for H0 : σ2
1 ≥ σ2

2 versus H1 : σ2
1 < σ2

2 .Proof. A

ording to Theorem 8.5.1, N1−1
σ2
1

σ̂2(y1•) has a χ2-distribution with N1 − 1 degrees offreedom and N2−1
σ2
2

σ̂2(y2•) has χ2-distribution with N2 − 1 degrees of freedom.a) Under the null hypotheses, we have σ2
1 = σ2

2 and that σ̂2(y1•) and σ̂2(y2•) are sto
hasti
allyindependnently, sin
e Y1• und Y2• are sto
hasti
ally independent. This means that v̂(Y ) has a F -distribution with N1 − 1 and N2 − 1 degrees of freedom a

ording to De�nition 8.3.9. This impliesassertion a).b) If σ2
1 6= σ2

2, then
1
σ2
1
σ̂2(y1•)

1
σ2
2
σ̂2(y2•)
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008139has a F -distribution with N1 − 1 and N2 − 1 degrees of freedom. Hen
e for σ2
1 ≤ σ2

2 , we have
Pσ2

1 ,σ2
2
(ϕ(Y ) = 1) = Pσ2

1 ,σ2
2

(
σ̂2(y1•)

σ̂2(y2•)
> FN1−1,N2−1,1−α

)

= Pσ2
1 ,σ2

2

( 1
σ2
1
σ̂2(y1•)

1
σ2
2
σ̂2(y2•)

>
σ2

2

σ2
1

FN1−1,N2−1,1−α

)

≤ Pσ2
1 ,σ2

2

( 1
σ2
1
σ̂2(y1•)

1
σ2
2
σ̂2(y2•)

> FN1−1,N2−1,1−α

)
= 1 − FFN1−1,N2−1

(FN1−1,N2−1,1−α) = α.The proof of assertion 
) is similar to that of b). �8.5.9 Theorem (β-error of the two-sided two-sample t-test)Let be Y11, . . . , Y1N1 , Y21, . . . , Y2N2 sto
hasti
ally independent with Y2n ∼ N (µ1, σ
2) for n = 1, . . . , N1and Y2m ∼ N (µ2, σ

2) for m = 1, . . . , N2 and ϕ(y) = 1I{|bd(y)|>tN1+N2−2,1−α/2}(y) be the α-level testof Theorem 8.5.7 for H0 : µ1 = µ2 versus H1 : µ1 6= µ2. Then the probabilities of the β-error aregiven by
Pµ1,µ2(ϕ(Y ) = 0) = Ft(N1+N2−2,δ(µ1,µ2))(tN1+N2−2,1−α/2) − F−t(N1+N−2−2,δ(µ1,µ2))(tN1+N2−2,1−α/2)),where δ(µ1, µ2) =

√
N1N2

N1+N2

µ1−µ2

σ .Proof. If µ1 − µ2 is the true di�eren
e, thenE(√ N1 N2

N1 + N2

Y 1• − Y 2•

σ

)
=

√
N1 N2

N1 + N2

µ1 − µ2

σ
= δ(µ1, µ2)and (see the proof of Theorem 8.5.7)var(√ N1 N2

N1 + N2

Y 1• − Y 2•

σ

)
= 1.Hen
e

√
N1 N2

N1 + N2

Y 1• − Y 2•

σhas a N (δ(µ1, µ2), 1)-distribution. This means with Theorem 8.5.1 that
d̂(y) =

√
N1 N2

N1 + N2

y1• − y2•

σ̂12
.
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008140has a t(N1 + N2 − 2, δ(µ1, µ2))-distribution if µ1, µ2 are the true parameters. Hen
e
Pµ1,µ2(ϕ(Y ) = 0) = Pµ

(
|d̂(y)| > tN1+N2−2,1−α/2

)

= Pµ

(
d̂(y) < −tN1+N2−2,1−α/2

)
+ Pµ

(
d̂(y) > tN1+N2−2,1−α/2

)

= Ft(N1+N2−2,δ(µ1,µ2))(tN1+N2−2,1−α/2) − Ft(N1+N2−2,δ(µ1,µ2))(−tN1+N2−2,1−α/2). �



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/20081419 The general linear modelIn the general linear model it is assumed that the data y1, . . . , yN are realizations of sto
hasti
allyindependent random variables Y1, . . . , YN whi
h satisfyE(Yn) = x(tn)⊤β (15)or, respe
tively,
Yn = x(tn)⊤β + Zn with E(Zn) = 0 (16)for n = 1, . . . , N . Thereby β ∈ R

R is an unknown parameter ve
tor, t1, . . . , tN ∈ T are knownexperimental 
onditions, also 
alled design points, in the design region T and x : T −→ R
Ra known regression fun
tion. Z1, . . . , ZN are error variables whi
h usually satisfy var(Zn) = σ2for all n = 1, . . . , N .Setting Y = (Y1, . . . , YN )⊤, Z = (Z1, . . . , ZN )⊤, X = (x(t1), . . . , x(tN ))⊤, the model (15) or (16),respe
tively, 
an be written as

Y = Xβ + Z with E(Z) = 0N and Cov(Z) = σ2 IN×N ,where 0N ∈ R
N is the N dimensional ve
tor 
onsisting only of zeros and IN×N is the N ×N identitymatrix. X = (x(t1), . . . , x(tN ))⊤ is also 
alled design matrix. Sometimes we also write Xd toexpress the dependen
e on the design d = (t1, . . . , tN ).9.0.10 Example (One sample problem)The one sample problem given in 8.5 is a spe
ial linear model where β = µ ∈ R and x(t) = 1 for all

t. Hen
e
Yn = x(tn)⊤β + Zn = µ + Zn.If Zn ∼ N (0, σ2) for n = 1, . . . , N , then E(Zn) = 0 and var(Zn) = σ2 so that Yn ∼ N (µ, σ2) for

n = 1, . . . , N .9.0.11 Example (Two sample problem)The two sample problem given in 8.5 is also a spe
ial linear model where β = (µ1, µ2)
⊤ ∈ R

2 and
x(t) = (1I{1}(t), 1I{2}(t))

⊤ for t ∈ {1, 2}. Thereby tn ∈ {1, 2} denotes from whi
h sample the n'theobservation is. If the n'the observation is from the �rst sample, then tn = 1 and
Yn = x(tn)⊤β + Zn = (1I{1}(tn), 1I{2}(tn))

(
µ1

µ2

)
+ Zn = (1, 0)

(
µ1

µ2

)
+ Zn = µ1 + Zn.

Zn ∼ N (0, σ2) implies then Yn ∼ N (µ1, σ
2) for n = 1, . . . , N . If the n'the observation is from these
ond sample, then tn = 2 and

Yn = x(tn)⊤β + Zn = (1I{1}(tn), 1I{2}(tn))

(
µ1

µ2

)
+ Zn = (0, 1)

(
µ1

µ2

)
+ Zn = µ2 + Zn.Here, Zn ∼ N (0, σ2) implies Yn ∼ N (µ2, σ

2) for n = 1, . . . , N .
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/20081429.0.12 Example (Linear regression)In the linear regression model, a linear relation between quantitative experimental 
onditions tnand the observations/measurements yn is assumed, i.e.
Yn = β0 + β1tn + Zn = (1, tn)

(
β0

β1

)
+ Zn = x(tn)⊤β + Znwith x(t) = (1, t)⊤ and β = (β0, β1)

⊤.9.1 Identi�abilityIn many examples, it happens that the design matrix X = (x(t1), . . . , x(tN ))⊤ ∈ R
N×R is of fullrank R. However, there are also many examples where the rank of X is less than R, i.e. rk(X) < R.9.1.1 Example (One-way layout)In the one-way layout, we assume that a qualitative fa
tor A 
an attain A levels. These A levelsprovides A samples so that the two sample problem is a spe
ial 
ase of the one-way layout with

A = 2. For the one-way layout several parameterizations are possible.Non-singular parameterization:
Yn = µa + Zn, if tn = a, for n = 1, . . . , N,i.e.

x(tn) = (1I{1}(tn), 1I{2}(tn), . . . , 1I{A}(tn))⊤ ∈ R
A,

β = (µ1, µ2, . . . , µA)⊤ ∈ R
A.As soon as ea
h level is observed at least on
e, then X = (x(t1), . . . , x(tN ))⊤ ∈ R

N×A is of full rank
A. Sorting the observations/measurements with respe
t to the levels and assuming that ea
h levelis observed M times (i.e. we have balan
e design), then the design matrix 
an be written with theKrone
ker produ
t as

X = IA×A ⊗ 1M =




1M 0M 0M . . . 0M 0M

0M 1M 0M . . . 0M 0M

0M 0M 1M . . . 0M 0M... ... ... ... ...
0M 0M 0M . . . 1M 0M

0M 0M 0M . . . 0M 1M




=




1 0 0 . . . 0 0... ... ... ... ...
1 0 0 . . . 0 0

0 1 0 . . . 0 0... ... ... ... ...
0 1 0 . . . 0 0... ... ... ... ...... ... ... ... ...
0 0 0 . . . 0 1... ... ... ... ...
0 0 0 . . . 0 1




∈ R
N×A.
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008143Control parameterization:Assume without loss of generality that the �rst level is the 
ontrol level, for example a pla
ebo in
lini
al studies or the standard 
rop in agri
ultural studies. Then we 
an set
Yn = µ + Zn if tn = 1,

Yn = µ + αa + Zn if tn = a, for a = 2, . . . , A.Then we have
x(tn) = (1, 1I{2}(tn), . . . , 1I{A}(tn))⊤ ∈ R

A,

β = (µ, α2, . . . , αA)⊤ ∈ R
A.As soon as ea
h level is observed at least on
e, then X = (x(t1), . . . , x(tN ))⊤ ∈ R

N×A is of full rank
A. In balan
ed designs, the design matrix has now the form

X =

(
1M 0M×(A−1)

1M(A−1) I(A−1)×(A−1) ⊗ 1M

)

=




1M 0M 0M . . . 0M 0M

1M 1M 0M . . . 0M 0M

1M 0M 1M . . . 0M 0M... ... ... ... ...
1M 0M 0M . . . 1M 0M

1M 0M 0M . . . 0M 1M




=




1 0 0 . . . 0 0... ... ... ... ...
1 0 0 . . . 0 0

1 1 0 . . . 0 0... ... ... ... ...
1 1 0 . . . 0 0... ... ... ... ...... ... ... ... ...
1 0 0 . . . 0 1... ... ... ... ...
1 0 0 . . . 0 1




∈ R
N×A.

Singular parameterization:This parameterization is preferred in appli
ations although the 
orresponding design matrix is notof full rank:
Yn = µ + αa + Zn if tn = a, for a = 1, . . . , A,

x(tn) = (1, 1I{1}(tn), 1I{2}(tn), . . . , 1I{A}(tn))⊤ ∈ R
A+1,

β = (µ, α1, α2, . . . , αA)⊤ ∈ R
A+1.Here the design matrix X ∈ R

N×(A+1) is never of full rank sin
e it has A + 1 
olumns. In balan
ed
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008144design it has the form:
X =

(
1M A IA×A ⊗ 1M

)

=




1M 1M 0M 0M . . . 0M 0M

1M 0M 1M 0M . . . 0M 0M

1M 0M 0M 1M . . . 0M 0M... ... ... ... ... ...
1M 0M 0M 0M . . . 1M 0M

1M 0M 0M 0M . . . 0M 1M




=




1 1 0 . . . 0 0... ... ... ... ...
1 1 0 . . . 0 0

1 0 1 . . . 0 0... ... ... ... ...
1 0 1 . . . 0 0... ... ... ... ...... ... ... ... ...
1 0 0 . . . 0 1... ... ... ... ...
1 0 0 . . . 0 1




∈ R
N×(A+1).

X is not of full rank be
ause there are two many parameters. Namely there are A + 1 parameterswhere there are only A di�erent experimental 
onditions. This means that not all of these A + 1parameter 
an be estimated by data, i.e. they are not identi�able. To avoid this problem one 
anuse the side 
ondition that
A∑

a=1

αa = 0.However, this requirement is not 
onvenient mathemati
ally. It is more 
onvenient to use no side
ondition for the parameters. This is possible sin
e the interest lies not in estimating (identifying)all parameters. The interest is here in estimating and testing the di�eren
e of level e�e
ts, i.e.we want to know whether the A levels provide di�erent e�e
ts. This means that we are onlyinterested in spe
i�
 aspe
ts of the unknown parameter ve
tor β. For example, we may onlyinterested in λ(β) = α1−α2, the di�eren
e of the e�e
ts of the �rst and the se
ond level. Statisti
almethods as estimators and tests should provide for su
h aspe
ts the same results independently ofthe parameterization whi
h is used.9.1.2 De�nition (Linear Aspe
t)If L ∈ R
S×R, then λ(β) = Lβ is 
alled linear aspe
t of β ∈ R

R.9.1.3 De�nition (Linear identi�ability)A linear aspe
t λ(β) = Lβ is 
alled linear identi�able at X (d = (t1, . . . , tN ), respe
tively) if andonly if for all β ∈ R
R it holds

Xβ = 0 =⇒ Lβ = 0

(Xdβ = 0 =⇒ Lβ = 0, respe
tively).
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t λ(β) = Lβ is linear identi�able at X if and only if there exists K ∈ R
S×N su
hthat L = KX.Proof.

⇐: Clear.
⇒: Let be b ∈ R

R arbitrary and set
β = b − (X⊤X)−X⊤X b.Then Lemma 8.1.5 b) provides
Xβ = X(b − (X⊤X)−X⊤X b) = Xb − X(X⊤X)−X⊤X b = Xb − Xb = 0.The linear identi�ability of λ(β) = Lβ implies
0 = Lβ = Lb − L(X⊤X)−X⊤X band thus
Lb = L(X⊤X)−X⊤X bfor all b ∈ RR. This means
L = L(X⊤X)−X⊤X = KXwith K = L(X⊤X)−X⊤. �9.2 Estimators9.2.1 TheoremIf Z ∼ NN (0N , σ2 IN×N ), Y = Xβ + Z, where σ2 ∈ R

+ and β ∈ R
R are unknown, then (Xβ̂, σ̂2)with

β̂ = (X⊤X)−X⊤y,

σ̂2 =
1

N
y⊤
(
IN×N − X(X⊤X)−X⊤

)
y =

1

N
(y − Xβ̂)(y − Xβ̂)⊤is the unique maximum likelihood estimator for (Xβ, σ2).Proof. Sin
e Y ∼ NN (Xβ, σ2 IN×N ), the density of Y is given by

fβ,σ2(y) =
1

(2πσ2)
N
2

e−
1

2σ2 (y−Xβ)⊤(y−Xβ)so that
L(β, σ2, y) := log fβ,σ2(y) = − 1

2σ2
(y − Xβ)⊤(y − Xβ) − N

2
log(2πσ2)

= − 1

2σ2

(
y⊤y − 2y⊤Xβ + β⊤X⊤Xβ

)
− N

2
log(2πσ2).
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∂β β⊤Aβ = 2Aβ for any A ∈ R

R×R, we obtain
∂

∂β
L(β, σ2, y) = − 1

σ2

(
X⊤X β − X⊤y

)
= 0

⇐⇒ X⊤X β = X⊤y. (17)Any solution β̃ of (17) satis�es a

ording to Lemma 8.1.5 b)
X β̃ = X (X⊤X)−X⊤X β̃ = X (X⊤X)−X⊤y = X β̂.Sin
e X (X⊤X)−X⊤ is independent of the 
hoi
e of the g-inverse a

ording to Lemma 8.1.5 d), wesee that X β̂ is unique. Hen
e every β̃ whi
h maximizes fβ,σ2(y) satis�es X β̃ = X β̂.Moreover, for ea
h β̃ whi
h satis�es (17), we have

∂

∂σ2
L(β, σ2, y)

∣∣∣∣
β=eβ =

1

2σ4
(y − Xβ̃)⊤(y − Xβ̃) − N

2

1

σ2

=
1

2σ4
(y − Xβ̂)⊤(y − Xβ̂) − N

2

1

σ2
= 0

⇐⇒

σ2 =
1

N

(
y − Xβ̂

)⊤ (
y − Xβ̂

)
=

1

N

(
y⊤y − 2β̂⊤X⊤y + β̂⊤X⊤X β̂

)

=
1

N


y⊤y − 2y⊤X(X⊤X)−X⊤y + y⊤ X(X⊤X)−X⊤X︸ ︷︷ ︸

=X (Lem. 8.1.5)(X⊤X)−X⊤y




=
1

N

(
y⊤y − y⊤X(X⊤X)−X⊤y

)

=
1

N
y⊤
(
IN×N − X(X⊤X)−X⊤

)
y.Then for ea
h β̃ whi
h satis�es (17), it holds

∂2

∂2(β, σ2)
L(β, σ2, y)

∣∣∣∣
(β,σ2)=(eβ,bσ2)

=

(
− 1bσ2 X⊤X 0R×1

01×R − 1
N

1bσ4

)whi
h is a negative semide�nit matrix. Hen
e L(β, σ2, y) has a lo
al maximum at ea
h (β̃, σ̂2).With (β̃, σ̂2) also (X β̃, σ̂2) = (X β̂, σ̂2) is a maximum likelihood estimator and this estimator isunique. �9.2.2 RemarkThe estimator X β̂ of Theorem 9.2.1 satis�es
X β̂ = P y,where P is the perpendi
ular proje
tion matrix onto C(X), i.e. X β̂ is perpendi
ular proje
tion of

y onto C(X) = {Xβ; β ∈ R
R}.
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β̃ ∈ arg min

β∈RR
(y − Xβ)⊤(y − Xβ),i.e. β̃ is a least squares estimator.Proof. Be
ause of X(X⊤X)− X⊤X = X (Lemma 8.1.5 b)), it holds for all β ∈ R

R

(y − Xβ)⊤(y − Xβ) = (y − Xβ̂ + Xβ̂ − Xβ)⊤(y − Xβ̂ + Xβ̂ − Xβ)

= (y − Xβ̂)⊤(y − Xβ̂) + (y − Xβ̂)⊤(Xβ̂ − Xβ)

+ (Xβ̂ − Xβ)⊤(y − Xβ̂) + (Xβ̂ − Xβ)⊤(Xβ̂ − Xβ)

= (y − Xβ̂)⊤(y − Xβ̂) + (y − X(X⊤X)− X⊤y)⊤(Xβ̂ − Xβ)

+ (Xβ̂ − Xβ)⊤(y − X(X⊤X)− X⊤y) + (Xβ̂ − Xβ)⊤(Xβ̂ − Xβ)

= (y − Xβ̂)⊤(y − Xβ̂) + (y⊤ − y⊤X(X⊤X)− X⊤)X (β̂ − β)

+ (β̂ − β)⊤ X⊤(y − X(X⊤X)− X⊤y) + (Xβ̂ − Xβ)⊤(Xβ̂ − Xβ)

= (y − Xβ̂)⊤(y − Xβ̂) + y⊤(X − X(X⊤X)− X⊤X︸ ︷︷ ︸
=X

) (β̂ − β)

+ (β̂ − β)⊤ (X⊤ − X⊤X(X⊤X)− X⊤
︸ ︷︷ ︸

X⊤

)y + (Xβ̂ − Xβ)⊤(Xβ̂ − Xβ)

= (y − Xβ̂)⊤(y − Xβ̂) + (β̂ − β)⊤X⊤X (β̂ − β)

≥ (y − Xβ̂)⊤(y − Xβ̂).Thereby, we have equality if and only if X β = X β̂ = X (X⊤X)− X⊤y. �9.2.4 TheoremIf Y = Xβ+Z, E(Z) = 0N , Cov(Z) = σ2IN×N , β̂(y) = (X⊤X)−X⊤y, and λ(β) = Lβ is identi�ableat X, then:a) Lβ̂(y) is unbiased estimator for Lβ.b) σ̂2(y) = 1
N−rk(X)

y⊤
(
IN×N − X(X⊤X)−X⊤) y is unbiased estimator for σ2.
) Lβ̂(y) and σ̂2(y) do not dependent on the 
hoi
e of the g-inverse.(unbiased estimator = erwartungstreue S
hätzfunktion in German)Proof.a) The linear identi�ability implies the existen
e of K ∈ R

S×N with L = KX. Hen
e a

ording tothe linearity of the expe
tation and Lemma 8.1.5 b)E(Lβ̂(Y )) = E(KX (X⊤X)−X⊤Y ) = KX (X⊤X)−X⊤E(Y )

= K X (X⊤X)−X⊤X︸ ︷︷ ︸
=X

β = K X β = Lβ
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r.b) Y = Xβ + Z, E(Z) = 0N , Cov(Z) = σ2IN×N imply E(Y ) = Xβ + E(Z) = Xβ and Cov(Y ) =Cov(Z) = σ2IN×N a

ording to Lemma 8.2.6 b) and h). Set P = IN×N −X(X⊤X)−X⊤. Then wehave tr(P ) = N − rk(X) a

ording to Lemma 8.1.11 
) and PX = (IN×N − X(X⊤X)−X⊤)X =

X − X(X⊤X)−X⊤X = 0N a

ording to 8.1.5 b). Lemma 8.2.6 i) provides thenE(σ̂2(Y )) =
1

N − rk(X)
E(Y ⊤P Y ) =

1

N − rk(X)

(tr(P Cov(Y )) + E(Y )⊤P E(Y )
)

=
1

N − rk(X)

(tr(P Cov(Y )) + E(Y )⊤P E(Y )
)

=
1

N − rk(X)

(tr(P σ2IN×N ) + β⊤X⊤P X β
)

PX=0
=

σ2

N − rk(X)
tr(P ) = σ2.
) The uniqueness of Lβ̂(y) = KX (X⊤X)−X⊤y (see a)) and σ̂2(y) follows from the fa
t that

X (X⊤X)−X⊤ does not depend on the g-inverse a

ording to Lemma 8.1.5 d). �9.2.5 LemmaIf Y = Xβ+Z, E(Z) = 0N , Cov(Z) = σ2IN×N , β̂(y) = (X⊤X)−X⊤y, and λ(β) = Lβ is identi�ableat X, thenCov(Lβ̂(Y )) = L (X⊤X)−L⊤ σ2.Proof. Sin
e λ(β) = Lβ is identi�able at X, there exists K ∈ R
S×N with L = KX. Lemma 8.2.6h) and Lemma 8.1.5 b) implyCov(Lβ̂(Y )) = Cov(KX (X⊤X)−X⊤Y ) = KX (X⊤X)−X⊤Cov(Y )X (X⊤X)−X⊤ K⊤

= KX (X⊤X)−X⊤Cov(Z)X (X⊤X)−X⊤ K⊤ = KX (X⊤X)−X⊤σ2IN×NX (X⊤X)−X⊤ K⊤

= K X (X⊤X)−X⊤X︸ ︷︷ ︸
=X

(X⊤X)−X⊤ K⊤ σ2 = KX (X⊤X)−X⊤ K⊤ σ2 = L (X⊤X)−L⊤ σ2.
�The question is whether Lβ̂(y) = L(X⊤X)−X⊤y is the best estimator for Lβ. Estimators 
an be
ompared by their 
ovarian
e matri
es. Sin
e there is no natural ordering of matri
es we de�ne formatri
es A,B ∈ R

N×N :9.2.6 De�nition
A ≤ B :⇐⇒ c⊤Ac ≤ c⊤B c for all c ∈ R

N ⇐⇒ B − A is positive semide�nite.This is no 
omplete ordering of matri
es. It 
ould be that matri
es are not 
omparable with respe
tto this ordering.9.2.7 Theorem (Gauss-Markov theorem)If Y = Xβ+Z, E(Z) = 0N , Cov(Z) = σ2IN×N , β̂(y) = (X⊤X)−X⊤y, and λ(β) = Lβ is identi�able
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008149at X, then for all linear unbiased estimators Ay for λ(β) = Lβ we haveCov(Lβ̂(Y )) ≤ Cov(AY ).Proof. Set B = L(X⊤X)−X⊤ so that Lβ̂(y) = By. Sin
e Lβ is identi�able, there exists K ∈ R
S×Nwith L = KX. Sin
e Ay is unbiased estimator for Lβ, we have

KXβ = Lβ = E(AY ) = AE(Y ) = AXβfor all β ∈ R
R. This implies KX = AX and

(A − B)B⊤ = (A − KX (X⊤X)−X⊤)X (X⊤X)−X⊤K⊤

= AX (X⊤X)−X⊤K⊤ − K X (X⊤X)−X⊤X︸ ︷︷ ︸
=X

(X⊤X)−X⊤K⊤

= AX (X⊤X)−X⊤K⊤ − KX (X⊤X)−X⊤K⊤

= K X(X⊤X)−X⊤K⊤ − KX (X⊤X)−X⊤K⊤ = 0S .We obtain with Lemma 8.2.6 h)Cov(AY ) = ACov(Y )A⊤ = ACov(Z)A⊤ = Aσ2IN×N A⊤ = σ2AA⊤

= σ2(A − B + B)(A − B + B)⊤ = σ2


(A − B)(A − B)⊤ + (A − B)B⊤

︸ ︷︷ ︸
=0

+ B(A − B)⊤︸ ︷︷ ︸
=0

+BB⊤




= σ2
(
(A − B)(A − B)⊤ + BB⊤

)

≥ σ2 BB⊤ (as for AY )
= Cov(BY ) = Cov(Lβ̂(Y )),sin
e c⊤(A − B)(A − B)⊤c ≥ 0 for all c ∈ R

N . �9.2.8 Example (One-way layout: Continuation of Example 9.1.1)Assume that level a1 (shortly level 1) of fa
tor A is the 
ontrol level (the pla
ebo, the standard 
ropet
.) and that the e�e
ts of the A − 1 other levels of the fa
tor should be estimated as additionale�e
t to the e�e
t of level 1. These additional e�e
ts 
an be positive or negative. Assume that theobservations/measurements are ordered a

ording to the fa
tor levels so that
y = (y1, . . . , yN )⊤ = (y11, . . . , y1N1 , . . . , yA1, . . . , yANA

)⊤ = (y⊤1∗, y
⊤
2∗, . . . , y

⊤
A∗)

⊤,where N = N1 + N2 + . . . + NA and
ya∗ = (ya1, . . . , yaNa)⊤for all a = 1, . . . , A. Set also

ya• = 1⊤Na
ya∗ =

Na∑

n=1

yan,

ya• =
1

Na
ya•,
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y•• =

A∑

a=1

Na∑

n=1

yan =
N∑

n=1

yn,

y = y•• =
1

N
y••.Non-singular parameterization:If

x(tn) = (1I{1}(tn), 1I{2}(tn), . . . , 1I{A}(tn))⊤ ∈ R
A,

β = (µ1, µ2, . . . , µA)⊤ ∈ R
A,then the interesting aspe
t λ(β) is

λ(β) =




µ2 − µ1

µ3 − µ1...
µA − µ1




= Lβ ∈ R
A−1

with
L =

(
−1A−1 | I(A−1)×(A−1)

)
∈ R

(A−1)×A.The design matrix X has here in the general 
ase the form
X =




1N1 0N1 0N1 . . . 0N1 0N1

0N2 1N2 0N2 . . . 0N2 0N2

0N3 0N3 1N3 . . . 0N3 0N3... ... ... ... ...
0NA−1

0NA−1
0NA−1

. . . 1NA−1
0NA−1

0NA
0NA

0NA
. . . 0NA

1NA


so that

(X⊤X)− =




N1 0 0 . . . 0 0

0 N2 0 . . . 0 0

0 0 N3 . . . 0 0... ... ... ... ...
0 0 0 . . . NA−1 0

0 0 0 . . . 0 NA




−1

= diag(N1, N2, . . . , NA)−1 = diag( 1

N 1
,

1

N 2
, . . . ,

1

N A

)
,
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N×N denotes a diagonal matrix with diagonal elements b1, b2, . . . , bN .Sin
e

X⊤y =




y1•

y2•...
yA•




,we obtain
β̂ = (X⊤X)−X⊤y = (X⊤X)−1X⊤y =




1
N1

y1•

1
N1

y2•...
1

N1
yA•




=




y1•

y2•...
yA•




,whi
h is the unique estimator for β. Then
L(X⊤X)−1X⊤y =




y2• − y1•

y3• − y1•...
yA• − y1•




∈ R
A−1

is the unique estimator for λ(β) = Lβ. That λ(β) = Lβ is identi�able at X follows with Theorem9.1.4 from the fa
t that X⊤X is non-singular sin
e
L = L(X⊤X)−1X⊤X = KX.Control parameterization:Here we have (see Example 9.1.1)

x(tn) = (1, 1I{2}(tn), . . . , 1I{A}(tn))⊤ ∈ R
A,

β = (µ, α2, . . . , αA)⊤ ∈ R
A,so that

λ(β) = (α2, . . . , αA)⊤ = Lβwith
L =

(
0A−1 | I(A−1)×(A−1)

)
∈ R

(A−1)×A
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t. The design matrix X has here in the general 
ase the form
X =




1N1 0N1 0N1 . . . 0N1 0N1

1N2 1N2 0N2 . . . 0N2 0N2

1N3 0N3 1N3 . . . 0N3 0N3... ... ... ... ...
1NA−1

0NA−1
0NA−1

. . . 1NA−1
0NA−1

1NA
0NA

0NA
. . . 0NA

1NA


so that

(X⊤X)− =




N N2 N3 . . . NA−1 NA

N2 N2 0 . . . 0 0

N3 0 N3 . . . 0 0... ... ... ... ...
NA−1 0 0 . . . NA−1 0

NA 0 0 . . . 0 NA




−1

=

(
N b⊤

b diag(N2, N3, . . . , NA)

)−1

,where b = (N2, N3, . . . , NA)⊤. The inverse of X⊤X is given by Lemma 8.1.6. For applying thislemma, set B = b, A = diag(N2, N3, . . . , NA), and C = N . Then
E = N − b⊤diag(N2, N3, . . . , NA)−1 b = N − b⊤diag( 1

N2
,

1

N3
, . . . ,

1

NA

)
b

= N −
A∑

a=2

Na = N1,

E−B⊤A−1 =
1

N1
b⊤diag(N2, N3, . . . , NA)−1

=
1

N1
b⊤diag( 1

N2
,

1

N3
, . . . ,

1

NA

)
=

1

N1
1⊤A−1

A−1 + A−1B E−B⊤A−1

= diag(N2, N3, . . . , NA)−1 + diag(N2, N3, . . . , NA)−1b
1

N1
b⊤diag(N2, N3, . . . , NA)−1

= diag( 1

N2
,

1

N3
, . . . ,

1

NA

)
+

1

N1
1A−11

⊤
A−1

= diag( 1

N2
,

1

N3
, . . . ,

1

NA

)
+

1

N1
1(A−1)×(A−1)su
h that

(X⊤X)−1 =




1
N1

− 1
N1

1⊤A−1

− 1
N1

1A−1 diag( 1
N2

, 1
N3

, . . . , 1
NA

)
+ 1

N1
1(A−1)×(A−1)


 .
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X⊤y =




y••

y2•...
yA•




,we obtain
β̂ = (X⊤X)−1X⊤y =




y••
N1

− 1
N1

1⊤A−1(y2•, . . . , yA•)
⊤

−y••
N1

1A−1 + diag(y2•

N2
, y3•

N3
, . . . , yA•

NA
) + 1

N1
1A−1 1⊤A−1(y2•, . . . , yA•)

⊤




=




1
N1

(
y•• −

∑A
a=2 ya•

)diag(y2•, y3•, . . . , yA•) − 1A−1
1

N1

(
y•• −

∑A
a=2 ya•

)




=




y1•

y2• − y1•

y3• − y1•...
y4• − y1•


whi
h is the unique estimator for β. Then

L(X⊤X)−1X⊤y =
(
0A−1 | I(A−1)×(A−1)

)




y1•

y2• − y1•

y3• − y1•...
yA• − y1•




=




y2• − y1•

y3• − y1•...
yA• − y1•




∈ R
A−1

is the same unique estimator for λ(β) = Lβ as we obtained for the non-singular parametrization.That λ(β) = Lβ is identi�able at X follows as for the non-singular parametrization from the fa
tthat X⊤X is non-singular.Singular parameterization:Here we have (see Example 9.1.1)
x(tn) = (1, 1I{1}(tn), 1I{2}(tn), . . . , 1I{A}(tn))⊤ ∈ R

A+1,

β = (µ, α1, α2, . . . , αA)⊤ ∈ R
A+1.so that

λ(β) = (α2 − α1, . . . , αA − α1)
⊤ = Lβ
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L =

(
0A−1 | − 1A−1 | I(A−1)×(A−1)

)
∈ R

(A−1)×(A+1)is the interesting aspe
t. The design matrix X has here in the general 
ase the form
X =




1N1 1N1 0N1 0N1 . . . 0N1 0N1

1N2 0N2 1N2 0N2 . . . 0N2 0N2

1N3 0N3 0N3 1N3 . . . 0N3 0N3... ... ... ... ...
1NA−1

0NA−1
0NA−1

0NA−1
. . . 1NA−1

0NA−1

1NA
0NA

0NA
0NA

. . . 0NA
1NA


so that

X⊤X =




N N1 N2 N3 . . . NA−1 NA

N1 N1 0 0 . . . 0 0

N2 0 N2 0 . . . 0 0

N3 0 0 N3 . . . 0 0... ... ... ... ...
NA−1 0 0 0 . . . NA−1 0

NA 0 0 0 . . . 0 NA




=

(
N b⊤

b diag(N1, N2, . . . , NA)

)
∈ R

(A+1)×(A+1),where b = (N1, N2, . . . , NA)⊤. Here X⊤X is singular so that only a g-inverse 
an be 
al
ulated.The g-inverse of X⊤X is given by Lemma 8.1.6. For applying this lemma, set B = b, A =diag(N1, N2, . . . , NA), and C = N . Then
E = N − b⊤diag(N1, N2, . . . , NA)−1 b = N − b⊤diag( 1

N1
,

1

N2
, . . . ,

1

NA

)
b

= N −
A∑

a=1

Na = N − N = 0,
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an be any value c ∈ R sin
e 0c0 = 0. Hen
e set E− = c ∈ R. Then
E−B⊤A−1 = c b⊤diag(N1, N2, . . . , NA)−1

= c b⊤diag( 1

N1
,

1

N2
, . . . ,

1

NA

)
= c 1⊤A

A−1 + A−1B E−B⊤A−1

= diag(N1, N2, . . . , NA)−1 + diag(N1, N2, . . . , NA)−1b c b⊤diag(N1, N2, . . . , NA)−1

= diag( 1

N1
,

1

N2
, . . . ,

1

NA

)
+ c 1A1⊤A

= diag( 1

N1
,

1

N2
, . . . ,

1

NA

)
+ c 1A×Asu
h that

(X⊤X)− =




c −c 1⊤A

−c 1A diag( 1
N1

, 1
N2

, . . . , 1
NA

)
+ c 1A×A


 .With

X⊤y =




y••

y1•...
yA•




,we obtain that
β̂ = (X⊤X)−X⊤y =




c y•• − c 1⊤A (y1•, . . . , yA•)
⊤

−c y•• 1A + diag(y1•

N1
, y2•

N2
, . . . , yA•

NA
) + c 1A 1⊤A (y1•, . . . , yA•)

⊤




=




c
(
y•• −

∑A
a=1 ya•

)diag(y1•, y2•, . . . , yA•) − 1Ac
(
y•• −

∑A
a=1 ya•

)




=




0

y1•

y2•...
yA•


is a least squares estimator for β for all c ∈ R. Hen
e β̂ is unique although (X⊤X)− is not unique.However, β̂ is not the only least squares estimator sin
e β̂ + µγ with γ = (1,−1,−1, . . . ,−1)⊤
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ording to Theorem 9.2.3 sin
e Xγ = 0 so that
Xβ̂ = X(β̂ + µγ). The property Xγ = 0 for γ 6= 0A+1 means a

ording to De�nition 9.1.3 that βis not identi�able at X. However, λ(β) = Lβ is identi�able sin
e

L =
(
0A−1 | − 1A−1 | I(A−1)×(A−1)

)
= K Xfor

K =




− 1
N1

1⊤N1

1
N2

1⊤N2
0 0 . . . 0

− 1
N1

1⊤N1
0 1

N3
1⊤N3

0 . . . 0

− 1
N1

1⊤N1
0 0 1

N4
1⊤N4

. . . 0... ... ... ... ...
− 1

N1
1⊤N1

0 0 0 . . . 1
NA

1⊤NA




∈ R
(A−1)×N .

In parti
ular for any β̃ = β̂ + µγ with µ ∈ R we have
Lβ̃ = L

(
(X⊤X)−1X⊤y + µγ

)

=
(
0A−1 | − 1A−1 | I(A−1)×(A−1)

)




µ

y1• − µ

y2• − µ...
yA• − µ




=




y2• − y1•

y3• − y1•...
yA• − y1•




∈ R
A−1.

This is the same unique estimator for λ(β) = Lβ as we obtained for the other parametrizations.Sin
e all estimators for the additional e�e
ts of the A − 1 fa
tor levels whi
h are not the 
ontrolare unique and do not depend on the parametrization we 
an 
al
ulate the 
ovarian
e matrix of theestimator with the non-singular parametrization:Cov(Lβ̂) = σ2 L(X⊤X)−1L⊤

= σ2
(
−1A−1 | I(A−1)×(A−1)

)diag( 1

N1
, . . . ,

1

NA

)( −1⊤A−1

I(A−1)×(A−1)

)

= σ2
(
−1A−1 | I(A−1)×(A−1)

)
(

− 1
N1

1⊤A−1diag( 1
N2

, . . . , 1
NA

)
)

= σ2

(
1

N1
1(A−1)×(A−1) + diag( 1

N2
, . . . ,

1

NA

))
.For the spe
ial 
ase of A = 2 we obtainCov(Lβ̂) = var(Y 2• − Y 1•) = σ2

(
1

N1
+

1

N2

)
.Hen
e minimizing the varian
e of the estimator y2• − y1• leads to the same optimization problemas in Exer
ise 2.4.1.
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/20081579.3 Tests9.3.1 Example (One-way layout: Continuation of Example 9.2.8)The aim is to test whether the di�erent levels of the fa
tor A have di�erent e�e
ts for the oberser-vations. If they do not have di�erent e�e
ts then we say that the fa
tor A has no in�uen
e. Hen
ewe have to de
ide between
H0 : Fa
tor A has no in�uen
eversus
H1 : Fa
tor A has an in�uen
e.The null hypothesis H0 
an be expressed in di�erent forms for the di�erent parametrizations:Non-singular parametrization:

H0 : µ1 = µ2 = . . . = µA

⇐⇒

H0 : Lβ =




µ2 − µ1

µ3 − µ1...
µA − µ1




= 0 with L =
(
−1A−1 | I(A−1)×(A−1)

)
∈ R

(A−1)×A.

⇐⇒
H0 : Yn = µ + Zn for all n = 1, . . . , N

⇐⇒
H0 : E(Y ) = µ 1N

⇐⇒
H0 : E(Y ) ∈ C(1N ).
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H0 : α2 = α3 = . . . = αA = 0

⇐⇒

H0 : Lβ =




α2

α3...
αA




= 0 with L =
(
0A−1 | I(A−1)×(A−1)

)
∈ R

(A−1)×A.

⇐⇒
H0 : Yn = µ + Zn for all n = 1, . . . , N

⇐⇒
H0 : E(Y ) = µ 1N

⇐⇒
H0 : E(Y ) ∈ C(1N ).Singular parametrization:

H0 : α1 = α2 = . . . = αA

⇐⇒

H0 : Lβ =




α2 − α1

α3 − α1...
αA − α1




= 0 with L =
(
0A−1 | − 1A−1 | I(A−1)×(A−1)

)
∈ R

(A−1)×(A+1).

⇐⇒
H0 : Yn = µ + Zn for all n = 1, . . . , N

⇐⇒
H0 : E(Y ) = µ 1N

⇐⇒
H0 : E(Y ) ∈ C(1N ).We see that the formulation of the null hypothesis via E(Y ) ∈ C(1N ) does not depend on theparametrization. Moreover, we have C(1N ) ⊂ C(X) for ea
h parametrization.The general testing problem in linear modelsIn the model Y = Xβ +Z with Z ∼ NN (0N , σ2 IN×N ), the following testing problem is 
onsidered:

H0 : E(Y ) ∈ C(X0) versus H1 : E(Y ) /∈ C(X0),

⇐⇒
H0 : E(Y ) = X0γ for some γ ∈ R

Q versus H1 : E(Y ) 6= X0γ for all γ ∈ R
Q,where C(X0) ⊂ C(X) and X0 ∈ R

N×Q.
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y⊤(P − P0) y

y⊤(IN×N − P ) y
,where P and P0 are perpendi
ular proje
tion matri
es onto X and X0, respe
tively.Proof. Note that P = X(X⊤X)−X⊤ and P0 = X0(X

⊤
0 X0)

−X⊤
0 a

ording to Lemma 8.1.10. Inthe full model Y = Xβ + Z, we have a

ording to Theorem 9.2.1 and its proof

sup
β∈RR,σ2∈R+

fβ,σ2(y) =
1

(2πσ̂2)N/2
e

1
2bσ2 (y−X bβ)⊤(y−X bβ) =

1

(2πσ̂2)N/2
e

N
2sin
e σ̂2 = 1

N (y − Xβ̂)⊤(y − Xβ̂) = 1
N y⊤(IN×N − P )y. Analogously we obtain for Y = γ X0 + Z

sup
γ∈RQ,σ2∈R+

f0
β,σ2(y) =

1

(2πσ̂2
0)

N/2
e

N
2for σ̂2

0 = 1
N (y −X0γ̂)⊤(y −X0γ̂) = 1

N y⊤(IN×N −P0)y = 1
N y⊤(IN×N − P + P − P0)y. This implies

supβ∈RR,σ2∈R+ fβ,σ2(y)

supγ∈RQ,σ2∈R+ f0
β,σ2(y)

=

(
σ̂2

0

σ̂2

)N
2

=

(
y⊤(IN×N − P )y + y⊤(P − P0)y

y⊤(IN×N − P )y

)N
2

=

(
1 +

y⊤(P − P0)y

y⊤(IN×N − P )y

)N
2

. �9.3.3 TheoremLet be I = IN×N .
a)

1

σ2
Y ⊤(P − P0)Y ∼ χ2

(rk(P − P0),
β⊤X⊤(P − P0)Xβ

σ2

)
,

b)
1

σ2
Y ⊤(I − P )Y ∼ χ2 (rk(I − P ), 0) ,

c)

1rk(P−P0)
Y ⊤(P − P0)Y

1rk(I−P )
Y ⊤(I − P )Y

∼ F

(rk(P − P0), rk(I − P ),
β⊤X⊤(P − P0)Xβ

σ2

)
,

d) Under H0 :
1

σ2
Y ⊤(P − P0)Y ∼ χ2 (rk(P − P0), 0) ,

e) Under H0 :

1rk(P−P0)
Y ⊤(P − P0)Y

1rk(I−P )
Y ⊤(I − P )Y

∼ F (rk(P − P0), rk(I − P ), 0) .
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008160Proof.a) C(X0) ⊂ C(X) implies P P0 = P0 and with the symmetry P0 P = P0 as well so that
(P − P0)(P − P0) = P P − P P0 − P0P + P0P0 = P − P0 − P0 + P0 = P − P0.Hen
e also P − P0 is symmetri
 and idempotent. Hen
e the assertion follows from

1
σY ∼ NN ( 1

σXβ, IN×N ) and Theorem 8.3.11.b) The assertion follows similarly as in a) sin
e I − P is also symmetri
 and idempotent and
(I − P )X = 0.
) Y ⊤(P −P0)Y and Y ⊤(I −P )Y are sto
hasti
ally independent a

ording to Theorem 8.3.6 sin
e

(I − P )I(P − P0) = (I − P )(P − P0) = P − P0 − P P + P P0 = P − P0 − P + P0 = 0.Then the assertion follows from a) and b) and the de�nition of the F -distribution.d) Under H0 we have
β⊤X⊤(P − P0)Xβ = γ⊤X⊤

0 (P − P0)X0γ = γ⊤X⊤
0 (X0 − X0)γ = 0.e) follows from d) and 
). �9.3.4 Remark

1rk(I−P )
Y ⊤(I−P )Y is the unbiased estimator for σ2 of Theorem 9.2.4. Thereby we have rk(I−P ) =

N − rk(X) a

ording to Lemma 8.1.11.9.3.5 CorollaryLet be q(1 − α) the 1 − α-quantile of the 
entral F -distribution with rk(P − P0) and rk(I − P )degrees of freedom, then
1I{bV (y)>q(1−α)}(y) with V̂ (y) =

1rk(P−P0)
y⊤(P − P0)y

1rk(I−P )
y⊤(I − P )yis α-level test for H0 : E(Y ) ∈ C(X0) versus H1 : E(Y ) /∈ C(X0). Its β-error is given by

F
F

�rk(P−P0), rk(I−P ),
β⊤X⊤(P−P0)Xβ

σ2

� (q(1 − α)) .Sometimes it is easier to formulate hypotheses in form of
H0 : Lβ = l versus H1 : Lβ 6= lwith L ∈ R

S×R, l = Lb ∈ R
S for some b ∈ R

R. Thereby, λ(β) = Lβ shall be identi�able at X. To
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Y = Xβ + Z, Lβ = Lb

L=KX⇐⇒ E(Y ) = Xβ, KX(β − b) = 0
PX=X⇐⇒ E(Y − Xb) = X(β − b), KPX(β − b) = 0

⇐⇒ E(Y − Xb) ∈ C(X), E(Y − Xb)⊥C(P⊤K⊤)

⇐⇒ E(Y − Xb) ∈ C(X) ∩ C(P K⊤)⊥.9.3.6 Lemma
X0 = P − PK with PK = P K⊤(K P K⊤)−K P satis�es

C(P − PK) = C(X0) = C(X) ∩ C(P K⊤)⊥and P − PK is perpendi
ular proje
tion matrix onto C(P − PK).Proof. Let be x ∈ C(X) ∩ C(P K⊤)⊥. Then x = Xβ for some β ∈ R
R and 0 = KP⊤x = KPx sothat PKx = 0 and

(P − PK)Xβ = PXβ − PKx = Xβ − 0 = x,whi
h means x ∈ C(P − PK).Conversely, let be x ∈ C(P − PK). Then x = (P − PK)v for some v ∈ R
N and with this

x = (P − PK)v = (X(X⊤X)−X⊤ − X(X⊤X)−X⊤K⊤(K P K⊤)−K P )v

= X
(
(X⊤X)−X⊤ − (X⊤X)−X⊤K⊤(K P K⊤)−K P

)
v,whi
h implies x ∈ C(X). Moreover,

K P⊤x = K P⊤(P − PK)v

= K P⊤P v − K P⊤P K⊤(K P K⊤)−K Pv

= K P⊤v − K P⊤P K⊤(K P⊤P K⊤)−K P⊤
︸ ︷︷ ︸

=KP⊤(Lem. 8.1.5 b)) v

= K P⊤v − K P⊤v = 0,so that x ∈ C(P K⊤)⊥.Furthermore, PK = P K⊤(K P⊤P K⊤)−K P⊤ is perpendi
ular proje
tion matrix onto P K⊤ a
-
ording to Lemma 8.1.10, so that PKPK = PK . Sin
e P PK = PK and PKP = PK be
ause of
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(P − PK)(P − PK) = P P − PKP − P PK + PKPK = P − PK − PK + PK = PKso that P − PK is perpendi
ular proje
tion matrix onto C(P − PK). �9.3.7 LemmaLet be P0 = P − PK with PK = P K⊤(K P K⊤)−K P , L = KX, l = Lb, and β̂ = (X⊤X)−X⊤y.Then

a) (y − X b)⊤(P − P0)(y − X b) = (Lβ̂ − l)⊤[L(X⊤X)−L⊤]−(Lβ̂ − l),

b) (β − b)⊤X⊤(P − P0)X(β − b) = (Lβ − l)⊤[L(X⊤X)−L⊤]−(Lβ − l),

c) rk(P − P0) = rk(PK) = rk(L).Proof.a)
(y − X b)⊤(P − P0)(y − X b) = (y − X b)⊤PK(y − X b)

= (y − X b)⊤P K⊤(K P K⊤)−K P (y − X b)

= (K P y − K P X b)⊤(K P K⊤)−(K P y − K P X b)

= (K X(X⊤X)−X⊤ y − K X b)⊤(K X(X⊤X)−X⊤ K⊤)−(K X(X⊤X)−X⊤ y − K X b)

= (Lβ̂ − l)⊤[L(X⊤X)−L⊤]−(Lβ̂ − l).The assertion b) follows analogously.
) Moreover,rk(PK) ≤ rk(K P ) = rk(K X(X⊤X)−X⊤) ≤ rk(KX) = rk(L)and rk(L) = rk(KX) = rk(KX(X⊤X)−X⊤X) ≤ rk(KX(X⊤X)−X⊤)rk(A)=rk(A A⊤)
= rk(KX(X⊤X)−X⊤X (X⊤X)−X⊤K⊤) = rk(KX(X⊤X)−X⊤K⊤)

= rk(K P K⊤) = rk(K P K⊤(K P K⊤)−K P K⊤)

≤ rk(P K⊤(K P K⊤)−K P ) = rk(PK). �9.3.8 Theorem
a)

1

σ2
(Lβ̂ − l)⊤[L(X⊤X)−L⊤]−(Lβ̂ − l) ∼ χ2

(rk(L),
(Lβ − l)⊤[L(X⊤X)−L⊤]−(Lβ − l)

σ2

)
,

b) Under H0 : Lβ = l :
1

σ2
(Lβ̂ − l)⊤[L(X⊤X)−L⊤]−(Lβ̂ − l) ∼ χ2 (rk(L), 0) .
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e 1
σ (Y − X b) ∼ NN ( 1

σX(β − b), IN×N ), the assertion a) follows from Theorem 9.3.3and Lemma 9.3.7. The assertion b) is a immediate 
onsequen
e of a). �9.3.9 CorollaryLet be q(1 − α) the 1 − α-quantile of the 
entral F -distribution with rk(L) and rk(I − P ) degreesof freedom, L = KX, and l = Lb, then
1I{bV (y)>q(1−α)}(y) with V̂ (y) =

1rk(L)
(Lβ̂ − l)⊤[L(X⊤X)−L⊤]−(Lβ̂ − l)

1rk(I−P )
y⊤(I − P )yis α-level test for H0 : Lβ = l versus H1 : Lβ 6= l. Its β-error is given by

F
F
�rk(L), rk(I−P ),

(Lβ−l)⊤[L(X⊤X)−L⊤]−(Lβ−l)

σ2

� (q(1 − α)) .9.3.10 Remark (Designing experiments)The aim of a good design is to minimize the β-error of the test. This means here that the non-
entrality parameter
(Lβ̂ − l)⊤[L(X⊤X)−L⊤]−(Lβ̂ − l)should be as large as possible for all β with Lβ 6= l. This is a
hieved if
L(X⊤X)−L⊤is as small as possible. Sin
e L(X⊤X)−L⊤ is the 
ovarian
e matrix of the estimator L(X⊤X)−X⊤y(see Lemma 9.2.5), we realize that testing and estimation leads to the optimization problem fordesigning experiments.
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/200816410 ANOVA models10.1 Further lemmas from linear algebra10.1.1 LemmaFor A ∈ N and PA :=
(
IA×A − 1

A1A1⊤A
) it holds:

a)

(
A 1⊤A
1A IA×A

)−

=

(
0 0⊤A
0A IA×A

)
,

b) P−
A = PA.Proof.a)

(
A 1⊤A
1A IA×A

) (
0 0⊤A
0A IA×A

) (
A 1⊤A
1A IA×A

)

=

(
A 1⊤A
1A IA×A

) (
0 0⊤A
1A IA×A

)
=

(
A 1⊤A
1A IA×A

)
.b) Sin
e PA is perpendi
ular proje
tion matrix onto C(1A)⊥ (see Lemma 8.1.10 b)) we have

PAP−
A PA = PAPAPA = PA. �10.1.2 LemmaIf A ∈ R

A×A is regular and symmetri
, b ∈ R
A with 1 + b⊤A−1b 6= 0, then

(A + b b⊤)−1 = A−1 − A−1b b⊤A−1

1 + b⊤A−1b
.Proof.

(A + b b⊤)

(
A−1 − A−1b b⊤A−1

1 + b⊤A−1b

)

= IA×A + b b⊤A−1 − b b⊤A−1

1 + b⊤A−1b
− b (b⊤A−1b) b⊤A−1

1 + b⊤A−1b

= IA×A + b b⊤A−1 − b b⊤A−1(1 + b⊤A−1b)

1 + b⊤A−1b
= IA×A.

�
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


AB B 1⊤A A 1⊤B
B 1A B IA×A 1A1⊤B
A 1B 1B1⊤A AIB×B




−

=




0 0⊤A 0⊤B
0A

1
B IA×A 0A×B

0B 0B×A
1
A PB


 ,where PB = (IB×B − 1

B 1B 1⊤B).Proof. Sin
e PB is perpendi
ular proje
tion matrix onto C(1B)⊥ (see Lemma 8.1.10 b)), we have
PB1B = 0B and 1⊤BPB = 0⊤B . This implies




AB B 1⊤A A 1⊤B
B 1A B IA×A 1A1⊤B
A 1B 1B1⊤A AIB×B







0 0⊤A 0⊤B
0A

1
B IA×A 0A×B

0B 0B×A
1
A PB







AB B 1⊤A A 1⊤B
B 1A B IA×A 1A1⊤B
A 1B 1B1⊤A AIB×B




=




0 1⊤A 0⊤B
0A IA×A 0A×B

0B
1
B 1B1⊤A PB







AB B 1⊤A A 1⊤B
B 1A B IA×A 1A1⊤B
A 1B 1B1⊤A AIB×B




=




AB B 1⊤A A 1⊤B
B 1A B IA×A 1A1⊤B

A 1B 1B1⊤A
A

B
1B1⊤B + APB

︸ ︷︷ ︸
=A IB×B




.

�

10.2 Balan
ed one-way ANOVAIn the balan
ed one-way layout, there is only one fa
tor A with A levels and ea
h level is observed
M times so that N = M A is the total sample size. We will use here the singular parametrization:

Yan = µ + αa + Zan, for n = 1, . . . ,M.Then (see Example 9.1.1)
X = (1AM | IA×A ⊗ 1M ) = (1A | IA×A) ⊗ 1M ∈ R

AM×(A+1).
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H0 : Fa
tor A has no in�uen
e

⇐⇒
H0 : α1 = α2 = . . . = αA

⇐⇒
H0 : Lβ = 0 with L =

(
0A−1 | − 1A−1 | I(A−1)×(A−1)

)shall be tested via the test statisti

1rk(L)

(Lβ̂ − l)⊤[L(X⊤X)−L⊤]−(Lβ̂ − l)

1
N−rk(X)

y⊤(I − P )y
.We have

X⊤X =

(
1⊤A

IA×A

)
⊗ 1⊤M · (1A | IA×A) ⊗ 1M =

(
A 1⊤A
1A IA×A

)
⊗ Mso that a

ording to Lemma 10.1.1

(X⊤X)− =

(
0 0⊤A
0A IA×A

)
⊗ 1

M
=

1

M

(
0 0⊤A
0A IA×A

)
.This implies

L (X⊤X)−L⊤ =
(
0A−1 | − 1A−1 | I(A−1)×(A−1)

) 1

M

(
0 0⊤A
0A IA×A

)


0⊤A−1

−1⊤A−1

I(A−1)×(A−1)




=
1

M

(
0A−1 | − 1A−1 | I(A−1)×(A−1)

)



0⊤A−1

−1⊤A−1

I(A−1)×(A−1)


 =

1

M

(
1A−11

⊤
A−1 + I(A−1)×(A−1)

)
.Lemma 10.1.2 provides

(
L (X⊤X)−L⊤

)−1
= M

(
I(A−1)×(A−1) −

1A−11
⊤
A−1

1 + 1⊤A−1 1A−1

)

= M

(
I(A−1)×(A−1) −

1A−11
⊤
A−1

1 + A − 1

)
= M

(
I(A−1)×(A−1) −

1

A
1A−11

⊤
A−1

)
.Moreover, we have

L (X⊤X)−X⊤ =
1

M

(
0A−1 | − 1A−1 | I(A−1)×(A−1)

)
(

1⊤A
IA×A

)
⊗ 1⊤M

=
1

M

(
−1A−1 | I(A−1)×(A−1)

)
⊗ 1⊤M
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X (X⊤X)−L⊤

(
L (X⊤X)−L⊤

)−1
L (X⊤X)−X⊤

=

(
−1⊤A−1

I(A−1)×(A−1)

)(
I(A−1)×(A−1) −

1

A
1A−11

⊤
A−1

)(
−1A−1 | I(A−1)×(A−1)

)
⊗ 1

M
1M 1⊤M

=

(
−1⊤A−1

I(A−1)×(A−1)

)(
−1A−1 +

A − 1

A
1A−1 | I(A−1)×(A−1) −

1

A
1A−11

⊤
A−1

)
⊗ 1

M
1M 1⊤M

=

(
−1⊤A−1

I(A−1)×(A−1)

)(
− 1

A
1A−1 | I(A−1)×(A−1) −

1

A
1A−11

⊤
A−1

)
⊗ 1

M
1M 1⊤M

=

(
A−1

A −1⊤A−1 + A−1
A 1⊤A−1

− 1
A1A−1 I(A−1)×(A−1) − 1

A 1A−11
⊤
A−1

)
⊗ 1

M
1M 1⊤M

=

(
IA×A − 1

A
1A1⊤A

)
⊗ 1

M
1M 1⊤M

= PA ⊗ 1

M
1M 1⊤M .Hen
e, we obtain for y = (y11, . . . , y1M , . . . , yA1, . . . , yAM )⊤ = (y1, . . . , yN )⊤

β̂⊤L⊤
(
L (X⊤X)−L⊤

)−1
L β̂ = y⊤

(
PA ⊗ 1

M
1M 1⊤M

)
y

= M y⊤
(

PA ⊗ 1

M
1M

) (
PA ⊗ 1

M
1⊤M

)
y = M

A∑

a=1

(ya• − y••)
2with ya• = 1

M

∑M
m=1 yam and y•• = 1

A M

∑A
a=1

∑M
m=1 yam. This provides the numerator of the teststatisti
. For the denominator of the test statisti
, we 
al
ulate

P = X (X⊤X)−X⊤ = ((1A | IA×A) ⊗ 1M )

((
0 0⊤A
0A IA×A

)
⊗ 1

M

) ((
1⊤A

IA×A

)
⊗ 1⊤M

)

= (1A | IA×A)

(
0 0⊤A
0A IA×A

) (
1⊤A

IA×A

)
⊗ 1

M
1M 1⊤M = IA×A ⊗ 1

M
1M 1⊤M ,so that

I − P = IA×A ⊗ IM×M − IA×A ⊗ 1

M
1M 1⊤M

= IA×A ⊗
(

IM×M − 1

M
1M 1⊤M

)
= IA×A ⊗ PMand

y⊤(I − P ) y =

A∑

a=1

M∑

m=1

(yam − ya•)
2.
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e rk(IA×A ⊗ PM ) = A(M − 1) and rk(PA ⊗ 1
M 1M 1⊤M ) = A− 1 we obtain the ANOVA table:Fa
tor Matrix Sum of squares RankA PA ⊗ 1

M 1M 1⊤M M
∑A

a=1(ya• − y••)
2 A − 1Error IA×A ⊗ PM

∑A
a=1

∑M
m=1(yam − ya•)

2 A(M − 1)Sin
e the Grand Sum of Squares 
an be expressed as
A∑

a=1

M∑

m=1

(yam − y••)
2 = y⊤

(
IA×A ⊗ IM×M −

(
1

A
1A 1⊤A

)
⊗
(

1

M
1M 1⊤M

))
yand

IA×A ⊗ PM + PA ⊗
(

1

M
1M 1⊤M

)

= IA×A ⊗ IM×M − IA×A ⊗
(

1

M
1M 1⊤M

)
+ IA×A ⊗

(
1

M
1M 1⊤M

)
−
(

1

A
1A 1⊤A

)
⊗
(

1

M
1M 1⊤M

)

= IA×A ⊗ IM×M −
(

1

A
1A 1⊤A

)
⊗
(

1

M
1M 1⊤M

)
,we see the de
omposition of the Grand Sum of Squares also via the matri
es.The same result is obtained if the other parametrizations are used. In parti
ular, the derivation viathe non-singular parametrization is easy (Exer
ise!)10.3 Balan
ed two-way ANOVAIn the two-way layout, we have two fa
tors, fa
tor A with A levels and fa
tor B with B fa
tors.The observations are here:

y11∗ = (y111, . . . , y11N11)
⊤ the ve
tor of observations for level 
ombination (1, 1),

y12∗ = (y121, . . . , y12N12)
⊤ the ve
tor of observations for level 
ombination (1, 2),...

y1B∗ = (y1B1, . . . , y1BN1B
)⊤ the ve
tor of observations for level 
ombination (1, B),

y21∗ = (y211, . . . , y21N21)
⊤ the ve
tor of observations for level 
ombination (2, 1),...

y2B∗ = (y2B1, . . . , y2BN2B
)⊤ the ve
tor of observations for level 
ombination (2, B),...

yA1∗ = (yA11, . . . , yA1NA1
)⊤ the ve
tor of observations for level 
ombination (A, 1),...

yAB∗ = (yAB1, . . . , yABNAB
)⊤ the ve
tor of observations for level 
ombination (A,B).
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ed, then ea
h level 
ombination a and b is observed M times so that Nab = Mfor all a = 1, . . . , A, b = 1, . . . , B and the total sample size is N = M AB. Here we will only
onsider balan
ed designs.Non-singular parametrizationE(Yabm) = µab for all a = 1, . . . , A, b = 1, . . . , B, m = 1, . . . ,Mand
β = (µ11, . . . , µ1B , µ21, . . . , µ2B , . . . , µA1, . . . , µAB)⊤ ∈ R

A·B,

X = IA×A ⊗ IB×B ⊗ 1M .Singular parametrizationE(Yabm) = µ + αa + βb + γab for all a = 1, . . . , A, b = 1, . . . , B, m = 1, . . . ,Mand
β = (µ, α1, . . . , αA, β1, . . . , βB , γ11, . . . , γ1B , . . . , γA1, . . . , γAB)⊤ ∈ R

1+A+B+A·B,

X = (1A ⊗ 1B ⊗ 1M | IA×A ⊗ 1B ⊗ 1M | 1A ⊗ IB×B ⊗ 1M | IA×A ⊗ IB×B ⊗ 1M ) .The following hypotheses are 
onsidered:
HI

0 : There is no intera
tion between fa
tor A and fa
tor B
⇐⇒

HI
0 : γ11 = . . . = γ1B = . . . = γA1 = . . . = γAB = 0,

HA
0 : Fa
tor A has no e�e
t

⇐⇒
HA

0 : α1 = . . . = αA = 0,

HB
0 : Fa
tor B has no e�e
t

⇐⇒
HB

0 : β1 = . . . = βB = 0.The advantage of the singular parametrization is that the hypotheses 
an be easily formulated.We start with the hypothesis HI
0 . We use the design matrix of the non-singular parametrization,i.e. X = IA×A ⊗ IB×B ⊗ 1M for the full model and express the redu
ed model of HI

0 via the designmatrix
XI = (1A ⊗ 1B ⊗ 1M | IA×A ⊗ 1B ⊗ 1M | 1A ⊗ IB×B ⊗ 1M )

= X̃I ⊗ 1M
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X̃I := (1A ⊗ 1B | IA×A ⊗ 1B | 1A ⊗ IB×B) .Then we test in the model E(Y ) = Xβ

HI
0 : E(Y ) ∈ C(XI) versus HI

1 : E(Y ) /∈ C(XI).To 
al
ulate the test statisti
, note that
X̃⊤

I X̃I =




1⊤A ⊗ 1⊤B
IA×A ⊗ 1⊤B
1⊤A ⊗ IB×B


 (1A ⊗ 1B | IA×A ⊗ 1B | 1A ⊗ IB×B)

=




A ⊗ B 1⊤A ⊗ B A ⊗ 1⊤B
1A ⊗ B IA×A ⊗ B 1A ⊗ 1⊤B
A ⊗ 1B 1⊤A ⊗ 1B A ⊗ IB×B


 =




AB B 1⊤A A 1⊤B
B 1A B IA×A 1A1⊤B
A 1B 1B1⊤A AIB×B


Lemma 10.1.3 provides

(
X̃⊤

I X̃I

)−
=




0 0⊤A 0⊤B
0A

1
B IA×A 0A×B

0B 0B×A
1
A PB


 =




0 ⊗ 0 0⊤A ⊗ 0 0 ⊗ 0⊤B
0A ⊗ 0 IA×A ⊗ 1

B 0A ⊗ 1⊤B
0 ⊗ 0B 0⊤A ⊗ 0B

1
A ⊗ PB


so that̃

PI := X̃I

(
X̃⊤

I X̃I

)−
X̃⊤

I

= X̃I




0 ⊗ 0 0⊤A ⊗ 0 0 ⊗ 0⊤B
0A ⊗ 0 IA×A ⊗ 1

B 0A ⊗ 1⊤B
0 ⊗ 0B 0⊤A ⊗ 0B

1
A ⊗ PB







1⊤A ⊗ 1⊤B
IA×A ⊗ 1⊤B
1⊤A ⊗ IB×B




= (1A ⊗ 1B | IA×A ⊗ 1B | 1A ⊗ IB×B)




0⊤A ⊗ 0⊤B
IA×A ⊗ 1

B 1⊤B
1
A 1⊤A ⊗ PB




= IA×A ⊗ 1

B
1B 1⊤B +

1

A
1A 1⊤A ⊗ PB .For X̃ := IA×A ⊗ IB×B , it holds

P̃ := X̃(X̃⊤X̃)−X̃⊤ = IA×A ⊗ IB×B
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P − P̃I

= IA×A ⊗ IB×B − IA×A ⊗ 1

B
1B 1⊤B − 1

A
1A 1⊤A ⊗ PB

= IA×A ⊗ PB − 1

A
1A 1⊤A ⊗ PB = PA ⊗ PB .Sin
e any X0 = X̃0 ⊗ 1M satis�es

X0(X
⊤
0 X0)

−X⊤
0 = X̃0 ⊗ 1M (X̃⊤

0 X̃0 ⊗ M)−X̃⊤
0 ⊗ 1⊤M

= X̃0 ⊗ 1M

(
(X̃⊤

0 X̃0)
− ⊗ 1

M

)
X̃⊤

0 ⊗ 1⊤M = X̃0(X̃
⊤
0 X̃0)

−X̃0 ⊗ 1

M
1M 1⊤M ,we obtain for P = X(X⊤X)−X⊤ and PI = XI(X

⊤
I XI)

−X⊤
I

P − PI =
(
P̃ − P̃I

)
⊗ 1

M
1M 1⊤M = PA ⊗ PB ⊗ 1

M
1M 1⊤M .Moreover

IA B M×A B M − P = IA×A ⊗ IB×B ⊗ IM×M − IA×A ⊗ IB×B ⊗ 1

M
1M 1⊤M

= IA×A ⊗ IB×B ⊗ PMand rk(IA×A ⊗ IB×B ⊗ PM ) = AB (M − 1),rk(PA ⊗ PB ⊗ 1

M
1M 1⊤M ) = (A − 1)(B − 1)so that

1
(A−1)(B−1) y⊤

(
PA ⊗ PB ⊗ 1

M 1M 1⊤M
)

y

1
A B (M−1) y⊤ (IA×A ⊗ IB×B ⊗ PM ) yis the test statisti
 for testing HI

0 : E(Y ) ∈ C(XI) versus HI
1 : E(Y ) /∈ C(XI). It has a 
entral

F -distribution with (A − 1)(B − 1) and AB (M − 1) degrees of freedom under HI
0 .In next step, we derive the numerator of the test statisti
 for testing

HB
0 : Fa
tor B has no e�e
t ⇐⇒ HB

0 : E(Y ) ∈ C(XB),where
XB = (1A ⊗ 1B ⊗ 1M | IA×A ⊗ 1B ⊗ 1M ) = (1A | IA×A) ⊗ 1B M .
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tions, i.e. we test HB
0 in the model E(Y ) = XIβI . Fromthe results for the one-way layout with the singular parametrization, we obtain

XB(X⊤
B XB)−X⊤

B = IA×A ⊗ 1

B M
1B M 1⊤B M = IA×A ⊗ 1

B
1B 1⊤B ⊗ 1

M
1M 1⊤Mso that

PI − PB = XI(X
⊤
I XI)

−X⊤
I − XB(X⊤

B XB)−X⊤
B

=

(
IA×A ⊗ 1

B
1B 1⊤B +

1

A
1A 1⊤A ⊗ PB − IA×A ⊗ 1

B
1B 1⊤B

)
⊗ 1

M
1M 1⊤M

=
1

A
1A 1⊤A ⊗ PB ⊗ 1

M
1M 1⊤M .For testing

HA
0 : Fa
tor A has no e�e
t ⇐⇒ HA

0 : E(Y ) ∈ C(XA)in the model E(Y ) = XIβI , where
XA = (1A ⊗ 1B ⊗ 1M | 1A ⊗ IB×B ⊗ 1M ) ,we obtain analogously
PI − PA = XI(X

⊤
I XI)

−X⊤
I − XA(X⊤

A XA)−X⊤
A

= PA ⊗ 1

B
1B 1⊤B ⊗ 1

M
1M 1⊤M .However, we obtain this proje
tion matrix also for testing

HA
0 : Fa
tor A has no e�e
t ⇐⇒ HA

0 : E(Y ) ∈ C(1N )in the model E(Y ) = XBβB sin
e this is the test problem of the one-way layout. Similarly,
1

A
1A 1⊤A ⊗ PB ⊗ 1

M
1M 1⊤Mis the proje
tion matrix for testing

HB
0 : Fa
tor B has no e�e
t ⇐⇒ HB

0 : E(Y ) ∈ C(1N )in the model E(Y ) = XAβA. Hen
e, it does not matter in whi
h order we regard the submodels.Setting JL = 1
L 1L 1⊤L for any L ∈ N, the ANOVA table has now the form
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tor Matrix Sum of squares RankB JA ⊗ PB ⊗ JM M A
∑B

b=1(y•b• − y•••)
2 B − 1A PA ⊗ JB ⊗ JM M B

∑A
a=1(ya•• − y•••)

2 A − 1AB PA ⊗ PB ⊗ JM M
∑A

a=1

∑B
b=1(yab• − ya•• − y•b• + y•••)

2 (A − 1)(B − 1)Error IA×A ⊗ IB×B ⊗ PM
∑A

a=1

∑B
b=1

∑M
m=1(yabm − yab•)

2 AB(M − 1)Again, we obtain for the Grand Sum of Squares with PL = IL×L − JL

A∑

a=1

B∑

b=1

M∑

m=1

(yabm − y•••)
2 = y⊤ (IA×A ⊗ IB×B ⊗ IM×M − JA ⊗ JB ⊗ JM ) y

= y⊤ (JA ⊗ IB×B ⊗ JM − JA ⊗ JB ⊗ JM

+ IA×A ⊗ JB ⊗ JM − JA ⊗ JB ⊗ JM

+ IA×A ⊗ IB×B ⊗ JM − IA×A ⊗ JB ⊗ JM − JA ⊗ IB×B ⊗ JM + JA ⊗ JB ⊗ JM

+ IA×A ⊗ IB×B ⊗ IM×M − IA×A ⊗ IB×B ⊗ JM ) y

= y⊤ (JA ⊗ PB ⊗ JM + PA ⊗ JB ⊗ JM + PA ⊗ PB ⊗ JM + IA×A ⊗ IB×B ⊗ PM ) y.10.4 Balan
ed hierar
hi
al models with two fa
torsHere we assume that the fa
tor B is nested with the fa
tor A. This means that the levels of fa
torB appear only for spe
i�
 levels of fa
tor A. If for example the levels of A are some spe
ies and Bare subspe
ies of these spe
ies, then the subspe
ies belong only to one spe
ies. We 
an test thenwhether the spe
ies have an e�e
t and whether the subspe
ies have an e�e
ts. Hen
e we have ahierar
hy of the fa
tors. Here we will regard only balan
ed hierar
hi
al models whi
h means for theexamples of spe
ies that the number of regarded subspe
ies is always the same. Then we have thefollowing model
Yabm = µ + αa + βab + Zabm for a = 1, . . . , A, b = 1, . . . , B, m = 1, . . . ,M.This is a singular model so that side 
onditions are ne
essary:
A∑

a=1

αa = 0,

B∑

b=1

βab = 0 for all a = 1, . . . , A.The model 
an be also written as
Y = Xβ + Z,with

X = (1A ⊗ 1B ⊗ 1M | IA×A ⊗ 1B ⊗ 1M | IA×A ⊗ IB×B ⊗ 1M ) ∈ R
A B M×1+A+A B

β = (µ, α1, . . . , αA, β11, . . . , β1B , . . . , βA1, . . . , βAB) ∈ R
1+A+A B .
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an be tested:
H

B(A)
0 : βab = 0 for all a = 1, . . . , A, b = 1, . . . , B,

⇐⇒ E(Y ) ∈ C(XB(A)) with XB(A) = (IA×A ⊗ 1B ⊗ 1M ) ,

HA
0 : αa = 0 for all a = 1, . . . , A,

⇐⇒ E(Y ) ∈ C(XA) with XA = 1A ⊗ 1B ⊗ 1M .Sin
e C(X) = C(X) with X = (IA×A ⊗ IB×B ⊗ 1M ), the perpendi
ular proje
tion matri
es 
an beobtained from those for the one-way ANOVA:
P = X(X

⊤
X)−X

⊤
= IA×A ⊗ IB×B ⊗ 1

M
1M 1⊤M ,

PB(A) = XB(A)(X
⊤
B(A)XB(A))

−X⊤
B(A) = IA×A ⊗ 1

B
1B 1⊤B ⊗ 1

M
1M 1⊤M ,

PA = XA(X⊤
A XA)−X⊤

A =
1

A
1A 1⊤A ⊗ 1

B
1B 1⊤B ⊗ 1

M
1M 1⊤M ,so that with the same notations PA, PB , PM as before

I − P = IA×A ⊗ IB×B ⊗ PM ,

P − PB(A) = IA×A ⊗ PB ⊗ 1

M
1M 1⊤M ,

PB(A) − PA = PA ⊗ 1

B
1B 1⊤B ⊗ 1

M
1M 1⊤M .This provides the following ANOVA table (JA, JB , and JM de�ned as before)Fa
tor Matrix Sum of squares RankA PA ⊗ JB ⊗ JM M B

∑A
a=1(ya•• − y•••)

2 A − 1B(A) IA×A ⊗ PB ⊗ JM M
∑A

a=1

∑B
b=1(yab• − ya••)

2 A (B − 1)Error IA×A ⊗ IB×B ⊗ PM
∑A

a=1

∑B
b=1

∑M
m=1(yabm − yab•)

2 AB(M − 1)Note that again the matri
es sum up to IA×A ⊗ IB×B ⊗ IM×M − JA ⊗ JB ⊗ JM .10.5 General ANOVA modelsIn unbalan
ed models the order of the fa
tors is important. Therefore the following hypotheses are
onsidered for example in the two-way layout
H̃A+B

0 : µab = µ + αa + βb versus H̃A+B
1 : µab = µ + αa + βb + γab,

H̃
A|A+B
0 : µab = µ + βb versus H̃

A|A+B
1 : µab = µ + αa + βb,

H̃B
0 : µab = µ versus H̃B

1 : µab = µ + βb.
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H̃A+B

0 : E(Y ) ∈ C(XA+B) versus H̃A+B
1 : E(Y ) ∈ C(X) \ C(XA+B),

H̃
A|A+B
0 : E(Y ) ∈ C(XA|A+B) versus H̃

A|A+B
1 : E(Y ) ∈ C(XA+B) \ C(XA|A+B),

H̃B
0 : E(Y ) ∈ C(1N ) versus H̃B

1 : E(Y ) ∈ C(XA|A+B) \ C(1N ),where X is the design matrix for the model with intera
tions. Let be P , PA+B, PA|A+B, P0the perpendi
ular proje
tion matri
es onto C(X), C(XA+B), C(XA|A+B), and C(1N ) respe
tively.Then the ANOVA uses the following test statisti
s
V̂I =

σ̂2
SSI

σ̂2
SSE

=

1rk(P−PA+B)
y⊤(P − PA+B)y

1rk(I−P )
y⊤(I − P )y

for testing H̃A+B
0 ,

V̂A =
σ̂2

SSA|A+B

σ̂2
SSE

=

1rk(PA+B−PA|A+B)
y⊤(PA+B − PA|A+B)y

1rk(I−P )
y⊤(I − P )y

for testing H̃
A|A+B
0 ,

V̂B =
σ̂2

SSB

σ̂2
SSE

=

1rk(PA|A+B−P0)
y⊤(PA|A+B − P0)y

1rk(I−P )
y⊤(I − P )y

for testing H̃B
0 .Although the denominator of the last two test statisti
s is not given by the full model for these testproblems, the test statisti
s have F -distribution, sin
e

(PA+B) − PA|A+B)(I − P ) = PA+B − PA|A+B − PA+B P + PA|A+B P = 0N×N ,

(PA|A+B − P0)(I − P ) = PA|A+B − P0 − PA|A+B P + P0 P = 0N×N .Sin
e P0 = JN = 1
N 1N 1⊤N and I = IN×N , we still have the de
omposition of the Grand Sum ofSquares

A∑

a=1

B∑

b=1

Nab∑

m=1

(yabm − y•••)
2 = y⊤ (IN×N − JN ) y

= y⊤
(
(IN×N − P ) + (P − PA+B) + (PA+B − PA|A+B) + (PA|A+B − P0)

)
y.For more than two fa
tors, the Grand Sum of Squares 
an be de
omposite analogously and the teststatisti
s are given for the 
orresponding sequen
e of submodels.Note that in the balan
ed two-way model we have

P − PA+B = P − PI , PA+B − PA|A+B = PI − PA, PA|A+B − P0 = PI − PB .
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tsIt is often assumed that blo
k fa
tors have not �xed e�e
ts but random e�e
ts. Sin
e there areusually also treatment fa
tors whi
h should have �xed e�e
ts, we have models with random and�xed e�e
ts. These models are 
alled mixed models (German: Gemis
hte Modelle) and are givenby
Y = Xβ + V C + Z

= Xβ + (V1, V2, . . . , VQ)




C1

C2...
CQ




+ Z

= Xβ +

Q∑

q=1

Vq Cq + Z,where X ∈ R
N×R is the known design matrix for the �xed e�e
ts, β = (β1, . . . , βR)⊤ ∈ R

R is theunknown ve
tor of �xed e�e
ts, V1 ∈ R
N×R1 , V2 ∈ R

N×R2 , . . ., VQ ∈ R
N×RQ are the known designmatri
es for the random e�e
ts ve
tors C1, C2, . . ., CQ. Ea
h random e�e
ts ve
tor 
orresponds toa fa
tor so that we have Q fa
tors with random e�e
ts. Rq is the number of observed levels of the

q'th fa
tor with random e�e
ts. The simplest approa
h is to assume for the random ve
tors C1, C2,
. . ., CQ, Z

Cq ∼ NRq

(
0Rq , σ

2
q IRq×Rq

) for q = 1, . . . , Q,

Z ∼ NN (0N , σ2 IN×N ),where σ2
1 , . . . , σ

2
Q, σ2 ∈ R

+ are unknown �xed parameters, and that
C1, C2, . . . , CQ, Z are sto
hasti
ally independent .Then
θ = (β1, . . . , βR, σ2

1 , . . . , σ
2
Q, σ2)⊤ ∈ R

R+Q+1is the unknown parameter ve
tor. Hen
e we have R + Q + 1 unknown parameters instead of
R +

∑Q
q=1 Rq + 1 unknown parameters when we would assume �xed e�e
ts for the same designmatri
es. This means that using random e�e
ts redu
es the number of unknown parameters dras-ti
ally. The parameters σ2

1, . . . , σ
2
Q of the random e�e
ts are 
alled varian
e 
omponents. Ifa varian
e 
omponent satis�es σ2

q = 0 then the q'th fa
tor with random e�e
ts has no in�uen
eon the measurement variable Y , sin
e Cq ∼ NRq

(
0Rq , σ

2
q IRq×Rq

)
= NRq

(
0Rq , 0Rq×Rq

) means that
Cq = 0Rq almost surely.The estimation and testing of the varian
e 
omponents is more 
ompli
ated than in a linear modelwith only �xed e�e
ts. There are several approa
hes. Here only some of them:
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e) approa
h whi
h is treated here.2. The MINQUE (Minimum Norm Quadrati
 Estimation) method (C.R. Rao, 1972, Journal ofthe Ameri
an Statisti
al Asso
iation).3. The REML (Restri
ted Maximum Likelihood) method (R.R. Corbeil, and S.R. Searle, 1976,Te
hnometri
s).4. The minimum bias invariant estimation method (J. Hartung 1981, Annals of Statisti
s.).The ANOVA approa
hUnder the above mentioned assumptions we have with Lemma 8.2.6E(Y ) = Xβ,Cov(Y ) =

Q∑

q=1

σ2
q VqV

⊤
q + σ2 IN×N =:

L∑

l=1

ρl Tl,where T1, . . . , TL are pairwise orthogonal matri
es, i.e. Tl Tk = 0N×N if l 6= k, whi
h are symmetri
and idempotent, i.e. they are perpendi
ular proje
tion matri
es satisfying Tl Tl = Tl for all l =
1, . . . , L. The 
oe�
ients ρ1, . . . , ρL ∈ R are linear 
ombinations of the varian
e 
omponents.10.6.1 TheoremIf ρl and ρk are positive, then

a)
1

ρl
Y ⊤TlY ∼ χ2

(tr(Tl),
β⊤X⊤TlXβ

ρl

)
,

b) if TkXβ = 0 then, ρk
1tr(Tl)

Y ⊤TlY

ρl
1tr(Tk)

Y ⊤TkY
∼ F

(tr(Tl), tr(Tk),
β⊤X⊤TlXβ

ρl

)
,

c) if TkXβ = 0 and ρl = ρk then, 1tr(Tl)
Y ⊤TlY

1tr(Tk)
Y ⊤TkY

∼ F

(tr(Tl), tr(Tk),
β⊤X⊤TlXβ

ρl

)
,

d) E(Y ⊤TlY ) = ρl tr(Tl) + β⊤X⊤TlXβ.Proof.a) Note that Y ∼ NN (Xβ,W ) with W =
∑L

l=1 ρl Tl.
W 1/2 :=

L∑

l=1

√
ρl Tl,
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W 1/2W 1/2 =

(
L∑

l=1

√
ρl Tl

)(
L∑

l=1

√
ρl Tl

)

=

L∑

l=1

L∑

k=1

√
ρl
√

ρk Tl Tk

Tl Tk=0, if l 6=k
=

L∑

l=1

ρl Tl Tl =
L∑

l=1

ρl Tl = W.The symmetry of the matri
es Tl implies the symmetry of V 1/2. Sin
e W =
∑Q

q=1 σ2
q VqV

⊤
q +σ2 IN×Nis positive de�nite and thus regular, there exists W−1. Moreover,

W

(
L∑

l=1

1

ρ l

Tl

)
W = W

(
L∑

l=1

L∑

k=1

1

ρ l

ρk Tl Tk

)

Tl Tk=0, if l 6=k
= W

L∑

l=1

Tl =
L∑

l=1

L∑

k=1

ρk Tl Tk
Tl Tk=0, if l 6=k

=
L∑

l=1

ρl Tl = W,whi
h implies W−1 = W− =
∑L

l=1
1
ρ l

Tl. Similarly, we obtain
W−1/2 =

L∑

l=1

1√
ρl

Tl.Then it holds
W−1/2 Y ∼ NN (W−1/2 Xβ, W−1/2W 1/2W 1/2W−1/2) = NN (W−1/2 Xβ, IN×N ).Moreover, we have
(

1

ρ l

W 1/2 Tl W
1/2

)(
1

ρ l

W 1/2 Tl W
1/2

)
=

(
1

ρ l

)2

W 1/2 Tl W Tl W
1/2

=

(
1

ρ l

)2

W 1/2 Tl (
L∑

k=1

ρk Tk)Tl W
1/2 =

(
1

ρ l

)2

W 1/2 Tl ρl Tl, Tl W
1/2

TlTl=Tl=
1

ρ l

W 1/2 Tl W
1/2,so that 1

ρ l
W 1/2 Tl W

1/2 is idempotent. Theorem 8.3.11 implies
1

ρl
Y ⊤TlY =

(
W−1/2Y

)⊤ (1

ρ l

W 1/2 Tl W
1/2

)(
W−1/2Y

)

∼ χ2

(rk(1

ρ l

W 1/2 Tl W
1/2

)
, β⊤X⊤ W−1/2

(
1

ρ l

W 1/2 Tl W
1/2

)
W−1/2 Xβ

)

= χ2

(rk(Tl),
β⊤X⊤TlXβ

ρl

)
.



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008179b) and 
) follow from a), the de�nition of the F -distribution and the fa
t that Y ⊤TlY and Y ⊤TkYare sto
hasti
ally independent a

ording to Theorem 8.3.6 be
ause of
Tl W Tk = Tl




L∑

j=1

ρj Tj


 Tk = Tl ρk Tk = 0N×Nfor l 6= k.d) Lemma 8.2.6 providesE(Y ⊤TlY ) = tr(Tl W ) + β⊤X⊤TlXβ

= tr(Tl

L∑

k=1

ρk Tk) + β⊤X⊤TlXβ = ρl tr(Tl) + β⊤X⊤TlXβ. �The quadrati
 forms Y ⊤TlY are always nonnegative sin
e the matri
es Tl are positive semide�nite.Hen
e 1tr(Tl)
Y ⊤TlY 
an be used as estimator for ρl. This estimator is even unbiased for ρl a

ordingto Theorem MixedModelTheo d) if Tl X = 0. Sin
e ρ1, . . . , ρL are linear 
ombinations of the varian
e
omponents σ2

1 , . . . , σ
2
Q, we also obtain estimators for the varian
e 
omponents by solving the linearequation system. However, the it 
ould happen that some varian
e 
omponent estimators arenegative whi
h makes no sense sin
e the varian
e 
omponents as varian
es should be nonnegative.The following example of the one-way layout with random e�e
ts demonstrate this problem.10.6.2 Example (One-way layout with random e�e
ts)The fa
tor A has A levels whi
h are 
hosen randomly so that their e�e
ts are random as well. Weassume again a balan
ed design so that we have

Yam = µ + Ãa + Zam for a = 1, . . . , A, m = 1, . . . ,M,

X = 1N ,

V = V1 = IA×A ⊗ 1M ,

A = A1 = (Ã1, . . . , ÃA)⊤ ∼ N (0A, σ2
A IA×A),

Z = (Z11, . . . , Z1M , . . . , ZA1, . . . , ZAM )⊤ ∼ N (0N , σ2 IN×N ) with N = AM,

W = Cov(Y ) = σ2
A IA×A ⊗ 1M 1⊤M + σ2 IA×A ⊗ IM×M .The spe
tral de
omposition of W is

W = (Mσ2
A + σ2)

1

A
1A 1⊤A ⊗ 1

M
1M 1⊤M + (Mσ2

A + σ2)PA ⊗ 1

M
1M 1⊤M + σ2 IA×A ⊗ PMwith PA = IA×A − 1

A 1A 1⊤A, PM = IM×M − 1
M 1M 1⊤M again, and

ρ1 = ρ2 = Mσ2
A + σ2 and ρ3 = σ2.Estimators for these 
oe�
ients are

ρ̂2 =
1

A − 1
y⊤
(

PA ⊗ 1

M
1M 1⊤M

)
y =

M

A − 1

A∑

a=1

(ya• − y••)
2,

ρ̂3 = σ̂2 =
1

A(M − 1)
y⊤ (IA×A ⊗ PM ) y =

1

A(M − 1)

A∑

a=1

M∑

m=1

(yam − ya•)
2.
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σ̂2 = ρ̂3,

σ̂2
A =

1

M
(ρ̂2 − ρ̂3)are estimators for σ2 and σ2

A, respe
tivly. The estimate σ̂2 is always nonnegative, while this is notthe 
ase for σ̂2
A whi
h 
an be seen with a simple example: Let be y11 = 1, y12 = 5, y21 = 4, y22 = 2.Then 3 = y•• = y1• = y2• so that ρ̂2 = 0 and σ̂2 = ρ̂3 = 5, whi
h implies σ̂2

A = −2.5.Although the estimators are often not reasonable, we 
an derive reasonable tests for the followinghypotheses:
H1

0 : µ = 0,

HA
0 : fa
tor A has no e�e
t ⇐⇒ σ2

A = 0 ⇐⇒ M σ2
A + σ2 = σ2 ⇐⇒ ρ2 = ρ3.A

ording to Theorem 10.6.1, we 
an use the following test statisti
s:for testing H1

0 : µ = 0

F12 :=

1
ρ1

1tr( 1
A

1A 1⊤A ⊗ 1
M

1M 1⊤M )
y⊤
(

1
A 1A 1⊤A ⊗ 1

M 1M 1⊤M
)

y

1
ρ2

1tr(PA ⊗ 1
M

1M 1⊤M )
y⊤
(
PA ⊗ 1

M 1M 1⊤M
)

y
=

y⊤
(

1
N 1N 1⊤N

)
y

1tr(A−1)
y⊤
(
PA ⊗ 1

M 1M 1⊤M
)

y

∼ F

(
1, A − 1,

µ2 1⊤N
(

1
A 1A 1⊤A ⊗ 1

M 1M 1⊤M
)
1N

ρ1

)
= F

(
1, A − 1,

µ2 N

ρ1

)
,where F12 ∼ F (1, A − 1, 0) under H1

0 ,for testing HA
0 : σ2

A = 0 ⇐⇒ ρ2 = ρ3

F23 :=

1
ρ2

1tr(PA ⊗ 1
M

1M 1⊤M )
y⊤
(
PA ⊗ 1

M 1M 1⊤M
)

y

1
ρ3

1tr(IA×A ⊗PM )
y⊤ (IA×A ⊗ PM ) y

=

1
ρ2

1tr(A−1)
y⊤
(
PA ⊗ 1

M 1M 1⊤M
)

y

1
ρ3

1tr(A(M−1))
y⊤ (IA×A ⊗ PM ) y

=
ρ3

ρ2
D23with D23 ∼ F

(
A − 1, A(M − 1),

µ2 1⊤N
(
PA ⊗ 1

M 1M 1⊤M
)
1N

ρ1

)
= F (A − 1, A(M − 1), 0) ,sin
e (PA ⊗ 1

M
1M 1⊤M

)
1N =

(
PA ⊗ 1

M
1M 1⊤M

)
1A ⊗ 1M = PA · 1A ⊗ 1M = 0,where F23 ∼ F (A − 1, A(M − 1), 0) under HA

0 .This provides the following ANOVA tableFa
tor Matrix Sum of squares Rank
µ 1

A 1A 1⊤A ⊗ 1
M 1M 1⊤M y2

•• 1A PA ⊗ 1
M 1M 1⊤M M

∑A
a=1(ya• − y••)

2 A − 1Error IA×A ⊗ PM
∑A

a=1

∑M
m=1(yam − ya•)

2 A(M − 1)
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ts.10.6.3 Example (Two-way layout with random e�e
ts)For
Yabm = µ + Ãa + B̃b + ÃBab + Zabm for a = 1, . . . , A, b = 1, . . . , B, m = 1, . . . ,M,we obtain the same ANOVA table as for the two-way layout with �xed e�e
ts.We obtain the same ANOVA tables also for mixed models and hierar
hi
al models if the design isbalan
ed.
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Yn = β0 + β1 tn + Zn, with Zn ∼ N (0, σ2),for all n = 1, . . . , N , so that
x(t) = (1, t)⊤ ∈ R

2 and β = (β0, β1)
⊤ ∈ R

2.We assume here always that there exists n, m ∈ {1, . . . , N} with tn 6= tm. Then estimators for β0,
β1, and σ2 are given by

β̂0 = β̂0(y) = y − β̂1 t, β̂1 = β̂1(y) =
sty

s2
t

, (18)
σ̂2 = σ̂2(y) = σ̂2

SSE =
1

N − 2

N∑

n=1

(yn − β̂0 − β̂1 tn)2, (19)where
sty =

1

N − 1

N∑

n=1

(yn − y)(tn − t), s2
t =

1

N − 1

N∑

n=1

(tn − t)2.11.1.1 Theorem (Least squares estimator for linear regression)The estimator β̂ = (β̂0, β̂1)
⊤ with β̂0 and β̂1 given by (18) is the least squares estimator for β, i.e.satis�eŝ

β ∈ arg min
β∈R2

N∑

n=1

(yn − β0 − β1 tn)2.Proof. Here we have
X =




1 t1

2 t2... ...
N tN


and

β̃ ∈ arg min
β∈R2

N∑

n=1

(yn − β0 − β1 tn)2 = arg min
β∈RR

(y − Xβ)⊤(y − Xβ).
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ording to Theorem 9.2.3, β̃ is given by β̂ = (X⊤X)−X⊤y. Be
ause there exists n, m ∈
{1, . . . , N} with tn 6= tm, we have (X⊤X)− = (X⊤X)−1. Hen
e we have to 
al
ulate (X⊤X)−1 and
X⊤y:

(X⊤X)−1 =

(
N

∑N
n=1 tn∑N

n=1 tn
∑N

n=1 t2n

)−1

=
1

N
∑N

n=1 t2n − (
∑N

n=1 tn)2

( ∑N
n=1 t2n −∑N

n=1 tn

−∑N
n=1 tn N

)

=
1

N
∑N

n=1 t2n − N2 t
2

( ∑N
n=1 t2n −∑N

n=1 tn

−∑N
n=1 tn N

)

=
1

N (N − 1)s2
t

( ∑N
n=1 t2n −∑N

n=1 tn

−∑N
n=1 tn N

)
,

X⊤y =

( ∑N
n=1 yn∑N

n=1 tn yn

)
.Hen
e

β̂ =

(
β̂0

β̂1

)
= (X⊤X)−X⊤y =

1

N (N − 1)s2
t

( ∑N
n=1 t2n −∑N

n=1 tn

−∑N
n=1 tn N

) ( ∑N
n=1 yn∑N

n=1 tn yn

)

=
1

N (N − 1)s2
t

(
(
∑N

n=1 t2n) (
∑N

n=1 yn) − (
∑N

n=1 tn) (
∑N

n=1 tn yn)

N
∑N

n=1 tn yn − (
∑N

n=1 tn) (
∑N

n=1 yn)

)

=
1

N (N − 1)s2
t

(
(
∑N

n=1 t2n) N y − N2 t
2
y + N2 t

2
y − N t (

∑N
n=1 tn yn)

N
∑N

n=1 tn yn − N2 y t

)

=
1

N (N − 1)s2
t

(
N (N − 1) y s2

t − N (N − 1) t sty

N (N − 1)sty

)

=


 y − t

sty

s2
t

sty

s2
t


 .

�
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Eβ0,β1,σ2(β̂0(Y )) = β0, Eβ0,β1,σ2(β̂1(Y )) = β1, Eβ0,β1,σ2(σ̂2(Y )) = σ2,and

σ2
β0

= varβ0,β1,σ2(β̂0(Y )) =
t2

(N − 1)s2
t

σ2 =

∑N
n=1 t2n

N
∑N

n=1(tn − x)2
σ2,

σ2
β1

= varβ0,β1,σ2(β̂1(Y )) =
1

(N − 1)s2
t

σ2 =
1∑N

n=1(tn − t)2
σ2.for all β0, β1, σ2.Proof. The unbiasedness of β̂0(Y ), β̂1(Y ), and σ̂2(Y ) follows at on
e from Theorem 9.2.4. Notethat rk(X) = 2. Lemma 9.2.5 provides thatCov(Lβ̂(Y )) = L (X⊤X)−L⊤ σ2.Sin
e

(X⊤X)−1 =
1

N (N − 1)s2
t

( ∑N
n=1 t2n −∑N

n=1 tn

−∑N
n=1 tn N

)(see the proof of Theorem 11.1.1), the formulas for the varian
es follow with L = (1, 0) and L =
(0, 1). �We de�ne the following test statisti
s

d̂0(y) =
β̂0(y) − b0

σ̂β0(y)
with σ̂2

β0
(y) =

∑N
n=1 t2n

N
∑N

n=1(tn − t)2
σ̂2(y)and

d̂1(y) =
β̂1(y) − b1

σ̂β1(y)
with σ̂2

β1
(y) =

1
∑N

n=1(tn − t)2
σ̂2(y).11.1.3 Theorem (t-tests for for linear regression)Let Y ∼ N (Xβ, σ2IN×N ). Then:a) ϕ(y) = 1I{|bd0(y)|>tN−2,1−α/2}(y) is α-level test for H0 : β0 = b0 versus H1 : β0 6= b0.b) ϕ(y) = 1I{|bd1(y)|>tN−2,1−α/2}(y) is α-level test for H0 : β1 = b1 versus H1 : β1 6= b1.
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ording to Corollary 9.3.9,
1I{bV (y)>q(1−α)}(y) with V̂ (y) =

1rk(L)
(Lβ̂ − l)⊤[L(X⊤X)−L⊤]−(Lβ̂ − l)

1rk(I−P )
y⊤(I − P )yis an α-level test for H0 : Lβ = l versus H1 : Lβ 6= l, where q(1 − α) is the 1 − α-quantile of the
entral F -distribution with rk(L) and rk(I − P ) = N − rk(X) degrees of freedom, L = KX, and

l = Lb.a) Set L = (1, 0) and l = b0. Then rk(L) = 1, N − rk(X) = N − 2, 1rk(I−P )
y⊤(I − P )y = σ̂2(y),and

1rk(L)
(Lβ̂ − l)⊤[L(X⊤X)−L⊤]−(Lβ̂ − l)

1rk(I−P )
y⊤(I − P )y

=
(β̂0(y) − b0)

[ PN
n=1 t2n

N
PN

n=1(tn−t)2

]−1

(β̂0(y) − b0)

σ̂2(y)
= (d̂0(y))2.Sin
e (d̂0(y))2 has a F -distribution with 1 and N − 2 degrees of freedom under H0 : β0 = b0, weobtain that d̂0(y) has a t-distribution with N − 2 degrees of freedom under H0 : β0 = b0 whi
hprovides the assertion.b) Setting L = (0, 1) and l = b1, we have

1rk(L)
(Lβ̂ − l)⊤[L(X⊤X)−L⊤]−(Lβ̂ − l)

1rk(I−P )
y⊤(I − P )y

=
(β̂1(y) − b1)

[
1PN

n=1(tn−t)2

]−1
(β̂1(y) − b1)

σ̂2(y)
= (d̂1(y))2.Hen
e the assertion follows as in a). �11.2 Regression with random regressorsIf the explanatory variables (regressors) t1, . . . , tN are random, i.e. they are realizations of randomvariables T1, . . . , TN , then we 
an model the 
onditional expe
tation with a linear model, i.e.E(Yn|Tn = tn) = x(tn)⊤β,where again β ∈ R

R is the unknown parameter ve
tor and x : T → R
R is the known regressionfun
tion. A justi�
ation for this approa
h is given by the following theorem.11.2.1 TheoremIf Yn is a p-dimensional random ve
tor and Tn is a q-dimensional random ve
tor with

(Y ⊤
n , T⊤

n )⊤ ∼ Np+q

((
µY

µT

)
,

(
ΣY Y ΣY T

ΣTY ΣTT

))
,where E(Yn) = µY , E(Tn) = µT , Cov(Yn) = ΣY Y , Cov(Tn) = ΣTT , Cov(Yn, Tn) = ΣY T , then the
onditional distribution of Yn given Tn = tn is a multivariate normal distribution withE(Yn|Tn = tn) = µY + ΣY T Σ−1

TT (tn − µT ).
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her (1998), P. 47, Theorem 2.2E. �In parti
ular, if Yn is univariate, thenE(Yn|Tn = tn) = µY + ΣY T Σ−1
TT (tn − µT )

= µY − ΣY T Σ−1
TT µT + ΣY T Σ−1

TT tn = β0 + (β1, . . . , βq) tn = x(tn)⊤βwith β = (β0, β1, . . . , βq)
⊤, β0 = µY − ΣY T Σ−1

TT µT , (β1, . . . , βq) = ΣY T Σ−1
TT ∈ R

q, x(tn) =
(1, τ11, . . . , τqN )⊤ ∈ R

q+1 for tn = (τ11, . . . , τqN )⊤, i.e. we have a model of multiple regression.If (Y1, T1), . . . , (YN , TN ) are independent and identi
ally distributed, we have two possibilities toestimate β:1. Estimate µY , µT , ΣY Y , ΣY T , and ΣTT with methods of multivariate analysis.2. Estimate β with the methods of linear models by using the 
onditional distribution of Y =
(Y1, . . . , YN )⊤ given T = (T1, . . . , TN )⊤ = t = (t1, . . . , tN )⊤. However, assertions obtainedwith this approa
h 
on
ern only the 
onditional distribution. Under this 
ondition also thetests given by Corollary 9.3.5 and 9.3.9 
an be used.The se
ond approa
h 
an be used also without assuming a normal distribution or a multiple regres-sion model sin
e the following approa
h is always possible:
f(Yn,Tn)(yn, tn) = f(Yn|Tn=tn)(yn) · fTn(tn)where f(Yn,Tn) is 
ommon density of (Yn, Tn) and f(Yn|Tn=tn) is the density of the 
ondition distrib-ution of Yn given Tn = tn withE(Yn|Tn = tn) =

∫
yn f(Yn|Tn=tn)(yn) d(yn) = x(tn)⊤β.This makes in parti
ular sense if the random pro
ess for 
hoosing the experimental 
onditions isindependent from the observation pro
ess. This is the 
ase for �randomized designs� where theexperimental 
onditions are 
hosen a

ording a random pro
ess. An example is the allo
ation ofmedi
aments a

ording to the patient number, e.g. patients of a spe
i�
 disease with even numberget medi
ament A and patients of the same disease with odd number the medi
ament B.However, for many other problems, the approa
h f(Yn,Tn)(yn, tn) = f(Yn|Tn=tn)(yn) · fTn(tn) withE(Yn|Tn = tn) = x(tn)⊤β makes no sense. If for example Yn is the height of a person and Tn itsweight, then the role of Yn and Tn is ex
hangeable. Then the approa
h of errors-in-variables 
an beused.Errors-in-variablesHere we assume

(
Yn

Tn

)
=

(
Vn

Wn

)
+ Z,
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tor with E(Z) = 0q , Vn a one-dimensional random variable,
Wn a q-dimensional random ve
tor so that

a⊤
(

Vn

Wn

)
= a0 Vn + a⊤q Wn = b almost surely , (20)i.e.

P

(
a⊤
(

Vn

Wn

)
= b

)
= 1,where a = (a0, a

⊤
q )⊤ ∈ R

q+1 and b ∈ R are unknown. It is further assumed that ( Vn

Wn

) and Zare sto
hasti
ally independent. The assumption (20) means that ( Vn

Wn

) lies in the hyperplane
Ha,b = {x ∈ R

q+1, a⊤x = b} = {x0 + x; a⊤x = 0} with a⊤x0 = b.If a0 6= 0, then
Vn =

b

a0
− 1

a0
a⊤q Wn = x(Wn)⊤βwith β =

(
b
a0

,− 1
a0

a⊤q
)⊤, x(tn) = (1, τ11, . . . , τqN )⊤. But a0 = 0 is also possible. The 
ondition

a⊤
(

Vn

Wn

)
= b implies in parti
ular for q = 1 the ex
hangeability of Yn and Tn.The aim is then to �nd (a⊤, b)⊤ ∈ R

q+2 su
h the perpendi
ular distan
e between the points
(y1, t

⊤
1 )⊤, . . . , (yN , t⊤N )⊤ and the hyperplane Ha,b is as small as possible. Thereby ‖a‖ = 1 is requiredsin
e otherwise (a⊤, b)⊤ ∈ R

q+2 is not identi�able. The perpendi
ular proje
tion P ((yn, t⊤n )⊤) of
(yn, t⊤n )⊤ onto Ha,b is given by

P ((yn, t⊤n )⊤) = Pa (yn, t⊤n )⊤ + (x0 − Pa x0)where
Pa = (I − a(a⊤a)−a⊤)

‖a‖=1
= (I − a⊤a)
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ular proje
tion matrix onto C(a)⊥ = {x ∈ R
q+1; a⊤x = 0}. Hen
e

‖(yn, t⊤n )⊤ − P ((yn, t⊤n )⊤)‖

= ‖(yn, t⊤n )⊤ − (I − a⊤a)(yn, t⊤n )⊤ − x0 + (I − a⊤a)x0‖

=

∥∥∥∥∥a a⊤
(

yn

tn

)
− a a⊤ x0

∥∥∥∥∥ = ‖a‖
∣∣∣∣∣a

⊤
(

yn

tn

)
− a⊤ x0

∣∣∣∣∣

‖a‖=1
=

∣∣∣∣∣a
⊤
(

yn

tn

)
− b

∣∣∣∣∣is the smallest distan
e between (yn, t⊤n )⊤ and Ha,b. Now (a⊤, b)⊤ is determined su
h that the sumof the squared distan
es is minimized.11.2.2 De�nition (Least squares estimator for orthogonal regression)
β̂ = (â⊤, b̂)⊤ is least squares estimator for orthogonal regression if and only if

β̂ = (â⊤, b̂)⊤ ∈ arg min





N∑

n=1

(
a⊤
(

yn

tn

)
− b

)2

; (a⊤, b)⊤ ∈ R
q+2, ‖a‖ = 1



 .The estimator β̂ = (â⊤, b̂)⊤ must be determined numeri
ally. Therefore, its distribution is unknownand this is the 
ase also if Z has normal distribution. Hen
e tests about a and b 
an be only obtainedvia asymptoti
 distributions.
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ts of the assumed model areidenti�able. If there are many fa
tors of quantitative and qualitative type, then this is no simpletask. The theory of fra
tional fa
torial designs leads to designs where given aspe
ts of the modelare identi�able (see the book of Mukerjee and Wu, 2006). For more 
omplex models also algebrai
methods are helpful. In parti
ular it 
an de
ided with the theory of Gröbner bases whi
h modelsand whi
h aspe
ts of models are identi�able if a design is already given (see the book of Pistone,Ri

omagno, and Wynn 2001). These 
on
epts however are beyond this le
ture.Another pra
ti
al aspe
t of designing experiments are balan
ed designs. Balan
ed 
omplete designsprovide a design matrix where the 
olumns are orthogonal so that the parameter 
an be estimatedindependently of the other parameters. Be
ause of this property, the analysis of varian
e is notdependent of the order of the fa
tors. Moreover models with random e�e
ts 
an be treated withthe analysis of varian
e like models with �xed e�e
ts.Additionally, a good design should provide pre
ise estimates and a small β error for testing. Howthis 
an be a
hieved, it treated in this se
tion.12.1 Generalized designs12.1.1 De�nitionLet be T the experimental region and x : T −→ R
R the known regression fun
tion.

d = (t1, . . . , dN ) ∈ T Nis 
alled 
on
rete design and
X = Xd =




x(t1)
⊤

x(t2)
⊤...

x(tN )⊤




∈ R
N×R

is the 
orresponding design matrix.The aim of a good design d is to maximize the power of the test for testing H0 : Lβ = l or/andto minimize the 
ovarian
e matrix of the Gauss-Markov estimator L(X⊤
d Xd)

−X⊤
d y for λ(β) =

Lβ. Fortunately the problem for testing as well as the problem for estimation leads to the sameoptimization problem, namely to minimize
L(X⊤

d Xd)
−L⊤,see Remark 9.3.10. The only problem is, that L ∈ R

S×R implies L(X⊤
d Xd)

−L⊤ ∈ R
S×S so that wehave to minimize a matrix as soon as S > 1. On the set of S × S-matri
es we have only a partial
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A ≤ B ⇐⇒ c⊤(B − A) c ≥ 0 for all c ∈ R

S.Partial ordering means that there are matri
es whi
h 
annot be 
ompared. If we have a spe
ial setof matri
es {A; A ∈ A}, it 
ould be that there is no matrix A0 ∈ A with
A0 ≤ A for all A ∈ A.This happens in parti
ular, if we 
ompare di�erent designs.To redu
e the dimension S, we always will assume here, that L is of full rank and that λ(β) = Lβis identi�able at d.12.1.2 LemmaIf λ(β) = Lβ is identi�able at d and L ∈ R

S×R is of full rank, i.e. rk(L) = S, then L(X⊤
d Xd)

−L⊤is invertible.Proof. We always have rk(L(X⊤
d Xd)

−L⊤) ≤ rk(L) = S. Conversely, the identi�ability implieswith Theorem 9.1.4
S = rk(L) = rk(K Xd)

( Lemma 8.1.5 b))
= rk(K Xd(X

⊤
d Xd)

−X⊤
d Xd)

≤ rk(K Xd(X
⊤
d Xd)

−X⊤
d )

rg(AA⊤)=rg(A)
= rk(K Xd(X

⊤
d Xd)

−X⊤
d Xd (X⊤

d Xd)
−X⊤

d K⊤)

= rk(L(X⊤
d Xd)

−L⊤).Hen
e L(X⊤
d Xd)

−L⊤ is of rank S and thus invertible. �The design problemFind a design
d ∈ ∆ ⊂ ∆N,λ :=

{
dN ∈ T N ; λ(β) is identi�able at d

}su
h that (L(X⊤
d Xd)

−L⊤)−1 is maximal.12.1.3 De�nition (Information matrix)a) Iλ(d) := (L(X⊤
d Xd)

−L⊤)−1 is 
alled information matrix for λ(β) = Lβ at d.b) Iβ(d) := X⊤
d Xd is 
alled information matrix for β at d.12.1.4 RemarkIf Y ∼ N (Xdβ, σ2IN×N ) and σ2 is known, then

σ−2 Iβ(d) =

(Eβ

(
∂ ln fβ(y)

∂βs
· ∂ ln fβ(y)

∂βr

))

r,s=1,...,R

,i.e. σ−2 Iβ(d) is the Fisher information matrix.
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on
rete designs is a 
ompli
ated task.Therefore the designs are generalized:
d = (t1, . . . , tN ) −→ δN =

1

N

N∑

n=1

etn −→ δ probability measure on(T ,D),where D is a σ-algebra on T and et denotes the Dira
 measure, the one-point measure, at t, i.e.
et(A) = 1IA(t) for all A ∈ D.12.1.5 De�nition (Generalized design)A probability measure δ on (T ,D) is 
alled generalized design.12.1.6 De�nition (Information matrix for generalized designs)a) Iβ(δ) :=

∫
x(t)x(t)⊤δ(dt) is 
alled information matrix for β at δ.b) Iλ(δ) :=

(
LIβ(δ)−L⊤)−1 is 
alled information matrix for λ(β) = Lβ at δ.To de�ne the identi�ability for generalized designs, note:12.1.7 Lemma

λ(β) = Lβ is identi�able at the 
on
rete design d if and only if there exists K ∈ R
S×R su
h that

L = K Iβ(d).Proof. A

ording to Theorem 9.1.4, λ(β) = Lβ is identi�able at d if and only if L = K0 Xd forsome K0 ∈ R
S×N . Hen
e, if L = K Iβ(d) = K X⊤

d Xd = K0 Xd, then λ(β) = Lβ is identi�able at d.Conversely, if λ(β) = Lβ is identi�able at d, then there exists K0 ∈ R
S×N with

L = K0 Xd
( Lemma 8.1.5 b))

= K0 Xd(X
⊤
d Xd)

−X⊤
d Xd = K Iβ(d).

�12.1.8 De�nition (Identi�ability at generalized designs)
λ(β) = Lβ is 
alled identi�able at the generalized design δ if and only if there exists K ∈ R

S×Rsu
h that L = K Iβ(δ).12.1.9 LemmaIf rk(L) = S and L = K Iβ(δ), then rk(LIβ(δ)−L⊤) = S and LIβ(δ)−L⊤ is independent of the
hoi
e of the g-inverse.Proof. At �rst note, that the identi�ability implies
LIβ(δ)−L⊤ = K Iβ(δ)Iβ(δ)−Iβ(δ)K⊤ = K Iβ(δ)K⊤,
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hoi
e of the g-inverse. Sin
e
a⊤Iβ(δ)a =

∫
a⊤x(t)x(t)⊤a δ(dt) =

∫
(a⊤x(t))2 δ(dt) ≥ 0,

Iβ(δ) is positive semide�nite and symmetri
 so that there exists A ∈ R
Q×R su
h that Iβ(δ) = A⊤A.Hen
e the assertion follows as in the proof of Lemma 12.1.2. �The design problem for generalized designsFind a generalized design

δ ∈ ∆ ⊂ ∆λ := {δ; λ(β) is identi�able at δ}su
h that (LIβ(δ) − L⊤)−1 is maximal.If an optimal generalized design δ is found and if x : T → R
R is 
ontinous, (T , dm) is a 
ompa
tmetri
 spa
e with metri
 dm and 
orresponding Borel-σ-algebra D, then there exists a dis
reteprobability measure (dis
rete design) δ with

Iβ(δ) = Iβ(δ)and �nite support {τ1, . . . , τI} with I ≤ R(R+1)
2 . This is a 
onsequen
e of the Theorem of Caratheo-dory (see e.g. the book of Silvey 1980, P. 72) and the fa
t that the set of all probability measureswith �nite support is dense within all probability measures under the weak topology on the spa
eof all probability measures on (T ,D) (see e.g. the book of Billingsley 1968, P. 237).Often it is also possible to �nd a 
on
rete design d for a dis
rete design δ su
h that

LIβ(δ)−L⊤ = N LIβ(d)−L⊤.If this is not possible, then δ must be approximated by an appropriate 
on
rete design d.The main reason for regarding the generalized designs is that the set of generalized designs is 
onvex.12.1.10 LemmaIf rk(L) = S, then
∆λ := {δ; λ(β) is identi�able at δ}is 
onvex. In parti
ular we have
α δ1 + (1 − α) δ2 ∈ ∆λfor all α ∈ (0, 1), if δ1 ∈ ∆λ and Iβ(δ2) is �nite.
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ular �nite. Sin
e Iβ(δ2) is �nite, we have
Iβ(α δ1 + (1 − α) δ2) = α Iβ(δ1) + (1 − α) Iβ(δ2) ≥ α Iβ(δ1)sin
e Iβ(δ2) is positive semide�nite. In general, it holds for symmetri
 matri
es A, B:
A ≥ B ≥ 0 =⇒ C(B) ⊂ C(A). (21)For, if x ∈ C(A)⊥, then 0 = x⊤A and thus 0 = x⊤Ax ≥ x⊤B x, so that 0 = x⊤B. Hen
e x ∈ C(A)⊥implies x ∈ C(B)⊥. Sin
e C(A)⊥ ⊂ C(B)⊥ implies C(B) ⊂ C(A), the assertion (21) is proved.This means that we have C(Iβ(δ1)) ⊂ C(Iβ(α δ1 + (1 − α) δ2)) so that with L = K Iβ(δ1) also a Kexists with L = K Iβ(α δ1 + (1 − α) δ2). Hen
e, α δ1 + (1 − α) δ2 ∈ ∆λ. �12.2 Optimality 
riteria for designs12.2.1 De�nitionLet be ∆ ⊂ ∆λ. The generalized design δ∗ is 
alleda) Uλ-optimal in ∆ :⇐⇒ Iλ(δ∗)−1 ≤ Iλ(δ)−1 for all δ ∈ ∆,b) Dλ-optimal in ∆ :⇐⇒ det Iλ(δ∗)−1 ≤ det Iλ(δ)−1 for all δ ∈ ∆,
) Aλ-optimal in ∆ :⇐⇒ tr Iλ(δ∗)−1 ≤ tr Iλ(δ)−1 for all δ ∈ ∆,d) Eλ-optimal in ∆ :⇐⇒ λmaxIλ(δ∗)−1 ≤ λmaxIλ(δ)−1 for all δ ∈ ∆.Thereby det denotes the determinat, tr the tra
e, and λmax the maximum eigenvalue of a matrix.12.2.2 LemmaLet A and B be symmetri
 S × S matri
es and A positive de�nite, i.e. A > 0. Then there exists aregular matrix U ∈ R

S×S with
A = U⊤U and B = U⊤ diag(µ1, . . . , µS)U,where µs

>
(−) 0 for s = 1, . . . , S if B >

(−) 0.Proof. A

ording to the spe
tral de
omposition, there exists an orthogonal matrix P with
A = P⊤diag(λ1, . . . , λS)P,where λs > 0 for s = 1, . . . , S be
ause of A > 0. Set
D1/2 := diag(√λ1, . . . ,

√
λS

)
, D−1/2 = (D1/2)−1,and

C := D−1/2P B P⊤D−1/2.
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C is symmetri
 and C >

(−) 0 if B >
(−) 0. There exists also an orthogonal matrix Q with

QC Q⊤ = diag(µ1, . . . , µS),where µs
>

(−) 0 for s = 1, . . . , S if B >
(−) 0. Set U := QD1/2P . Then we have

U⊤U = P⊤D1/2Q⊤QD1/2P = P⊤diag(λ1, . . . , λS)P = Aand
U⊤ diag(µ1, . . . , µS)U = U⊤ QC Q⊤ U = P⊤D1/2Q⊤ QC Q⊤ QD1/2P

= P⊤D1/2 C D1/2P = P⊤D1/2 D−1/2P B P⊤D−1/2 D1/2P = P⊤P B P⊤P = B.

�12.2.3 LemmaLet A and B be symmetri
 S × S matri
es with A ≥ B > 0. Then it holdsa) A−1 ≤ B−1,b) detA ≥ det B,
) trA ≥ trB.Proof. A

ording to Lemma 12.2.2, there exists a regular matrix U ∈ R
S×S with

A = U⊤U and B = U⊤ diag(µ1, . . . , µS)U.

A ≥ B implies
IS×S = (U⊤)−1AU−1 ≥ (U⊤)−1B U−1 = diag(µ1, . . . , µS),i.e. 1 ≥ µs > 0 for s = 1, . . . , S.

IS×S ≤ diag(µ−1
1 , . . . , µ−1

S ) implies
A−1 = U−1 IS×S (U⊤)−1 ≤ U−1 diag(µ−1

1 , . . . , µ−1
S ) (U⊤)−1 = B−1.Moreover, we have

det A = (det U)2 det IS×S ≥ (det U)2 detdiag(µ1, . . . , µS) = detB,and trA =

S∑

s=1

e⊤s Aes ≥
S∑

s=1

e⊤s B es = trB,where e1, . . . , eS are the unit ve
tors. �
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L =




L1

. . .

LS


 ,then tr Iλ(δ)−1 = trLIβ(δ)−L⊤ =

S∑

s=1

Ls Iβ(δ)−L⊤
s .Hen
e the minimization of tr Iλ(δ)−1 is equivalent with the minimization of 1

S

∑S
s=1 Ls Iβ(δ)−L⊤

s ,the �average� of Ls Iβ(δ)−L⊤
s . The is the reason that a design whi
h minimizes tr Iλ(δ)−1 is 
alled

Aλ-optimal.For the estimation of Lβ it is reasonable that all 
omponents Lsβ of Lβ are estimated with highpre
ision, i.e. with small varian
e. Sin
e tr Iλ(δ)−1 is the sum of the varian
es of the estimators for
Lsβ, the Aλ-optimal designs are in parti
ular appropriate for estimation.However, the Aλ-optimal designs are not appropriate for testing sin
e they are not invariant withrespe
t to regular transformations of λ(β) = Lβ, i.e. to transformations of λ̃(β) = L̃β with L̃ = H Lwhere H is a regular matrix. They are only invariant with respe
t to orthogonal transformationswhere H is an orthogonal matrix. For testing, the optimal design should not depend on the spe
ialform how the hypothesis is formulated. Sin
e H0 : Lβ = l is equivalent to H0 : L̃β = l̃ with
L̃ = H L and l̃ = H l if H is regular, the optimal design should be invariant with respe
t totransformations with regular designs. This is satis�es for Dλ-optimal designs.12.2.5 TheoremLet be λ(β) = Lβ with rk(L) = S and λ̃(β) = L̃β with L̃ = H L for H ∈ R

S×S.a) If H is a regular matrix, then δ∗ is Dλ-optimal in ∆ if and only if δ∗ is Deλ-optimal in ∆.b) If H is an orthogonal matrix, then δ∗ is Aλ-optimal in ∆ if and only if δ∗ is Aeλ-optimal in ∆.Proof.
a) det Ieλ(δ)−1 = det L̃ Iβ(δ)−L̃⊤ = detH LIβ(δ)−L⊤H⊤

= (detH)2 detL Iβ(δ)−L⊤ = (detH)2 detIλ(δ)−1.

b) tr Ieλ(δ)−1 = tr L̃ Iβ(δ)−L̃⊤ = trH LIβ(δ)−L⊤H⊤Lemma 8.1.3
= trLIβ(δ)−L⊤H⊤H

Horthogonal
= trLIβ(δ)−L⊤ = tr Iλ(δ)−1. �Besides the invarian
e with respe
t to regular transformations of λ(β) = Lβ, the Dλ-optimal designshave the advantage that they minimize the volume of the 
on�den
e ellipsoid whi
h is derived from
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ause of the relation between tests and 
on�den
e regions, this 
on�den
e ellipsoidis given a

ording to Corollary 9.3.9 by
B̂d(y) =

{
l ∈ R

S;
(Lβ̂ − l)⊤ Iλ(d) (Lβ̂ − l) / rk(L)

σ̂2(y)
≤ q(1 − α)

}
,where q(1−α) is the 1−α-quantile of the 
entral F -distribution with rk(L) and N − rk(Xd) degreesof freedom. The volume of this 
on�den
e ellipsoid depends only via det Iλ(d)−1 on the design,sin
e in general the volume V S(E) of an ellipsoid

E =
{
x ∈ R

S; (x − µ)⊤Σ−1 (x − µ) ≤ q
}is

V S(E) = (qπ)S/2

(
Γ

(
S

2
+ 1

))−1

(det Σ)1/2,where Γ is the Γ-fun
tion. (see e.g. the book of Pazman 1986, P. 79).Moreover, Dλ-optimal designs minimizes the volume of ellipsoids where the power of the F -testgiven in Corollary 9.3.9 is bounded by given values. Namely, on the ellipsoid
Ed(q) :=

{
Lβ ∈ R

s; (Lβ − l)⊤ Iλ(d) (Lβ − l) ≤ σ2 k
}

,the power fun
tion (German: Gütefunktion) is given by
γd(β) ≤ 1 − FF(rk(L), rk(I−P ), k)(q(1 − α))(see Corollary 9.3.9).12.3 Chara
terizations of optimal designsThe 
hara
terizations of optimal designs based on the fa
t that the optimality 
riteria leads to
onvex fun
tionals on the set of generalized designs. We 
onsider here the following fun
tionals:

ΦA,λ : ∆λ ∋ δ −→ ΦA,λ(δ) := tr Iλ(δ)−1 = tr LIβ(δ)−L⊤ ∈ R,

ΦD,λ : ∆λ ∋ δ −→ ΦD,λ(δ) := ln det Iλ(δ)−1 = ln det LIβ(δ)−L⊤ ∈ R.Note that minimizing ΦD,λ(δ) leads to the Dλ-optimal designs sin
e the logarithm is a monotonein
reasing fun
tion. However the logarithm is ne
essary to provide the 
onvexity of the fun
tional.To prove the 
onvexity of the fun
tionals, we need the following lemmas.



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/200819712.3.1 LemmaIf M1, M2 ∈ R
R×R are symmetri
 and positive semide�nite and L ∈ R

S×R with L = K1M1 and
L = K2M2, then

L (α M1 + (1 − α)M2)
− L⊤ ≤ α LM−

1 L⊤ + (1 − α)LM−
2 L⊤.Proof. At �rst let be M1, M2 positive de�nite. Then also M := αM1 + (1 − α)M2 is symmetri
and positive de�nite. Hen
e we have for all x, y ∈ R

R

0 ≤
(
x⊤ − y⊤M−1

)
M
(
x − M−1y

)
= y⊤M−1y − (2x⊤y − x⊤M x),where equality holds if and only if x − M−1y = 0, i.e. x = M−1y. This means

y⊤M−1y = max
{

2x⊤y − x⊤M x; x ∈ R
R
}

,whi
h implies for all l ∈ R
S

l⊤LM−1 L⊤l = max
{

2x⊤L⊤l − x⊤M x; x ∈ R
R
}

= max
{

α (2x⊤L⊤l − x⊤M1 x) + (1 − α) (2x⊤L⊤l − x⊤M x); x ∈ R
R
}

≤ α max
{

2x⊤L⊤l − x⊤M1 x; x ∈ R
R
}

+ (1 − α) max
{
2x⊤L⊤l − x⊤M2 x; x ∈ R

R
}

x=M−1
1 L⊤l bzw. x=M−1

2 L⊤l
= α

(
2 l⊤LM−1

1 L⊤l − l⊤LM−1
1 L⊤l

)

+ (1 − α)
(
2 l⊤LM−1

2 L⊤l − l⊤LM−1
2 L⊤l

)

= α l⊤LM−1
1 L⊤l + (1 − α) l⊤LM−1

2 L⊤l.For the 
ase that M1 or M2 is not positive de�nite, see Kiefer (Journal of the Royal Statisti
al So
i-ety, B 21, P. 272�) or Ga�ke/Kra�t (Modern Applied Mathemati
s - Optimization and OperationResear
h, Korte (eds.), North Holland 1981). �12.3.2 LemmaIf A, B ∈ R
R×R are symmetri
 and positive de�nite and α ∈ (0, 1), then

det(α A + (1 − α)B) ≥ (det A)α (det B)1−α.
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es, then the 
on
avity of the logarithm provides
ln(det(α A + (1 − α)B)) = ln

R∏

r=1

(α Arr + (1 − α)Brr)

=
R∑

r=1

ln (α Arr + (1 − α)Brr) ≥
R∑

r=1

(α ln Arr + (1 − α) ln Brr)

= α ln
R∏

r=1

Arr + (1 − α) ln
R∏

r=1

Brr = ln

(
R∏

r=1

Arr

)α

+ ln

(
R∏

r=1

Brr

)1−α

.To prove the assertion for the general 
ase, we use the fa
t that a

ording to Lemma 12.2.2 thereexists a regular matrix U and diagonal matrix D su
h that
A = U⊤U and B = U⊤D U.Then we obtain with the above result
det(α A + (1 − α)B) = det(U⊤(α IR×R + (1 − α)D)U)

= (det U)2 det(α IR×R + (1 − α)D) ≥ (det U)2 (det IR×R)α (det D)1−α

=
(
(detU)2 det IR×R

)α (
(det U)2 det D

)1−α
= (detU⊤U)α (det U⊤D U)1−α

= (det A)α (det B)1−α.
�12.3.3 Theorema) ΦA,λ is 
onvex on ∆λ.b) ΦD,λ is 
onvex on ∆λ.Proof.a) Lemma 12.3.1 provides for all δ1, δ2 ∈ ∆λ

LIβ(αδ1 + (1 − α)δ2)
−L⊤ ≤ α L Iβ(δ1)

−L⊤ + (1 − α) LIβ(δ2)
−L⊤so that with Lemma 12.2.3 we obtain

ΦA,λ(αδ1 + (1 − α)δ2) = tr LIβ(αδ1 + (1 − α)δ2)
−L⊤

≤ tr (α L Iβ(δ1)
−L⊤ + (1 − α) LIβ(δ2)

−L⊤
)

= α tr LIβ(δ1)
−L⊤ + (1 − α) tr LIβ(δ2)

−L⊤ = α ΦA,λ(δ1) + (1 − α) ΦA,λ(δ2).
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ΦD,β(αδ1 + (1 − α)δ2) = ln det (Iβ(αδ1 + (1 − α)δ2)
−1)

= ln (det Iβ(αδ1 + (1 − α)δ2))
−1 = − ln (det Iβ(αδ1 + (1 − α)δ2))

= − ln (det α Iβ(δ1) + (1 − α) Iβ(δ2)) ≤ − ln ((det Iβ(δ1))
α (det Iβ(δ2))

1−α)

= −α ln (det Iβ(δ1)) − (1 − α) ln (det Iβ(δ2))

= α ln (det Iβ(δ1)
−1) + (1 − α) ln (det Iβ(δ2)

−1)

= α ΦD,β(δ1) + (1 − α) ΦD,β(δ2).The proof for general λ(β) = Lβ is mu
h more 
ompli
ated and 
an be found in the books ofPázman (1986) and Pukelsheim (1993). �Sin
e Iβ(δ) is a linear fun
tion in δ and the inverse, the tra
e, and the determinant are di�erentiablefun
tions, the fun
tionals ΦA,λ and ΦD,λ are Fré
het di�erentiable with respe
t to matri
 on ∆λwhi
h provides the weak topology. The dire
tional derivatives, the Gâteaux derivatives, have rathersimple forms. To derive these forms, we need the following lemma.12.3.4 Lemmaa) If A : R ∋ t → A(t) ∈ R
N×M and B : R ∋ t → A(t) ∈ R

M×K are di�erentiable in t0, then
∂

∂t
A(t) B(t)

∣∣∣∣
t=t0

=

(
∂

∂t
A(t)

∣∣∣∣
t=t0

)
B(t0) + A(t0)

(
∂

∂t
B(t)

∣∣∣∣
t=t0

)
.b) If A : R ∋ t → A(t) ∈ R

N×N is di�erentiable in t0 and A(t0) is regular, then
∂

∂t
A(t)−1

∣∣∣∣
t=t0

= −A(t0)
−1

(
∂

∂t
A(t)

∣∣∣∣
t=t0

)
A(t0)

−1and
∂

∂t
ln detA(t)

∣∣∣∣
t=t0

= tr (A(t0)
−1

(
∂

∂t
A(t)

∣∣∣∣
t=t0

))
.Proof.a) The assertion follows from the produ
t rule.
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∂

∂t
A(t)−1

∣∣∣∣
t=t0

=
∂

∂t
A(t)−1B(t)

∣∣∣∣
t=t0

=
∂

∂t
A(t)−1

∣∣∣∣
t=t0

+ A(t0)
−1

(
∂

∂t
A(t)

∣∣∣∣
t=t0

)
A(t0)

−1 + A(t0)
−1 A(t0)

(
∂

∂t
A(t)−1

∣∣∣∣
t=t0

)

= 2
∂

∂t
A(t)−1

∣∣∣∣
t=t0

+ A(t0)
−1

(
∂

∂t
A(t)

∣∣∣∣
t=t0

)
A(t0)

−1.To prove the se
ond assertion in b), let Π the set of all permutations of {1, . . . , N}. Then we have
det A(t) =

∑

π∈Π

sgn(π) A1π(1)(t) · . . . · ANπ(N)(t)

=

N∑

n=1

Akn(t)
∑

π∈Π, π(k)=n

sgn(π)

N∏

m=1, m6=k

Amπ(m)(t)

=

N∑

n=1

Akn(t) αkn(t)for all k = 1, . . . , N , where
αkn(t) =

∑

π∈Π, π(k)=n

sgn(π)
N∏

m=1, m6=k

Amπ(m)(t)is the 
ofa
tor of A(t) with respe
t to (k, n). It follows
∂

∂t
ln detA(t)

∣∣∣∣
t=t0

=
1

det A(t0)

∂

∂t
detA(t)

∣∣∣∣
t=t0

=
1

detA(t0)

N∑

k=1

∑

π∈Π

sgn(π)

(
∂

∂t
Akπ(k)(t)

∣∣∣∣
t=t0

)
N∏

m=1, m6=k

Amπ(m)(t)

=
1

detA(t0)

N∑

k=1

N∑

n=1

∑

π∈Π, π(k)=n

sgn(π)

(
∂

∂t
Akn(t)

∣∣∣∣
t=t0

)
N∏

m=1, m6=k

Amπ(m)(t)

=
1

detA(t0)

N∑

k=1

N∑

n=1

(
∂

∂t
Akn(t)

∣∣∣∣
t=t0

) ∑

π∈Π, π(k)=n

sgn(π)
N∏

m=1, m6=k

Amπ(m)(t)

=
1

detA(t0)

N∑

k=1

N∑

n=1

(
∂

∂t
Akn(t)

∣∣∣∣
t=t0

)
αkn

= tr (A(t0)
−1

(
∂

∂t
A(t)

∣∣∣∣
t=t0

))
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e A(t0)
−1 = 1

det A(t0)(αkn)k,n=1,...,N . �To de�ne Gâteaux di�erentiability, let ∆ be a subset of all probability measure on (T ,D) and de�nefor δ∗ ∈ ∆

∆(δ∗) := {δ ∈ ∆; there exists k > 0 with (1 − α) δ∗ + α δ ∈ ∆ for all α ≤ k} .12.3.5 De�nition (Dire
tional derivative and Gâteaux di�erentiability)a) The dire
tional derivative of the fun
tional Φ : ∆ −→ R at δ∗ in dire
tion of δ is de�ned as
Φ′(δ∗, δ) := lim

α↓0
Φ((1 − α) δ∗ + α δ) − Φ(δ∗)

α
= lim

α↓0
Φ(δ∗ + α (δ − δ∗)) − Φ(δ∗)

α
.b) The fun
tional Φ : ∆ −→ R is Gâteaux di�erentiable at δ∗ if and only if Φ′(δ∗, δ) exists for all

δ ∈ ∆(δ∗) and
Φ′(δ∗, δ) =

∫
Φ′(δ∗, et) δ(dt)for all δ ∈ ∆(δ∗), where et is the Dira
 measure on t, i.e. et(A) = 1IA(t) for all A ∈ D.12.3.6 TheoremIf rk(L) = s, then we have for all δ with (1 − α) δ∗ + α δ ∈ ∆λ for su�
ient small α the followingdire
tional derivatives

a) Φ′
A,λ(δ∗, δ) = trLIβ(δ∗)

−L⊤ −
∫

|LIβ(δ∗)
−x(t)|2 δ(dt),

b) Φ′
D,λ(δ∗, δ) = S −

∫
x(t)⊤Iβ(δ∗)−L⊤ (LIβ(δ∗)−L⊤)−1 LIβ(δ∗)−x(t) δ(dt).Proof. Let be δ(α) = (1 − α) δ∗ + α δ. Sin
e Iβ(δ) is linear in δ we have

∂

∂α
Iβ(δ(α))

∣∣∣∣
α=0

= lim
α↓0

Iβ((1 − α) δ∗ + α δ) − Iβ(δ∗)
α

= lim
α↓0

∫
x(t)x(t)⊤ ((1 − α) δ∗ + α δ)(dt) −

∫
x(t)x(t)⊤ δ∗(dt)

α

= lim
α↓0

α (
∫

x(t)x(t)⊤ δ(dt) −
∫

x(t)x(t)⊤ δ∗(dt))

α

= Iβ(δ) − Iβ(δ∗). (22)At �rst we assume that Iβ(δ∗) is regular.
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Φ′

A,λ(δ∗, δ) =
∂

∂α
trLIβ(δ(α))−1L⊤

∣∣∣∣
α=0

= trL ( ∂

∂α
Iβ(δ(α))−1

∣∣∣∣
α=0

)
L⊤Lemma 12.3.4

= −trLIβ(δ∗)
−1

(
∂

∂α
Iβ(δ(α))

∣∣∣∣
α=0

)
Iβ(δ∗)

−1 L⊤

(22)
= −trLIβ(δ∗)

−1 (Iβ(δ) − Iβ(δ∗)) Iβ(δ∗)
−1 L⊤

= trLIβ(δ∗)−1L⊤ − trLIβ(δ∗)−1 Iβ(δ) Iβ(δ∗)−1 L⊤

= trLIβ(δ∗)−1L⊤ − tr ∫ LIβ(δ∗)−1 x(t)x(t)⊤ Iβ(δ∗)−1 L⊤ δ(dt)

= trLIβ(δ∗)−1L⊤ −
∫

|LIβ(δ∗)−1x(t)|2 δ(dt).b) Lemma 12.3.4 and Lemma 8.1.3 provide
Φ′

D,λ(δ∗, δ) =
∂

∂α
ln det LIβ(δ(α))−1L⊤

∣∣∣∣
α=0Lemma 12.3.4

= tr ((LIβ(δ∗)
−1L⊤)−1 ∂

∂α
L Iβ(δ(α))−1L⊤

∣∣∣∣
α=0

)

= tr ((LIβ(δ∗)−1L⊤)−1 L

(
∂

∂α
Iβ(δ(α))−1

∣∣∣∣
α=0

)
L⊤
)Lemma 12.3.4

= −tr ((LIβ(δ∗)
−1L⊤)−1 LIβ(δ∗)

−1

(
∂

∂α
Iβ(δ(α))

∣∣∣∣
α=0

)
Iβ(δ∗)

−1 L⊤
)

(22)
= −tr ((LIβ(δ∗)−1L⊤)−1 LIβ(δ∗)−1 (Iβ(δ) − Iβ(δ∗)) Iβ(δ∗)−1 L⊤

)

= tr ((LIβ(δ∗)−1L⊤)−1 LIβ(δ∗)−1L⊤
)

− tr ((LIβ(δ∗)−1L⊤)−1 LIβ(δ∗)−1 Iβ(δ) Iβ(δ∗)−1 L⊤
)

= tr IS×S −
∫ tr ((LIβ(δ∗)−1L⊤)−1 LIβ(δ∗)−1 x(t)x(t)⊤ Iβ(δ∗)−1 L⊤

)
δ(dt)Lemma 8.1.3

= S −
∫

x(t)⊤Iβ(δ∗)−1 L⊤(LIβ(δ∗)−1L⊤)−1 LIβ(δ∗)−1 x(t) δ(dt).The proof for singular Iβ(δ∗) follows from the above properties with the fa
t that there exists alwaysa regression fun
tion x̃ : T → R
Q and L̃ ∈ R

S×Q so that Ĩβ(δ∗) =
∫

x̃(t) x̃(t)⊤ δ∗(dt) is regular and
LIβ(δ∗)−L⊤ = L̃ Ĩβ(δ∗)−1L̃⊤ and LIβ(δ∗)−x(t) = L̃ Ĩβ(δ∗)−1x̃(t) for all t ∈ supp((1 − α) δ∗ + α δ),where supp(δ) denotes the support of δ, i.e. the smallest set A ∈ D with δ(A) = 1. �12.3.7 CorollaryIf rk(L) = s, then Φ′

A,λ and Φ′
D,λ are Gâteaux di�erentiable at δ∗.
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Φ′

A,λ(δ∗, δ) =

∫
Φ′

A,λ(δ∗, et) δ(dt)and
Φ′

D,λ(δ∗, δ) =

∫
Φ′

D,λ(δ∗, et) δ(dt),whi
h are the additional 
onditions for Gâteaux di�erentiability. �12.3.8 Theorem (Theorem of Whittle)Let be ∆ a 
onvex subset of all probability measure on (T ,D), δ∗ ∈ ∆, et ∈ ∆(δ∗) for all t ∈ T , and
Φ : ∆ → R 
onvex and Gâteaux di�erentiable at δ∗. Then the following assertions are equivalent:

a) Φ(δ∗) = min
δ∈∆

Φ(δ),

b) Φ′(δ∗, δ) ≥ 0 for all δ ∈ ∆,

c) Φ′(δ∗, et) ≥ 0 for all t ∈ T .Ea
h of the assertion a), b), and 
) implies
d) Φ′(δ∗, et) = 0 for all t ∈ supp(δ∗).Thereby, supp(δ) denotes the support of δ, i.e. the smallest set A ∈ D with δ(A) = 1.Proof.

a) =⇒ b) : If Φ(δ∗) = minδ∈∆ Φ(δ), then
Φ(δ∗) ≤ Φ((1 − α) δ∗ + α δ)for all δ ∈ ∆(δ∗) for su�
ient small α. This implies
Φ′(δ∗, δ) = lim

α↓0
Φ((1 − α) δ∗ + α δ) − Φ(δ∗)

α
≥ 0for all δ ∈ ∆(δ∗).

b) =⇒ c) : This follows at on
e with δ = et and et ∈ ∆(δ∗) for all t ∈ T .
c) =⇒ a) : Let be δ ∈ ∆ arbitrary. Sin
e ∆ and Φ are 
onvex, it holds (1 − α) δ∗ + α δ ∈ ∆ for all
α ∈ [0, 1] and

Φ(δ) − Φ(δ∗) =
(1 − α)Φ(δ∗) + α Φ(δ) − Φ(δ∗)

α
≥ Φ((1 − α) δ∗ + α δ) − Φ(δ∗)

α
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Φ(δ) − Φ(δ∗) ≥ lim

α↓0
Φ((1 − α) δ∗ + α δ) − Φ(δ∗)

α
= Φ′(δ∗, δ) =

∫
Φ′(δ∗, et) δ(dt)

c)

≥ 0.

c) =⇒ d) : Φ′(δ∗, et) ≥ 0 for all t ∈ T and
0 = Φ′(δ∗, δ∗) =

∫
Φ′(δ∗, et) δ∗(dt)implies Φ′(δ∗, et) = 0 for all t ∈ supp(δ∗). �12.3.9 Theorem (Equivalen
e theorem for A-optimality)Let be ∆ ⊂ ∆λ 
onvex, δ∗ ∈ ∆, et ∈ ∆(δ∗) for all t ∈ T , and rk(L) = S. Then the followingassertions are equivalent:

a) δ∗ is Aλ optimal in ∆,

b) |LIβ(δ∗)−x(t)|2 ≤ trLIβ(δ∗)−L⊤ for all t ∈ T .If δ∗ is Aλ-optimal in ∆, then
c) |LIβ(δ∗)−x(t)|2 = trLIβ(δ∗)−L⊤ for all t ∈ supp(δ∗).Proof. The assertion follows at on
e from Theorem 12.3.6 a) and Theorem 12.3.8. �12.3.10 Theorem (Equivalen
e theorem for D-optimality)Let be ∆ ⊂ ∆λ 
onvex, δ∗ ∈ ∆, et ∈ ∆(δ∗) for all t ∈ T , and rk(L) = S. Then the followingassertions are equivalent:
a) δ∗ is Dλ optimal in ∆,

b) x(t)⊤Iβ(δ∗)−L⊤ (LIβ(δ∗)−L⊤)−1 LIβ(δ∗)−x(t) ≤ S for all t ∈ T .If δ∗ is Dλ-optimal in ∆, then
c) x(t)⊤Iβ(δ∗)−L⊤ (LIβ(δ∗)−L⊤)−1 LIβ(δ∗)−x(t) = S for all t ∈ supp(δ∗).Proof. The assertion follows at on
e from Theorem 12.3.6 b) and Theorem 12.3.8. �12.3.11 RemarkThe 
ondition et ∈ ∆(δ∗) for all t ∈ T is satis�ed for example for ∆ = ∆λ (see Lemma 12.1.10).
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x(t) = (1, t)⊤ with t ∈ T ⊂ Rand
β = (β0, β1)

⊤,where β0 is the inter
ept and β1 the slope of the regression line.12.4.1 LemmaIf T = [−a, a] for 0 < a ∈ R, then δ∗ = 1
2 (e−a + ea) is Aβ-optimal and Dβ-optimal in ∆β.Proof. We have x(t) = (1, t)⊤ so that

Iβ(δ∗) =

∫
x(t)x(t)⊤ δ∗(dt) =

1

2

(
x(−a)x(−a)⊤ + x(a)x(a)⊤

)

=
1

2

((
1

−a

)
(1 − a) +

(
1

a

)
(1 a)

)
=

(
1 0

0 a2

)
.Sin
e L = I2×2, we obtain for all t ∈ [−a, a]

|LIβ(δ∗)−1x(t)|2 =

∣∣∣∣∣

(
1 0

0 a−2

) (
1

t

)∣∣∣∣∣

2

= 1 + a−4t2 ≤ 1 + a−2 = tr Iβ(δ∗)
−1and

x(t)⊤Iβ(δ∗)
−1L⊤ (LIβ(δ∗)

−L⊤)−1 LIβ(δ∗)
−x(t) = x(t)⊤Iβ(δ∗)

−1x(t)

= (1 t)

(
1 0

0 a−2

) (
1

t

)
= 1 + a−2t2 ≤ 2so that δ∗ is Aβ-optimal and Dβ-optimal in ∆β a

ording to Theorem 12.3.9 and Theorem 12.3.10,respe
tively. �12.4.2 LemmaIf T = [0, a] for 0 < a ∈ R, then δD = 1

2 (e0 + ea) is Dβ-optimal in ∆β but not Aβ-optimal. The
Aβ-optimal design in ∆β is δA = 1√

1+a2 +1

(√
1 + a2 e0 + ea

).
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ause of
Iβ(δD) =

∫
x(t)x(t)⊤ δD(dt) =

1

2

(
x(0)x(0)⊤ + x(a)x(a)⊤

)

=
1

2

((
1

0

)
(1 0) +

(
1

a

)
(1 a)

)
=

1

2

(
2 a

a a2

)
,

Iβ(δD)−1 =
2

a2

(
a2 −a

−a 2

)
,we have for all t ∈ [0, a]

x(t)⊤Iβ(δD)−1L⊤ (LIβ(δD)−L⊤)−1 LIβ(δD)−x(t) = x(t)⊤Iβ(δD)−1x(t)

= (1 t)
2

a2

(
a2 −a

−a 2

) (
1

t

)

=
2

a2
(1 t)

(
a2 − a t

2 t − a

)
=

2

a2
(a2 − a t + 2t2 − a t) =

2

a2
(a2 + 2 t(t − a)) ≤ 2,so that δD is Dβ-optimal a

ording to Theorem 12.3.10. Moreover, we obtain

|LIβ(δD)−1x(t)|2 = |Iβ(δD)−1x(t)|2

=

∣∣∣∣∣
2

a2

(
a2 −a

−a 2

) (
1

t

)∣∣∣∣∣

2

=

∣∣∣∣∣
2

a2

(
a2 − ta

2t − a

)∣∣∣∣∣

2

=
4

a4

(
(a2 − ta)2 + (2t − a)2

) t=0
=

4

a4

(
a4 + a2

)
=

1

a2

(
4a2 + 4

)

≥ 1

a2

(
2a2 + 4

)
=

2

a2
(a2 + 2) = tr Iβ(δD)−1,so that 
ondition b) of Theorem 12.3.9 is violated whi
h means that δD is not Aβ-optimal. To showthat δA is Aβ-optimal, set ξ = 1√

1+a2 +1
. Then we have

Iβ(δA) =

∫
x(t)x(t)⊤ δA(dt) =

(
(1 − ξ) x(0)x(0)⊤ + ξ x(a)x(a)⊤

)

=

(
(1 − ξ)

(
1

0

)
(1 0) + ξ

(
1

a

)
(1 a)

)
=

(
1 ξ a

ξ a ξ a2

)
,

Iβ(δD)−1 =
1

ξ a2(1 − ξ)

(
ξ a2 −ξ a

−ξ a 1

)
,so thattr Iβ(δA)−1 =

ξ a2 + 1

ξ a2(1 − ξ)
.
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ondition b) of Theorem 12.3.9,
|LIβ(δA)−1x(t)|2 = |Iβ(δA)−1x(t)|2 ≤ tr Iβ(δA)−1for all t ∈ [0, a], is equivalent with
∣∣∣∣∣

1

ξ a2(1 − ξ)

(
ξ a2 −ξ a

−ξ a 1

) (
1

t

)∣∣∣∣∣

2

=

∣∣∣∣∣
1

ξ a2(1 − ξ)

(
ξ a2 − ξ a t

t − ξ a

)∣∣∣∣∣

2

=
1

ξ2 a4(1 − ξ)2
(
(ξ a2 − ξ a t)2 + (t − ξ a)2

)
=

ξ2 a2(a − t)2 + (t − ξ a)2

ξ2 a4(1 − ξ)2
≤ ξ a2 + 1

ξ a2(1 − ξ)

⇐⇒ ξ2 a2(a − t)2 + (t − ξ a)2 ≤
(
ξ a2 + 1

) (
ξ a2(1 − ξ)

)

⇐⇒ ξ2 a2(a2 − 2 a t + t2) + (t2 − 2 t ξ a + ξ2 a2) ≤
(
ξ a2 + 1

) (
a2(ξ − ξ2)

)

⇐⇒ t2(ξ2 a2 + 1) − 2t ξ a (ξ a2 + 1) + ξ2 a4 + ξ2 a2 ≤ ξ2 a4 + ξ a2 − ξ3 a4 − ξ2 a2

⇐⇒ t2(ξ2 a2 + 1) − 2t ξ a (ξ a2 + 1) + 2 ξ2 a2 − ξ a2 + ξ3 a4 ≤ 0. (23)Using the spe
ial form of
ξ =

1√
1 + a2 + 1

=

√
1 + a2 − 1

(
√

1 + a2 + 1)(
√

1 + a2 − 1)
=

√
1 + a2 − 1

a2we obtain
2 ξ2 a2 − ξ a2 + ξ3 a4 =

2 (
√

1 + a2 − 1)2

a2
−
(√

1 + a2 − 1
)

+
(
√

1 + a2 − 1)2 (
√

1 + a2 − 1)

a2

=
2(1 + a2 − 2

√
1 + a2 + 1) − a2

√
1 + a2 + a2 + (1 + a2 − 2

√
1 + a2 + 1)(

√
1 + a2 − 1)

a2

=
1

a2

(
4 + 2 a2 − 4

√
1 + a2 − a2

√
1 + a2 + a2

+
√

1 + a2 + a2
√

1 + a2 − 2 − 2 a2 +
√

1 + a2 − 1 − a2 + 2
√

1 + a2 − 1
)

= 0.Hen
e the inequality (23) is equivalent with
t2(ξ2 a2 + 1) − 2t ξ a (ξ a2 + 1) ≤ 0.We see at on
e that equality holds if t = 0. The se
ond root of the quadrati
 fun
tion
f(t) = t2(ξ2 a2 + 1) − 2t ξ a (ξ a2 + 1)
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t =

2ξ a (ξ a2 + 1)

ξ2 a2 + 1
=

2 a
√

1+a2 −1
a2

√
1 + a2

(
√

1+a2 −1)2

a2 + 1
=

2 a (
√

1 + a2 − 1)
√

1 + a2

(
√

1 + a2 − 1)2 + a2

=
a 2

(
1 + a2 −

√
1 + a2

)

1 + a2 − 2
√

1 + a2 + 1 + a2
=

a 2
(
1 + a2 −

√
1 + a2

)

2 + 2 a2 − 2
√

1 + a2
= a.This means that the quadrati
 fun
tion f is zero for t = 0 and t = a and smaller than zero for all

t ∈ [0, a]. Hen
e inequality (23) holds for all t ∈ [0, a], so that the 
riterion b) of Theorem 12.3.9for Aβ-optimality of δA is satis�ed. �12.4.3 RemarkThe somehow surprising result of Lemma 12.4.2 for the Aβ-optimal design 
an be explained asfollows: The A-optimality 
riterion is in parti
ular appropriate for estimation sin
e it is the averageof the varian
e of the estimators for the single 
omponents. Sin
e the inter
ept 
an be estimatedonly with observations at 0, while the slope 
an be estimated only with observations at 0 and a, itis advantageous to have more observations at 0.Nevertheless the Aβ-optimal design has the disadvantage that it depends on the s
ale of the exper-imental region T . If we use another unit of measurement, we obtain a di�erent optimal design.12.4.4 LemmaIf T = [0, a] for 0 < a ∈ R and the interesting aspe
t is the slope of the regression line, i.e.
λ(β) = β1, then δ∗ = 1

2 (e0 + ea) is Aλ-optimal and Dλ-optimal in ∆λ.Proof. In the proof of Lemma 12.4.2 it was shown
Iβ(δ∗)

−1 =
2

a2

(
a2 −a

−a 2

)
,so that with L = (0, 1) we obtain

∣∣LIβ(δ∗)
−1x(t)

∣∣2 =

∣∣∣∣∣
2

a2
(−a 2)

(
1

t

)∣∣∣∣∣

2

=
4

a4
(2 t − a)2

=
4

a4
(4 t2 − 4t a + a2) ≤ 4

a2
= LIβ(δ∗)

−1L⊤for all t ∈ [0, a] sin
e the 4 t2 − 4t a ≤ 0 for t ∈ [0, 1]. Hen
e Theorem 12.3.9 provides the Aλ-optimality of δ∗. Sin
e LIβ(δ∗)−1L⊤ is one-dimensional, the Aλ-optimal design 
oin
ides with the
Dλ-optimal design. �
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tor with A levels so that
x(t) = (1I1(t), . . . , 1IA(t))⊤ ∈ R

A for t ∈ T = {1, . . . , A},
β = (µ1, . . . , µA)⊤ ∈ R

A.If the �rst level is a 
ontrol level (the standard 
rop, the pla
ebo), then the interesting aspe
t of βis
λ(β) =




µ2 − µ1...
µA − µ1


 = Lβ with L = (−1A−1 | IA−1×A−1) ∈ R

A−1×A. (24)12.5.1 LemmaIf T = {1, . . . , A} and the interesting aspe
t is given by (24), then δD = 1
A

∑A
a=1 ea is Dλ-optimalin ∆λ and δA = 1√

A−1 +A−1

(√
A − 1 e1 +

∑A
a=2 ea

) is Aλ-optimal in ∆λ.Proof. For proving the Dλ-optimality of δD, note
Iβ(δD) =

1

A
IA×A,

L Iβ(δD)−1L⊤ = A LL⊤ = A (−1A−1 | IA−1×A−1)

(
−1⊤A−1

IA−1×A−1

)
,

= A (1A−1×A−1 + IA−1×A−1) ,

(
LIβ(δD)−1L⊤

)−1 Lemma 10.1.2
=

1

A

(
IA−1×A−1 −

1

A
1A−1×A−1

)

Iβ(δD)−1L⊤
(
LIβ(δD)−1L⊤

)−1
L Iβ(δD)−1

=
A2

A

(
−1⊤A−1

IA−1×A−1

) (
IA−1×A−1 −

1

A
1A−1×A−1

)
(−1A−1 | IA−1×A−1)

= A

(
−1⊤A−1

IA−1×A−1

) (
−1A−1 +

A − 1

A
1A−1 | IA−1×A−1 −

1

A
1A−1×A−1

)

= A

(
A − 1 − (A−1)2

A −1⊤A−1 + A−1
A 1⊤A−1

−1A−1 + A−1
A 1A−1 IA−1×A−1 − 1

A1A−1×A−1

)

=

(
A − 1 −1⊤A−1

−1A−1 A IA−1×A−1 − 1A−1×A−1

)
.



Christine MüllerManus
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e for all t ∈ {1, . . . , A}, we have
x(t)⊤ Iβ(δD)−1L⊤

(
LIβ(δD)−1L⊤

)−1
L Iβ(δD)−1 x(t) = A − 1,so that δD is Dλ-optimal a

ording to Theorem 12.3.10. The proof of the Aλ-optimality of δA baseson the following 
al
ulations:

Iβ(δA) =
1√

A − 1 + A − 1

( √
A − 1 0⊤A−1

0A−1 IA−1×A−1

)
,

Iβ(δA)−1 =
(√

A − 1 + A − 1
) ( 1√

A−1
0⊤A−1

0A−1 IA−1×A−1

)
,

L Iβ(δA)−1 =
(√

A − 1 + A − 1
)

(−1A−1 | IA−1×A−1)

(
1√

A−1
0⊤A−1

0A−1 IA−1×A−1

)

=
(√

A − 1 + A − 1
) (

− 1√
A − 1

1A−1 | IA−1×A−1

)
,

L Iβ(δA)−1L⊤ =
(√

A − 1 + A − 1
) (

− 1√
A − 1

1A−1 | IA−1×A−1

)( −1⊤A−1

IA−1×A−1

)

=
(√

A − 1 + A − 1
) ( 1√

A − 1
1A−1×A−1 + IA−1×A−1

)
,tr L Iβ(δA)−1L⊤ =

(√
A − 1 + A − 1

) ( 1√
A − 1

(A − 1) + (A − 1)

)
=
(√

A − 1 + A − 1
)2

,

∣∣L Iβ(δA)−1x(1)
∣∣2 =

∣∣∣∣∣∣∣∣∣∣

(√
A − 1 + A − 1

) (
− 1√

A − 1
1A−1 | IA−1×A−1

)



1

0...
0




∣∣∣∣∣∣∣∣∣∣

2

=
(√

A − 1 + A − 1
)2 1

A − 1
(A − 1),

∣∣L Iβ(δA)−1x(t)
∣∣2 =

(√
A − 1 + A − 1

)2 for t ∈ {2, . . . , A}.Hen
e for all t ∈ {1, . . . , A} it holds
∣∣L Iβ(δA)−1x(t)

∣∣2 = tr L Iβ(δA)−1L⊤so that Theorem 12.3.9 provides the Aλ-optimality of δA. �12.5.2 RemarkFor testing the hypothesis H0 : µ1 = µ2 = . . . = µA the design should not depend on equivalentformulations of the hypothesis. Sin
e
H0 :




µ2 − µ1...
µA − µ1


 = 0A−1 and H0 :




µ1 − µA...
µA−1 − µA


 = 0A−1
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008211are two equivalent formulation of H0 : µ1 = µ2 = . . . = µA, the optimal design should not dependwhi
h level is 
hosen as 
ontrol. This is satis�ed by the D-optimal design, so that this shows againthat D-optimal designs are in parti
ular appropriate for testing. Sin
e the D-optimal design is thebalan
ed design, we see that balan
ed designs have also optimality properties with respe
t to thepower of the test.However, if we want to estimate the additional e�e
ts of the new treatments 
ompared with thestandard treatment given by level 1, then the interest lies really in estimating
Lβ =




µ2 − µ1...
µA − µ1


and this should be done as pre
isely as possible. Hen
e the sum of the varian
es of the single
omponent estimates should be as small as possible. Sin
e µ1 is involved in ea
h 
omponent, thepre
ision of ea
h 
omponent estimate will be high if the pre
ision of the estimate of µ1 is high. Hen
ea high pre
ision of the estimate of µ1 in�uen
es the pre
ision of all 
omponent estimates. This isa
hieved by more observations at level 1 than at the other levels. Sin
e A-optimal designs providethis property, we see again that A-optimal designs are in parti
ular appropriate for estimation.Further literature1. Atkinson, A.C. and Donev, A.N. (1992). Optimum Experimental Designs. Clarendon Press,Oxford.2. Billingsley, P. (1968). Convergen
e of Probability Measures. John Wiley, New York.3. Pázman, A. (1986). Foundations of Optimum Experimental Design. Reidel, Dordre
ht.4. Pistone, G., Ri

omagno, E., and Wynn, H.P. (2001). Algebrai
 Statisti
s: ComputationalCommutative Algebra in Statisti
s. Chapman & Hall/CRC.5. Pukelsheim, F. (1993). Optimal Design of Experiments. John Wiley, New York.6. Silvey, S.D. (1980). Optimal Design. Chapman and Hall, London.
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al exer
ises13.1 Solution of Exer
ise 1.4.1> 
hi
kenC<-
hi
ken0[,
(1,2)℄> 
hi
kenC<-
bind(
hi
ken0[,
(1,2)℄,"Control")> 
hi
kenL<-
bind(
hi
ken0[,
(1,3)℄,"Low")> 
hi
kenH<-
bind(
hi
ken0[,
(1,4)℄,"High")> names(
hi
kenC)<-
("Blo
k","Weight","Feed")> names(
hi
kenL)<-
("Blo
k","Weight","Feed")> names(
hi
kenH)<-
("Blo
k","Weight","Feed")> 
hi
ken<-rbind(
hi
kenC,
hi
kenL,
hi
kenH)> row.names(
hi
ken)<-1:2413.2 Solution of Exer
ise 1.5.1> split0<-read.table("SPLIT.DAT")> str(split0)`data.frame': 36 obs. of 8 variables:$ V1: int 1 1 1 1 1 1 1 1 1 1 ...$ V2: int 1 1 1 1 2 2 2 2 3 3 ...$ V3: int 0 1 2 4 0 1 2 4 0 1 ...$ V4: int 111 130 157 174 117 114 161 141 105 140 ...$ V5: int 4 4 4 4 4 4 4 4 4 4 ...$ V6: int 1 1 1 1 2 2 2 2 3 3 ...$ V7: int 0 1 2 4 0 1 2 4 0 1 ...$ V8: int 74 89 81 122 64 103 132 133 70 89 ...> split01<-split0[1:4℄> split02<-split0[5:8℄> names(split01)<-
("Blo
k","Variety","Manure","Yield")> names(split02)<-
("Blo
k","Variety","Manure","Yield")> split<-rbind(split01,split02)> str(split)`data.frame': 72 obs. of 4 variables:$ Blo
k : int 1 1 1 1 1 1 1 1 1 1 ...$ Variety: int 1 1 1 1 2 2 2 2 3 3 ...$ Manure : int 0 1 2 4 0 1 2 4 0 1 ...$ Yield : int 111 130 157 174 117 114 161 141 105 140 ...> row.names(split)<-1:72> split$Blo
k<-as.fa
tor(split$Blo
k)> split$Variety<-as.fa
tor(split$Variety)
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(split$Manure)/100> split$Yield<-as.numeri
(split$Yield)> str(split)`data.frame': 72 obs. of 4 variables:$ Blo
k : Fa
tor w/ 6 levels "1","2","3","4",..: 1 1 1 1 1 1 1 1 1 1 ...$ Variety: Fa
tor w/ 3 levels "1","2","3": 1 1 1 1 2 2 2 2 3 3 ...$ Manure : num 0 0.01 0.02 0.04 0 0.01 0.02 0.04 0 0.01 ...$ Yield : num 111 130 157 174 117 114 161 141 105 140 ...> split.b<-split> split.b$Manure<-as.fa
tor(split.b$Manure)> str(split.b)`data.frame': 72 obs. of 4 variables:$ Blo
k : Fa
tor w/ 6 levels "1","2","3","4",..: 1 1 1 1 1 1 1 1 1 1 ...$ Variety: Fa
tor w/ 3 levels "1","2","3": 1 1 1 1 2 2 2 2 3 3 ...$ Manure : Fa
tor w/ 4 levels "0","0.01","0.02",..: 1 2 3 4 1 2 3 4 1 2 ...$ Yield : num 111 130 157 174 117 114 161 141 105 140 ...13.3 Solution of Exer
ise 1.5.2At �rst a data �le PEPPERS3.DAT of the following form is 
reated:0 0 0 0 1 1 1 10 0 1 1 0 0 1 10 1 0 1 0 1 0 111.4 13.2 10.4 - 13.7 - 12.0 12.5- 8.4 6.5 6.1 10.8 9.4 - 9.1- 13.7 - - 14.6 16.5 12.8 12.9- - - - - 15.4 - -- 10.7 - - 10.9 10.9 9.0 10.2- - - - - - 10.1 -> pepper0<-read.table("PEPPERS3.DAT",na.strings="-")> pepper1<-data.frame(pepper0[-
(1,2,3),℄,
("Y1","Y1","Y2","Y2","Y2","Y2"),+ 
("B1","B2","B1","B1","B2","B2"))> str(pepper1)`data.frame': 6 obs. of 10 variables:$ V1 : num 11.4 NA NA NA NA NA$ V2 : num 13.2 8.4 13.7 NA 10.7 NA$ V3 : num 10.4 6.5 NA NA NA NA$ V4 : num NA 6.1 NA NA NA NA$ V5 : num 13.7 10.8 14.6 NA 10.9 NA$ V6 : num NA 9.4 16.5 15.4 10.9 NA$ V7 : num 12 NA 12.8 NA 9 10.1$ V8 : num 12.5 9.1 12.9 NA 10.2 NA$ 
..Y1....Y1....Y2....Y2....Y2....Y2..: Fa
tor w/ 2 levels "Y1","Y2": 1 1 2 2 2 2$ 
..B1....B2....B1....B1....B2....B2..: Fa
tor w/ 2 levels "B1","B2": 1 2 1 1 2 2
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(1,9,10)℄,"0","0","0")> P2<-data.frame(pepper1[,
(2,9,10)℄,"0","0","1")> P3<-data.frame(pepper1[,
(3,9,10)℄,"0","1","0")> P4<-data.frame(pepper1[,
(4,9,10)℄,"0","1","1")> P5<-data.frame(pepper1[,
(5,9,10)℄,"1","0","0")> P6<-data.frame(pepper1[,
(6,9,10)℄,"1","0","1")> P7<-data.frame(pepper1[,
(7,9,10)℄,"1","1","0")> P8<-data.frame(pepper1[,
(8,9,10)℄,"1","1","1")> names(P1)<-
("Ex
ess","Year","Blo
k","Heating","Lighting","CO2")> names(P2)<-
("Ex
ess","Year","Blo
k","Heating","Lighting","CO2")> names(P3)<-
("Ex
ess","Year","Blo
k","Heating","Lighting","CO2")> names(P4)<-
("Ex
ess","Year","Blo
k","Heating","Lighting","CO2")> names(P5)<-
("Ex
ess","Year","Blo
k","Heating","Lighting","CO2")> names(P6)<-
("Ex
ess","Year","Blo
k","Heating","Lighting","CO2")> names(P7)<-
("Ex
ess","Year","Blo
k","Heating","Lighting","CO2")> names(P8)<-
("Ex
ess","Year","Blo
k","Heating","Lighting","CO2")> pepper<-rbind(P1,P2,P3,P4,P5,P6,P7,P8)> pepper<-pepper[!is.na(pepper[,1℄),℄> row.names(pepper)<-1:length(pepper[,1℄)> str(pepper)`data.frame': 24 obs. of 6 variables:$ Ex
ess : num 11.4 13.2 8.4 13.7 10.7 10.4 6.5 6.1 13.7 10.8 ...$ Year : Fa
tor w/ 2 levels "Y1","Y2": 1 1 1 2 2 1 1 1 1 1 ...$ Blo
k : Fa
tor w/ 2 levels "B1","B2": 1 1 2 1 2 1 2 2 1 2 ...$ Heating : Fa
tor w/ 2 levels "0","1": 1 1 1 1 1 1 1 1 2 2 ...$ Lighting: Fa
tor w/ 2 levels "0","1": 1 1 1 1 1 2 2 2 1 1 ...$ CO2 : Fa
tor w/ 2 levels "0","1": 1 2 2 2 2 1 1 2 1 1 ...> pepperEx
ess Year Blo
k Heating Lighting CO21 11.4 Y1 B1 0 0 02 13.2 Y1 B1 0 0 13 8.4 Y1 B2 0 0 14 13.7 Y2 B1 0 0 15 10.7 Y2 B2 0 0 16 10.4 Y1 B1 0 1 07 6.5 Y1 B2 0 1 08 6.1 Y1 B2 0 1 19 13.7 Y1 B1 1 0 010 10.8 Y1 B2 1 0 011 14.6 Y2 B1 1 0 012 10.9 Y2 B2 1 0 013 9.4 Y1 B2 1 0 114 16.5 Y2 B1 1 0 115 15.4 Y2 B1 1 0 116 10.9 Y2 B2 1 0 117 12.0 Y1 B1 1 1 018 12.8 Y2 B1 1 1 019 9.0 Y2 B2 1 1 0
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/200821520 10.1 Y2 B2 1 1 021 12.5 Y1 B1 1 1 122 9.1 Y1 B2 1 1 123 12.9 Y2 B1 1 1 124 10.2 Y2 B2 1 1 113.4 Solution of Exer
ise 1.7.2> str(mustard0)`data.frame': 10 obs. of 4 variables:$ V1: int 21 39 31 13 52 39 55 50 29 17$ V2: int 27 21 26 12 11 8 NA NA NA NA$ V3: int 22 16 20 14 32 28 36 41 17 22$ V4: int 21 39 20 24 20 NA NA NA NA NA> summary(mustard0)V1 V2 V3 V4Min. :13.00 Min. : 8.00 Min. :14.00 Min. :20.01st Qu.:23.00 1st Qu.:11.25 1st Qu.:17.75 1st Qu.:20.0Median :35.00 Median :16.50 Median :22.00 Median :21.0Mean :34.60 Mean :17.50 Mean :24.80 Mean :24.83rd Qu.:47.25 3rd Qu.:24.75 3rd Qu.:31.00 3rd Qu.:24.0Max. :55.00 Max. :27.00 Max. :41.00 Max. :39.0NA's : 4.00 NA's : 5.0> str(mustard)`data.frame': 31 obs. of 3 variables:$ length : num 21 39 31 13 52 39 55 50 29 17 ...$ grow.
onditions: Fa
tor w/ 2 levels "light","dark": 1 1 1 1 1 1 1 1 1 1 ...$ 
utting : Fa
tor w/ 2 levels "
ut","non
ut": 1 1 1 1 1 1 1 1 1 1 ...> summary(mustard)length grow.
onditions 
uttingMin. : 8.00 light:16 
ut :201st Qu.:18.50 dark :15 non
ut:11Median :22.00Mean :26.553rd Qu.:34.00Max. :55.00Starting from the data table mustard, we obtain the same results for the 4 treatment groups asusing mustard0 using the following steps:> mustard11<-mustard[mustard$grow.
onditions=="light" &+ mustard$
utting=="
ut","length"℄> mustard12<-mustard[mustard$grow.
onditions=="light"&mustard $+ 
utting=="non
ut","length"℄> mustard21<-mustard[mustard$grow.
onditions=="dark"&mustard $+ 
utting=="
ut","length"℄> mustard22<-mustard[mustard$grow.
onditions=="dark" &
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utting=="non
ut","length"℄> 
bind(summary(mustard11),summary(mustard12),+ summary(mustard21),summary(mustard22))[,1℄ [,2℄ [,3℄ [,4℄Min. 13.00 8.00 14.00 20.01st Qu. 23.00 11.25 17.75 20.0Median 35.00 16.50 22.00 21.0Mean 34.60 17.50 24.80 24.83rd Qu. 47.25 24.75 31.00 24.0Max. 55.00 27.00 41.00 39.0The box-and-whisker plots are easily 
al
ulated.> boxplot(length~grow.
onditions*
utting,data=mustard)> boxplot(length~
utting*grow.
onditions,data=mustard)
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Figure 13.1: Box plots with grow.
onditions*
utting and 
utting*grow.
onditions> boxplot(length~grow.
onditions,data=mustard)> boxplot(length~
utting,data=mustard)13.5 Solution of Exer
ise 1.7.3> str(darwin)`data.frame': 30 obs. of 3 variables:$ Pair : int 1 2 3 4 5 6 7 8 9 10 ...$ Height : num 23.5 12 21 22 19.1 21.5 22.1 20.4 18.3 21.6 ...$ Fertilization: Fa
tor w/ 2 levels "Cross","Self": 1 1 1 1 1 1 1 1 1 1 ...> summary(darwin)Pair Height FertilizationMin. : 1.00 Min. :12.00 Cross:15
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Figure 13.2: Box plots for grow.
onditions and 
utting1st Qu.: 4.25 1st Qu.:17.55 Self :15Median : 8.00 Median :18.85Mean : 8.00 Mean :18.893rd Qu.:11.75 3rd Qu.:21.38Max. :15.00 Max. :23.50The heights for the two di�erent kinds of fertilization 
an be also be obtained as follows:> summary(darwin[darwin$Fertilization=="Cross","Height"℄)Min. 1st Qu. Median Mean 3rd Qu. Max.12.00 19.75 21.50 20.19 22.10 23.50> summary(darwin[darwin$Fertilization=="Self","Height"℄)Min. 1st Qu. Median Mean 3rd Qu. Max.12.80 16.40 18.00 17.59 18.60 20.40This we would also obtain with the originally form of the data set:> str(darwin0)`data.frame': 15 obs. of 3 variables:$ Pair : int 1 2 3 4 5 6 7 8 9 10 ...$ Cross.fertilized: num 23.5 12 21 22 19.1 21.5 22.1 20.4 18.3 21.6 ...$ Self.fertilized : num 17.4 20.4 20 20 18.4 18.6 18.6 15.3 16.5 18 ...> summary(darwin0)Pair Cross.fertilized Self.fertilizedMin. : 1.0 Min. :12.00 Min. :12.801st Qu.: 4.5 1st Qu.:19.75 1st Qu.:16.40Median : 8.0 Median :21.50 Median :18.00Mean : 8.0 Mean :20.19 Mean :17.59
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/20082183rd Qu.:11.5 3rd Qu.:22.10 3rd Qu.:18.60Max. :15.0 Max. :23.50 Max. :20.40> boxplot(Height~Fertilization,darwin)> plot(darwin[darwin$Fertilization=="Cross","Height"℄,+ darwin[darwin$Fertilization=="Self","Height"℄,+ xlab="Height for Cross",ylab="Height for Self")
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Figure 13.3: Box plot and s
atter plot13.6 Solution of Exer
ise 2.2.2> growing0<-read.table("GROWING.DAT")> Fert<-growing0[,1℄> Ster<-growing0[,2℄> Fert0<-data.frame(Fert,"Fertile")> Ster0<-data.frame(Ster,"Sterile")> names(Fert0)<-
("Height","Pollen")> names(Ster0)<-
("Height","Pollen")> growing<-rbind(Fert0,Ster0)> str(growing)`data.frame': 24 obs. of 2 variables:$ Height: int 92 107 98 97 95 94 92 96 98 104 ...$ Pollen: Fa
tor w/ 2 levels "Fertile","Sterile": 1 1 1 1 1 1 1 1 1 1 ...> boxplot(Height~Pollen,growing)The analysis 
an be done in a short version:> shapiro.test(Fert)$p.value[1℄ 0.4524324
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Figure 13.4: Box plots for the growing data> shapiro.test(Ster)$p.value[1℄ 0.51354> var.test(Height~Pollen,growing)$p.value[1℄ 0.8190027> t.test(Height~Pollen,growing,var.equal=T)$p.value[1℄ 0.01407609> wil
ox.test(Height~Pollen,growing,var.equal=T)$p.value[1℄ 0.02567722Warnmeldung:
annot 
ompute exa
t p-value with ties in: wil
ox.test.default(x = 
(92, 107, 98,97, 95, 94, 92, 96, 98,or in an extended version:> shapiro.test(Fert)Shapiro-Wilk normality testdata: FertW = 0.9364, p-value = 0.4524> shapiro.test(Ster)Shapiro-Wilk normality testdata: SterW = 0.9412, p-value = 0.5135> var.test(Fert,Ster)F test to 
ompare two varian
esdata: Fert and SterF = 0.8683, num df = 11, denom df = 11, p-value = 0.819alternative hypothesis: true ratio of varian
es is not equal to 195 per
ent 
onfiden
e interval:0.2499653 3.0162273



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008220sample estimates:ratio of varian
es0.8683042> t.test(Fert,Ster,var.equal=T)Two Sample t-testdata: Fert and Stert = 2.6672, df = 22, p-value = 0.01408alternative hypothesis: true differen
e in means is not equal to 095 per
ent 
onfiden
e interval:1.260534 10.072800sample estimates:mean of x mean of y96.58333 90.91667> wil
ox.test(Fert,Ster)Wil
oxon rank sum test with 
ontinuity 
orre
tiondata: Fert and SterW = 111, p-value = 0.02568alternative hypothesis: true mu is not equal to 0Warnmeldung:
annot 
ompute exa
t p-value with ties in: wil
ox.test.default(Fert, Ster)The Wil
oxon tests provides a worse p-value, but still would also reje
t the hypothesis of equalmeans.13.7 Solution of Exer
ise 2.2.3At �rst we 
he
k the normality assumtion:> shapiro.test(darwin[darwin$Fertilization=="Cross","Height"℄)$p.value[1℄ 0.0009706594> shapiro.test(darwin[darwin$Fertilization=="Self","Height"℄)$p.value[1℄ 0.3838259Hen
e the t-test 
annot be used.> wil
ox.test(Height~Fertilization,data=darwin)$p.value[1℄ 0.002608089Warnmeldung:
annot 
ompute exa
t p-value with ties in: wil
ox.test.default(x = 
(23.5, 12, 21,22, 19.1, 21.5, 22.1,We 
an 
on
lude that the heights under 
ross- and self-fertilitzation di�er signi�
antly. The di�er-en
e between the means is given by> darwinC<-darwin[darwin$Fertilization=="Cross","Height"℄> darwinS<-darwin[darwin$Fertilization=="Self","Height"℄



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008221> mean(darwinC)-mean(darwinS)[1℄ 2.606667The boxplots in Figure 13.3 show the di�eren
e between the two groups. The extreme outlier inthe 
ross-fertilized plants explains that the normal distribution is reje
ted there.13.8 Solution of Exer
ise 2.3.1> beta.error(mu1=3,mu2=4,sigma=2,N1=10,N2=12)$beta.error[1℄ 0.8028> beta.error(mu1=3,mu2=3.5,sigma=2,N1=10,N2=12)$beta.error[1℄ 0.916> beta.error(mu1=3,mu2=3.1,sigma=2,N1=10,N2=12)$beta.error[1℄ 0.947> beta.error(mu1=3,mu2=3.01,sigma=2,N1=10,N2=12)$beta.error[1℄ 0.9484> beta.error(mu1=6,mu2=7,sigma=2,N1=10,N2=12)$beta.error[1℄ 0.8002> beta.error(mu1=6,mu2=6.5,sigma=2,N1=10,N2=12)$beta.error[1℄ 0.9192> beta.error(mu1=6,mu2=6.1,sigma=2,N1=10,N2=12)$beta.error[1℄ 0.9469> beta.error(mu1=6,mu2=6.01,sigma=2,N1=10,N2=12)$beta.error[1℄ 0.9505> beta.error(mu1=6,mu2=7,sigma=1,N1=10,N2=12)$beta.error[1℄ 0.3974> beta.error(mu1=6,mu2=6.5,sigma=1,N1=10,N2=12)$beta.error[1℄ 0.8037> beta.error(mu1=6,mu2=6.1,sigma=1,N1=10,N2=12)$beta.error[1℄ 0.9448> beta.error(mu1=6,mu2=6.01,sigma=1,N1=10,N2=12)$beta.error[1℄ 0.9499The β-error depends only on the absolute di�eren
e |µ1 − µ2| and on the varian
e σ2. The smallerthe absolute di�eren
e |µ1−µ2| is the greater the β-error is and the β-error approa
hes 0.95=1-0.05.
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e is smaller then the β-error is also smaller.> pt(qt(0.975,20),20,n
p=sqrt(120/22)*1/2)+ -pt(-qt(0.975,20),20,n
p=sqrt(120/22)*1/2)[1℄ 0.800646> pt(qt(0.975,20),20,n
p=sqrt(120/22)*0.5/2)+ -pt(-qt(0.975,20),20,n
p=sqrt(120/22)*0.5/2)[1℄ 0.9138582> pt(qt(0.975,20),20,n
p=sqrt(120/22)*0.1/2)+ -pt(-qt(0.975,20),20,n
p=sqrt(120/22)*0.1/2)[1℄ 0.9485803> pt(qt(0.975,20),20,n
p=sqrt(120/22)*0.01/2)+ -pt(-qt(0.975,20),20,n
p=sqrt(120/22)*0.01/2)[1℄ 0.9499858> pt(qt(0.975,20),20,n
p=sqrt(120/22)*1/1)+ -pt(-qt(0.975,20),20,n
p=sqrt(120/22)*1/1)[1℄ 0.3964526> pt(qt(0.975,20),20,n
p=sqrt(120/22)*0.5/1)+ -pt(-qt(0.975,20),20,n
p=sqrt(120/22)*0.5/1)[1℄ 0.800646> pt(qt(0.975,20),20,n
p=sqrt(120/22)*0.1/1)+ -pt(-qt(0.975,20),20,n
p=sqrt(120/22)*0.1/1)[1℄ 0.9443069> pt(qt(0.975,20),20,n
p=sqrt(120/22)*0.01/1)+ -pt(-qt(0.975,20),20,n
p=sqrt(120/22)*0.01/1)[1℄ 0.9499433The simulated values are very similar to the theoreti
al values although there are some small dif-feren
es due to randomness.13.9 Solution of Exer
ise 2.4.1> beta.error.exa
t(1,15,15)[1℄ 0.2593674> beta.error.exa
t(1,16,14)[1℄ 0.2612445> beta.error.exa
t(1,17,13)[1℄ 0.2669429> beta.error.exa
t(1,18,12)[1℄ 0.2766668> beta.error.exa
t(1,19,11)[1℄ 0.2907635> beta.error.exa
t(1,20,10)[1℄ 0.3097332> beta.error.exa
t(1,25,5)[1℄ 0.5067606> beta.error.exa
t(1,29,1)
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t(3,15,15)[1℄ 2.888766e-09> beta.error.exa
t(3,16,14)[1℄ 3.201754e-09> beta.error.exa
t(3,17,13)[1℄ 4.35778e-09> beta.error.exa
t(3,20,10)[1℄ 3.71341e-08> beta.error.exa
t(3,25,5)[1℄ 5.898017e-05> beta.error.exa
t(3,29,1)[1℄ 0.19891The parameter δ has no in�uen
e. The best 
hoi
e of N1 and N2 is N1 = 15 and N2 = 15. One 
aneven prove that the minimum β-error is always attained by N1 = N
2 = N2.13.10 Solution of Exer
ise 2.4.2> N<-10> beta.error.exa
t(2,N/2,N/2)[1℄ 0.1474736> N<-100> beta.error.exa
t(2,N/2,N/2)[1℄ 3.164278e-14> N<-50> beta.error.exa
t(2,N/2,N/2)[1℄ 1.045841e-06> N<-20> beta.error.exa
t(2,N/2,N/2)[1℄ 0.01104945> N<-18> beta.error.exa
t(2,N/2,N/2)[1℄ 0.01916283> N<-16> beta.error.exa
t(2,N/2,N/2)[1℄ 0.03277304> N<-14> beta.error.exa
t(2,N/2,N/2)[1℄ 0.05516538> N<-15> beta.error.exa
t(2,N/2,N/2)[1℄ 0.04261038> beta.error.exa
t(2,7,8)[1℄ 0.04335619> beta.error.exa
t(2,7,7)[1℄ 0.05516538
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e the minimum sample size is N = 15 = 7+8 for |µ1−µ2| > 2σ. We see that the t-distributionis also de�ned for degrees of freedom whi
h are not integers. With the same pro
edure we obtain> N<-230> beta.error.exa
t(1/2,N/2,N/2)[1℄ 0.05009967> N<-231> beta.error.exa
t(1/2,N/2,N/2)[1℄ 0.0492988> beta.error.exa
t(1/2,115,116)[1℄ 0.04930224Hen
e the minimum sample size is N = 231 = 115 + 116 for |µ1 − µ2| > σ/2.13.11 Solution of Exer
ise 3.2.3As for the un
overed boxes, we 
an expe
t that the normal distribution is not reje
ted based onfour measurements so that we have only to test the homogeneity of the varian
es:> germin.
<-germin[germin$box=="
overed",℄> bartlett.test(seed.numbers~watering,data=germin.
[germin.
$watering!="6",℄)Bartlett test for homogeneity of varian
esdata: seed.numbers by wateringBartlett's K-squared = 6.6995, df = 4, p-value = 0.1526Sin
e the homogeneity of the varian
es is not reje
ted, we 
an apply the ANOVA test:> anova(lm(seed.numbers~watering,data=germin.
[germin.
$watering!="6",℄))Analysis of Varian
e TableResponse: seed.numbersDf Sum Sq Mean Sq F value Pr(>F)watering 4 4839.9 1210.0 31.016 8.037e-07 ***Residuals 14 546.2 39.0---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1With> var(germin.
[germin.
$watering!="6","seed.numbers"℄)[1℄ 299.2281> 18*var(germin.
[germin.
$watering!="6","seed.numbers"℄)[1℄ 5386.105



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008225we obtain the 
omplete ANOAVA table:Cause of variability Degrees of freedom Sum of squares Varian
e estimatesDi�eren
esbetweenfa
tor levels 4 ΣSST = 4839.9 σ̂2
SST = 1210.0Measurementerror 14 ΣSSE = 546.2 σ̂2
SSE = 39.0Total 18 ΣSSG = 5386.1 σ̂2

SSG = 299.2281Sin
e the p-value is 8.037e-07, there is again a signi�
ant watering e�e
t.13.12 Solution of Exer
ise 3.2.4> library(agri
olae)> data(trees)> shapiro.test(trees[trees$spe
ies=="GUABA","diameter"℄)$p.value[1℄ 0.1548390> shapiro.test(trees[trees$spe
ies=="LAUREL","diameter"℄)$p.value[1℄ 0.2396723> shapiro.test(trees[trees$spe
ies=="ROBLE","diameter"℄)$p.value[1℄ 0.1887661> shapiro.test(trees[trees$spe
ies=="TERMINALIA","diameter"℄)$p.value[1℄ 0.8486412> bartlett.test(diameter~spe
ies,data=trees)$p.value[1℄ 0.1361938Hen
e the assumptions of the ANOVA test are not reje
ted.> anova(lm(diameter~spe
ies,data=trees))Analysis of Varian
e TableResponse: diameterDf Sum Sq Mean Sq F value Pr(>F)spe
ies 3 79.097 26.366 4.2975 0.01787 *Residuals 19 116.569 6.135---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1We 
an 
on
lude that the four spe
ies have signi�
antly di�erent stem diameters.> kruskal.test(diameter~spe
ies,data=trees)
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iesKruskal-Wallis 
hi-squared = 7.8414, df = 3, p-value = 0.04941Again the distribution-free test provides a larger p-value although it is still less 0.05.13.13 Solution of Exer
ise 3.3.2> germin.
<-germin[germin$box=="
overed",℄> TukeyHSD(aov(seed.numbers~watering,data=germin.
[germin.
$watering!="6",℄))Tukey multiple 
omparisons of means95% family-wise 
onfiden
e levelFit: aov(formula = seed.numbers ~ watering, data = germin.
[germin.
$watering != "6", ℄)$watering diff lwr upr p adj2-1 32.500000 18.738266 46.2617340 0.00003013-1 33.250000 19.488266 47.0117340 0.00002334-1 9.250000 -4.511734 23.0117340 0.27537695-1 -5.416667 -20.281038 9.4477049 0.78572543-2 0.750000 -13.011734 14.5117340 0.99978844-2 -23.250000 -37.011734 -9.4882660 0.00095555-2 -37.916667 -52.781038 -23.0522951 0.00001264-3 -24.000000 -37.761734 -10.2382660 0.00070775-3 -38.666667 -53.531038 -23.8022951 0.00001005-4 -14.666667 -29.531038 0.1977049 0.0538955There are only signi�
ant di�eren
es for the watering levels 1-2, 1-3, 2-4, 2-5, 3-4, 3-5. The sameresult is obtained via HSD.test from the newest version of the agri
olae pa
kage:> library(agri
olae)> atta
h(germin.
[germin.
$watering!="6",℄)> model<-aov(seed.numbers~watering)> df<-df.residual(model)> MSerror<-devian
e(model)/df> 
omparison<-HSD.test(seed.numbers,watering,df,MSerror,group=TRUE,main="title")> 
omparisontrt means M N std.err1 3 76.00000 a 3.75 1.77951302 2 75.25000 a 3.75 3.47311103 4 52.00000 b 3.75 4.60072464 1 42.75000 b
 3.75 0.85391265 5 37.33333 
 3.75 4.0960686
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008227The Waller-Dun
an method provides:> F
<-anova(model)[1,4℄> 
omparison<-waller.test(seed.numbers,watering,df,MSerror,+ F
,group=TRUE,main="title")> 
omparisontrt means M N std.err1 3 76.00000 a 3.75 1.77951302 2 75.25000 a 3.75 3.47311103 4 52.00000 b 3.75 4.60072464 1 42.75000 
 3.75 0.85391265 5 37.33333 
 3.75 4.0960686Here additionally the watering levels 1-4 show signi�
ant di�eren
es.> boxplot(seed.numbers~watering,data=germin.
[germin.
$watering!="6",℄)
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Figure 13.5: Box plots for the 
overed boxes> gerS.
<-germin.
[,"seed.numbers"℄> gerW.
<-germin.
[,"watering"℄> t.test(gerS.
[gerW.
=="1"℄,gerS.
[gerW.
=="2"℄)$p.value[1℄ 0.001763613> t.test(gerS.
[gerW.
=="1"℄,gerS.
[gerW.
=="3"℄)$p.value[1℄ 4.241045e-05> t.test(gerS.
[gerW.
=="1"℄,gerS.
[gerW.
=="4"℄)$p.value[1℄ 0.1365746> t.test(gerS.
[gerW.
=="1"℄,gerS.
[gerW.
=="5"℄)$p.value[1℄ 0.3158338> t.test(gerS.
[gerW.
=="2"℄,gerS.
[gerW.
=="3"℄)$p.value[1℄ 0.8560103> t.test(gerS.
[gerW.
=="2"℄,gerS.
[gerW.
=="4"℄)$p.value
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[gerW.
=="2"℄,gerS.
[gerW.
=="5"℄)$p.value[1℄ 0.001479392> t.test(gerS.
[gerW.
=="3"℄,gerS.
[gerW.
=="4"℄)$p.value[1℄ 0.008917755> t.test(gerS.
[gerW.
=="3"℄,gerS.
[gerW.
=="5"℄)$p.value[1℄ 0.004431519> t.test(gerS.
[gerW.
=="4"℄,gerS.
[gerW.
=="5"℄)$p.value[1℄ 0.06346417With the signi�
ant level 0.05/10 = 0.005, we obtain only signi�
ant di�eren
es for the wateringlevels 1-2, 1-3, 2-5, 3-5. Again we obtain less signi�
ant di�eren
es than with Tukey's HonestSigni�
ant Di�eren
e method and the Waller-Dun
an method.13.14 Solution of Exer
ise 3.3.3> library(agri
olae)> data(trees)> TukeyHSD(aov(diameter~spe
ies,data=trees))Tukey multiple 
omparisons of means95% family-wise 
onfiden
e levelFit: aov(formula = diameter ~ spe
ies, data = trees)$spe
ies diff lwr upr p adjLAUREL-GUABA 1.8733333 -2.344033 6.090700 0.6047337ROBLE-GUABA 2.3500000 -1.671101 6.371101 0.3795158TERMINALIA-GUABA 5.0833333 1.062232 9.104435 0.0104236ROBLE-LAUREL 0.4766667 -3.740700 4.694033 0.9885329TERMINALIA-LAUREL 3.2100000 -1.007367 7.427367 0.1764053TERMINALIA-ROBLE 2.7333333 -1.287768 6.754435 0.2565468> boxplot(diameter~spe
ies,data=trees)Only the spe
ies Terminalia and Guaba have signi�
antly di�erent stem diameters.
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Figure 13.6: Box plots for the stem diameters13.15 Solution of Exer
ise 3.4.1Sin
e we have 12 units and 4 treatments, the repli
ation number of ea
h treatment is 3. Then weobtain for example the following design:> library(agri
olae)> design.
rd(
("TR1","TR2","TR3","TR4"),3)plots 
("TR1", "TR2", "TR3", "TR4") r1 1 TR2 12 2 TR3 13 3 TR1 14 4 TR3 25 5 TR4 16 6 TR1 27 7 TR4 28 8 TR4 39 9 TR1 310 10 TR2 211 11 TR3 312 12 TR2 313.16 Solution of Exer
ise 4.3.3a)> shapiro.test(lm(length~
utting*grow.
onditions,data=mustard)$residuals)$p.value[1℄ 0.5210626Hen
e the ANOVA test 
an be used:
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008230> anova(lm(length~
utting*grow.
onditions,data=mustard))Analysis of Varian
e TableResponse: length Df Sum Sq Mean Sq F value Pr(>F)
utting 1 559.8 559.8 4.5198 0.04280 *grow.
onditions 1 109.5 109.5 0.8842 0.35539
utting:grow.
onditions 1 516.0 516.0 4.1660 0.05113 .Residuals 27 3344.3 123.9---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Hen
e only the 
utting has a signi�
ant in�uen
e on the length. The hypothesis of no intera
tionsbetween 
utting and growing 
onditions is not reje
ted.The ANOVA table is obtained as follows:> length(mustard[,"length"℄)[1℄ 31> var(mustard[,"length"℄)[1℄ 150.9892> 30*var(mustard[,"length"℄)[1℄ 4529.677Cause of variability Degrees of freedom Sum of squares Varian
e estimates
utting 1 ΣSSA = 559.8 σ̂2
SSA = 559.8grow.
onditions 1 ΣSSB|A+B = 109.5 σ̂2

SSB|A+B = 109.5Intera
tion 1 ΣSSI = 516.0 σ̂2
SSI = 516.0Measurementerror 27 ΣSSE = 3344.3 σ̂2
SSE = 123.9Total 30 ΣSSG = 4529.677 σ̂2

SSG = 150.9892b)> anova(lm(length~grow.
onditions*
utting,data=mustard))Analysis of Varian
e Table
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onditions 1 88.8 88.8 0.7172 0.40449
utting 1 580.5 580.5 4.6868 0.03940 *grow.
onditions:
utting 1 516.0 516.0 4.1660 0.05113 .Residuals 27 3344.3 123.9---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Here the order of the treatments is important sin
e the design is very unbalan
ed with samples sizes
Nab of 10, 6, 10, and 5.
) Sin
e the hypothesis of no intera
tions is not reje
ted, the two-way layout without intera
tions
an be used. At �rst the assumption of normal distribution is tested:> shapiro.test(lm(length~grow.
onditions+
utting,data=mustard)$residuals)$p.value[1℄ 0.2221986The p-value is now smaller than in the model with intera
tions but still greater than 0.05. Hen
ethe ANOVA test 
an be used.> anova(lm(length~grow.
onditions+
utting,data=mustard))Analysis of Varian
e TableResponse: lengthDf Sum Sq Mean Sq F value Pr(>F)grow.
onditions 1 88.8 88.8 0.6444 0.42889
utting 1 580.5 580.5 4.2107 0.04963 *Residuals 28 3860.3 137.9---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1The test statisti
s, F values, are smaller and the p-values are larger. This is due to the fa
t that
(516.0 + 3344.3)/28 = 3860.3/28 = 137.9 instead of 3344.3/27 = 123.9 is used in the denominatorof the test statisti
.13.17 Solution of Exer
ise 4.5.4a)> design.ab(1:6,1:4,2)plots blo
k 1:6 1:41 1 1 2 32 2 1 4 13 3 1 3 4
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bd(1:6,4)plots blo
k 1:61 1 1 32 2 1 53 3 1 44 4 1 25 5 1 16 6 1 67 7 2 38 8 2 19 9 2 210 10 2 411 11 2 512 12 2 613 13 3 414 14 3 315 15 3 216 16 3 117 17 3 618 18 3 519 19 4 620 20 4 221 21 4 322 22 4 423 23 4 524 24 4 1
) There exists no balan
ed in
omplete blo
k design sin
e 
ondition (9) means 6 · r = 4 · 3 whi
himplies r = 2. Then 
ondition (10) means λ · 5 = 2 · 2. But there exists no λ in the integers whi
hsatis�es this equation.d)> design.bib(1:6,3)Parameters BIB==============Lambda : 4treatmeans : 6Blo
k size : 3Blo
ks : 20Repli
ation: 10Effi
ien
y fa
tor 0.8<<< Book >>>plots blo
k 1:61 1 1 12 2 1 5
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ise 4.5.5> pepper.design<-design.bib(1:8,6)Parameters BIB==============Lambda : 15treatmeans : 8Blo
k size : 6Blo
ks : 28Repli
ation: 21Effi
ien
y fa
tor 0.952381<<< Book >>>
168 = 8 ∗ 21 = 6 ∗ 28 blo
ks are needed, whi
h means that the experiment would have a durationof 84 years.> anova(lm(yield~Blo
k*Clon*Treat, data=huasahuasi))Analysis of Varian
e TableResponse: yield Df Sum Sq Mean Sq F value Pr(>F)Blo
k 2 7.5 3.8Clon 4 5435.8 1359.0Treat 2 280.6 140.3Blo
k:Clon 8 299.7 37.5Blo
k:Treat 4 65.8 16.4Clon:Treat 8 194.1 24.3Blo
k:Clon:Treat 16 280.8 17.6Residuals 0 0.0
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ise 5.1.2> aov(Ex
ess~Year+Blo
k*Heating*Lighting*CO2,data=pepper)Call:aov(formula = Ex
ess ~ Year + Blo
k * Heating * Lighting * CO2,data = pepper)Terms: Year Blo
k Heating Lighting CO2 Blo
k:HeatingSum of Squares 24.40167 92.04167 7.62881 20.36507 1.19428 0.03541Deg. of Freedom 1 1 1 1 1 1Blo
k:Lighting Heating:Lighting Blo
k:CO2 Heating:CO2Sum of Squares 0.26877 0.22369 0.74872 0.02326Deg. of Freedom 1 1 1 1Lighting:CO2 Blo
k:Heating:Lighting Blo
k:Heating:CO2Sum of Squares 0.14940 1.65698 0.26978Deg. of Freedom 1 1 1Blo
k:Lighting:CO2 ResidualsSum of Squares 1.32250 2.91000Deg. of Freedom 1 9Residual standard error: 0.56862412 out of 17 effe
ts not estimableEstimated effe
ts may be unbalan
edIn this model not all parameters are estimable. The intera
tions Heating*Lighting*CO2 andBlo
k*Heating*Lighting*CO2 are not estimable.> aov(Ex
ess~Year*Blo
k+Heating*Lighting*CO2,data=pepper)Call:aov(formula = Ex
ess ~ Year * Blo
k + Heating * Lighting * CO2,data = pepper)Terms: Year Blo
k Heating Lighting CO2 Year:Blo
kSum of Squares 24.40167 92.04167 7.62881 20.36507 1.19428 0.17964Deg. of Freedom 1 1 1 1 1 1Heating:Lighting Heating:CO2 Lighting:CO2 Heating:Lighting:CO2Sum of Squares 0.11168 0.04689 0.13298 1.17600Deg. of Freedom 1 1 1 1ResidualsSum of Squares 5.96131Deg. of Freedom 13Residual standard error: 0.6771723Estimated effe
ts may be unbalan
ed> shapiro.test(aov(Ex
ess~Year*Blo
k+Heating*Lighting*CO2,data=pepper)$residuals
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008237+ )$p.value[1℄ 0.6033543> anova(lm(Ex
ess~Year*Blo
k+Heating*Lighting*CO2,data=pepper))Analysis of Varian
e TableResponse: Ex
ess Df Sum Sq Mean Sq F value Pr(>F)Year 1 24.402 24.402 53.2134 6.050e-06 ***Blo
k 1 92.042 92.042 200.7179 2.787e-09 ***Heating 1 7.629 7.629 16.6364 0.001304 **Lighting 1 20.365 20.365 44.4107 1.554e-05 ***CO2 1 1.194 1.194 2.6044 0.130567Year:Blo
k 1 0.180 0.180 0.3918 0.542213Heating:Lighting 1 0.112 0.112 0.2436 0.629886Heating:CO2 1 0.047 0.047 0.1022 0.754228Lighting:CO2 1 0.133 0.133 0.2900 0.599329Heating:Lighting:CO2 1 1.176 1.176 2.5645 0.133294Residuals 13 5.961 0.459---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1> aov(Ex
ess~Year+Blo
k+Heating+Lighting+CO2,data=pepper)Call:aov(formula = Ex
ess ~ Year + Blo
k + Heating + Lighting + CO2,data = pepper)Terms: Year Blo
k Heating Lighting CO2 ResidualsSum of Squares 24.40167 92.04167 7.62881 20.36507 1.19428 7.60850Deg. of Freedom 1 1 1 1 1 18Residual standard error: 0.6501496Estimated effe
ts may be unbalan
ed> shapiro.test(aov(Ex
ess~Year+Blo
k+Heating+Lighting+CO2,data=pepper)$residuals+ )$p.value[1℄ 0.5144351> anova(lm(Ex
ess~Year+Blo
k+Heating+Lighting+CO2,data=pepper))Analysis of Varian
e TableResponse: Ex
essDf Sum Sq Mean Sq F value Pr(>F)Year 1 24.402 24.402 57.7289 5.067e-07 ***Blo
k 1 92.042 92.042 217.7499 1.695e-11 ***Heating 1 7.629 7.629 18.0480 0.0004835 ***Lighting 1 20.365 20.365 48.1792 1.739e-06 ***CO2 1 1.194 1.194 2.8254 0.1100532Residuals 18 7.609 0.423---



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008238Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1In pra
ti
e, the model Ex
ess∼Year*Blo
k+Heating*Lighting*CO2 should be used sin
e it allowsthe most intera
tions, even one more intera
tion, namely the intera
tion between Year and Blo
k,than the model Ex
ess∼Year+Blo
k+Heating*Lighting*CO2 used in Example 5.1.1. Sin
e no inter-a
tion has a signi�
ant e�e
t, also the additive model Ex
ess∼Year+Blo
k+Heating+Lighting+CO2might be used. But that the intera
tions are not signi�
ant, 
annot be known before analyzing thedata. Hen
e the additive model should be not used.13.20 Solution of Exer
ise 5.1.3> aov(yield~Blo
k*Clon*Treat,data=huasahuasi)Call:aov(formula = yield ~ Blo
k * Clon * Treat, data = huasahuasi)Terms: Blo
k Clon Treat Blo
k:Clon Blo
k:Treat Clon:TreatSum of Squares 7.509 5435.843 280.645 299.699 65.754 194.067Deg. of Freedom 2 4 2 8 4 8Blo
k:Clon:TreatSum of Squares 280.840Deg. of Freedom 16Estimated effe
ts may be unbalan
edHen
e in the largest possible model, whi
h in
ludes all intera
tions, all parameters are estimable.> shapiro.test(aov(yield~Blo
k*Clon*Treat,data=huasahuasi)$residuals)$p.valueFehler in shapiro.test(aov(yield ~ Blo
k * Clon * Treat, data = huasahuasi)$residuals) :all 'x' values are identi
al> anova(lm(yield~Blo
k*Clon*Treat,data=huasahuasi))Analysis of Varian
e TableResponse: yield Df Sum Sq Mean Sq F value Pr(>F)Blo
k 2 7.5 3.8Clon 4 5435.8 1359.0Treat 2 280.6 140.3Blo
k:Clon 8 299.7 37.5Blo
k:Treat 4 65.8 16.4Clon:Treat 8 194.1 24.3Blo
k:Clon:Treat 16 280.8 17.6Residuals 0 0.0Sin
e there are 3 · 5 · 3 = 45 parameter and only 45 observations, all hypotheses of the largest modelare not testable. This indi
ates also the residual sum of squares (the sum of squares for errors
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σ2

SSE) whi
h is zero with zero degree of freedom. Therefore the Shapiro-Wilk test provides an errormessage.> aov(yield~Blo
k+Clon*Treat,data=huasahuasi)Call:aov(formula = yield ~ Blo
k + Clon * Treat, data = huasahuasi)Terms: Blo
k Clon Treat Clon:Treat ResidualsSum of Squares 7.509 5435.843 280.645 194.067 646.293Deg. of Freedom 2 4 2 8 28Residual standard error: 4.804362Estimated effe
ts may be unbalan
ed> aov(yield~Blo
k*Clon+Treat,data=huasahuasi)Call:aov(formula = yield ~ Blo
k * Clon + Treat, data = huasahuasi)Terms: Blo
k Clon Treat Blo
k:Clon ResidualsSum of Squares 7.509 5435.843 280.645 299.699 540.662Deg. of Freedom 2 4 2 8 28Residual standard error: 4.394239Estimated effe
ts may be unbalan
edBoth models have 2 + 4 + 2 + 4 ∗ 2 = 16 parameters. The model with intera
tions 
ould be morereasonable be
ause an intera
tion between treatment and 
lone may be of interest. However, thenormal distribution is reje
ted in this model:> shapiro.test(aov(yield~Blo
k+Clon*Treat,data=huasahuasi)$residuals)$p.value[1℄ 0.04501483> shapiro.test(aov(yield~Blo
k*Clon+Treat,data=huasahuasi)$residuals)$p.value[1℄ 0.2980998Hen
e the model with intera
tions between blo
ks and 
lones should be used.> anova(lm(yield~Blo
k*Clon+Treat,data=huasahuasi))Analysis of Varian
e TableResponse: yieldDf Sum Sq Mean Sq F value Pr(>F)Blo
k 2 7.5 3.8 0.1944 0.82439Clon 4 5435.8 1359.0 70.3784 3.377e-14 ***Treat 2 280.6 140.3 7.2671 0.00287 **Blo
k:Clon 8 299.7 37.5 1.9401 0.09316 .Residuals 28 540.7 19.3
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odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Set B =Blo
k, C =Clon, and T =Treat.
1) HB∗C

0 : µbct = µ + B + C + Tversus
HB∗C

1 : µbct = µ + B + C + T + B ∗ C

HB∗C
0 is not reje
ted.

2) HT
0 : µbct = µ + B + Cversus

HT
1 : µbct = µ + B + C + TThere is a signi�
ant treatment e�e
t.

3) HC
0 : µbct = µ + Bversus

HC
1 : µbct = µ + B + CThere is a signi�
ant 
lone e�e
t.

4) HB
0 : µbct = µversus

HB
1 : µbct = µ + BThere is a no signi�
ant blo
k e�e
t.13.21 Solution of Exer
ise 5.2.1> design.grae
o(
("A","B","C","D","E"),
("a","b","
","d","e"))plots row 
ol 
("A", "B", "C", "D", "E") 
("a", "b", "
", "d", "e")1 1 1 1 B 
2 2 1 2 E d3 3 1 3 C b4 4 1 4 A e5 5 1 5 D a6 6 2 1 E b7 7 2 2 C e8 8 2 3 A a9 9 2 4 D 
10 10 2 5 B d
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13 13 3 3 D d14 14 3 4 B b15 15 3 5 E e16 16 4 1 A d17 17 4 2 D b18 18 4 3 B e19 19 4 4 E a20 20 4 5 C 
21 21 5 1 D e22 22 5 2 B a23 23 5 3 E 
24 24 5 4 C d25 25 5 5 A b1 2 3 4 51 B
 Ed Cb Ae Da2 Eb Ce Aa D
 Bd3 Ca A
 Dd Bb Ee4 Ad Db Be Ea C
5 De Ba E
 Cd Ab13.22 Solution of Exer
ise 5.2.2> vandal0<-read.table("VANDAL.DAT",na.string="Ä")> vandal1<-as.fa
tor(
(vandal0[ ,1℄,vandal0[ ,3℄,vandal0[ ,5℄,+ vandal0[ ,7℄,vandal0[ ,9℄,vandal0[ ,11℄))> levels(vandal1)<-
("A","B","C","D","E","F")> vandal2<-
(vandal0[ ,2℄,vandal0[ ,4℄,vandal0[ ,5℄,vandal0[ ,8℄,+ vandal0[ ,10℄,vandal0[ ,12℄)> vandal3<-rep(as.fa
tor(1:6),6)> vandal4<-as.fa
tor(
(rep(1,6),rep(2,6),rep(3,6),rep(4,6),rep(5,6),rep(6,6)))> vandal<-data.frame(vandal3,vandal4,vandal1,vandal2)> names(vandal)<-
("row","
ol","treat","weight")> vandal[1:3,℄row 
ol treat weight1 1 1 E 29.02 2 1 B 17.53 3 1 F 17.0> shapiro.test(aov(weight~row+
ol+treat,data=vandal)$residuals)$p.value[1℄ 0.1449412> anova(lm(weight~row+
ol+treat,data=vandal))Analysis of Varian
e TableResponse: weight



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008242Df Sum Sq Mean Sq F value Pr(>F)row 5 232.15 46.43 1.6471 0.201324
ol 5 1651.86 330.37 11.7199 5.066e-05 ***treat 5 672.78 134.56 4.7734 0.006592 **Residuals 17 479.21 28.19---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1> anova(lm(weight~
ol+treat+row,data=vandal))Analysis of Varian
e TableResponse: weightDf Sum Sq Mean Sq F value Pr(>F)
ol 5 1636.95 327.39 11.6142 5.363e-05 ***treat 5 741.19 148.24 5.2588 0.004239 **row 5 178.64 35.73 1.2674 0.322716Residuals 17 479.21 28.19---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Be
ause of the missing values the design is not balan
ed and therefore the order of the fa
torsmatters. However, adding the missing value, provides a balan
ed design:> vandal.
omplete<-vandal> vandal.
omplete[30,"weight"℄<-21.5> vandal.
omplete[35,"weight"℄<-20.8> vandal.
omplete[36,"weight"℄<-13.5> anova(lm(weight~row+
ol+treat,data=vandal.
omplete))Analysis of Varian
e TableResponse: weightDf Sum Sq Mean Sq F value Pr(>F)row 5 185.93 37.19 1.4000 0.266699
ol 5 1631.66 326.33 12.2860 1.552e-05 ***treat 5 731.56 146.31 5.5085 0.002393 **Residuals 20 531.23 26.56---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1> anova(lm(weight~
ol+row+treat,data=vandal.
omplete))Analysis of Varian
e TableResponse: weightDf Sum Sq Mean Sq F value Pr(>F)
ol 5 1631.66 326.33 12.2860 1.552e-05 ***row 5 185.93 37.19 1.4000 0.266699treat 5 731.56 146.31 5.5085 0.002393 **Residuals 20 531.23 26.56---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008243> anova(lm(weight~row+treat+
ol,data=vandal.
omplete))Analysis of Varian
e TableResponse: weightDf Sum Sq Mean Sq F value Pr(>F)row 5 185.93 37.19 1.4000 0.266699treat 5 731.56 146.31 5.5085 0.002393 **
ol 5 1631.66 326.33 12.2860 1.552e-05 ***Residuals 20 531.23 26.56---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1> anova(lm(weight~
ol+treat+row,data=vandal.
omplete))Analysis of Varian
e TableResponse: weightDf Sum Sq Mean Sq F value Pr(>F)
ol 5 1631.66 326.33 12.2860 1.552e-05 ***treat 5 731.56 146.31 5.5085 0.002393 **row 5 185.93 37.19 1.4000 0.266699Residuals 20 531.23 26.56---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1> anova(lm(weight~treat+row+
ol,data=vandal.
omplete))Analysis of Varian
e TableResponse: weightDf Sum Sq Mean Sq F value Pr(>F)treat 5 731.56 146.31 5.5085 0.002393 **row 5 185.93 37.19 1.4000 0.266699
ol 5 1631.66 326.33 12.2860 1.552e-05 ***Residuals 20 531.23 26.56---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1> anova(lm(weight~treat+
ol+row,data=vandal.
omplete))Analysis of Varian
e TableResponse: weightDf Sum Sq Mean Sq F value Pr(>F)treat 5 731.56 146.31 5.5085 0.002393 **
ol 5 1631.66 326.33 12.2860 1.552e-05 ***row 5 185.93 37.19 1.4000 0.266699Residuals 20 531.23 26.56---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1For the 
omplete latin square design, the order of the fa
tors does not matter.
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ise 6.1.1At �rst we regard σ2
β0
. Sin
e the varian
e σ2 does not matter, we 
al
ulate only 1

(N−1)s2
x
:> x<-
(0,0.1,0.2,0.3,0.4,0.5,0.5,0.6,0.7,0.8,0.9,1)> 1/(9*var(x))[1℄ 1.111111> x<-
(0,0,0.2,0.2,0.4,0.4,0.6,0.6,0.8,0.8,1,1)> 1/(9*var(x))[1℄ 0.8730159> x<-
(0,0,0,0.3,0.3,0.3,0.7,0.7,0.7,1,1,1)> 1/(9*var(x))[1℄ 0.7024266> x<-
(0,0,0,0.5,0.5,0.5,0.5,0.5,0.5,1,1,1)> 1/(9*var(x))[1℄ 0.8148148> x<-
(0,0,0,0,0.5,0.5,0.5,0.5,1,1,1,1)> 1/(9*var(x))[1℄ 0.6111111> x<-
(0,0,0,0,0,0.5,0.5,1,1,1,1,1)> 1/(9*var(x))[1℄ 0.4888889> x<-
(0,0,0,0,0,0,1,1,1,1,1,1)> 1/(9*var(x))[1℄ 0.4074074The proposal is that the design with smallest varian
e σ2

β0
is the design whi
h puts half of theobservations at 0 and the other half of the observations at 1. For σ2

β1
we 
al
ulate 1

N

PN
n=1 x2

n

(N−1)s2
x
:> x<-
(0,0.1,0.2,0.3,0.4,0.5,0.5,0.6,0.7,0.8,0.9,1)> mean(x^2)/(9*var(x))[1℄ 0.3796296> x<-
(0,0,0.2,0.2,0.4,0.4,0.6,0.6,0.8,0.8,1,1)> mean(x^2)/(9*var(x))[1℄ 0.3201058> x<-
(0,0,0,0.3,0.3,0.3,0.7,0.7,0.7,1,1,1)> mean(x^2)/(9*var(x))[1℄ 0.2774585> x<-
(0,0,0,0.5,0.5,0.5,0.5,0.5,0.5,1,1,1)> mean(x^2)/(9*var(x))[1℄ 0.3055556> x<-
(0,0,0,0,0.5,0.5,0.5,0.5,1,1,1,1)> mean(x^2)/(9*var(x))[1℄ 0.2546296> x<-
(0,0,0,0,0,0.5,0.5,1,1,1,1,1)> mean(x^2)/(9*var(x))[1℄ 0.2240741
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(0,0,0,0,0,0,1,1,1,1,1,1)> mean(x^2)/(9*var(x))[1℄ 0.2037037Again, the proposal is that the design with smallest varian
e σ2
β1

is the design whi
h puts half ofthe observations at 0 and the other half of the observations at 1.13.24 Solution of Exer
ise 6.1.3At �rst the normal distributions are 
he
ked:> shapiro.test(aov(protein~L2,data=ground)$residuals)$p.value[1℄ 0.8573912> shapiro.test(aov(protein~L3,data=ground)$residuals)$p.value[1℄ 0.8441344> shapiro.test(aov(protein~L4,data=ground)$residuals)$p.value[1℄ 0.3232782> shapiro.test(aov(protein~L5,data=ground)$residuals)$p.value[1℄ 0.366428> shapiro.test(aov(protein~L6,data=ground)$residuals)$p.value[1℄ 0.6450972Hen
e the t- and F-tests 
an be performed.> summary(lm(protein~L2,data=ground))Call:lm(formula = protein ~ L2, data = ground)Residuals:Min 1Q Median 3Q Max-2.02800 -0.75285 0.09001 1.02295 2.40733Coeffi
ients:Estimate Std. Error t value Pr(>|t|)(Inter
ept) 6.089647 1.274136 4.779 9e-05 ***L2 0.027591 0.008897 3.101 0.00521 **---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Residual standard error: 1.209 on 22 degrees of freedomMultiple R-Squared: 0.3042, Adjusted R-squared: 0.2726F-statisti
: 9.618 on 1 and 22 DF, p-value: 0.005209> summary(lm(protein~L3,data=ground))
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008246Call:lm(formula = protein ~ L3, data = ground)Residuals:Min 1Q Median 3Q Max-2.0385 -0.7785 0.1001 0.9945 2.4207Coeffi
ients:Estimate Std. Error t value Pr(>|t|)(Inter
ept) 3.320697 2.237690 1.484 0.15200L3 0.025121 0.008406 2.988 0.00677 **---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Residual standard error: 1.223 on 22 degrees of freedomMultiple R-Squared: 0.2887, Adjusted R-squared: 0.2564F-statisti
: 8.931 on 1 and 22 DF, p-value: 0.006773> summary(lm(protein~L4,data=ground))Call:lm(formula = protein ~ L4, data = ground)Residuals:Min 1Q Median 3Q Max-2.1671 -1.0127 0.1710 0.9547 2.3899Coeffi
ients:Estimate Std. Error t value Pr(>|t|)(Inter
ept) 3.02711 3.58059 0.845 0.4070L4 0.01776 0.00914 1.944 0.0648 .---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Residual standard error: 1.339 on 22 degrees of freedomMultiple R-Squared: 0.1466, Adjusted R-squared: 0.1078F-statisti
: 3.778 on 1 and 22 DF, p-value: 0.06484> summary(lm(protein~L5,data=ground))Call:lm(formula = protein ~ L5, data = ground)Residuals:Min 1Q Median 3Q Max-2.4576 -1.1006 0.1763 1.1459 2.3939Coeffi
ients:
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008247Estimate Std. Error t value Pr(>|t|)(Inter
ept) 5.381606 2.557850 2.104 0.0470 *L5 0.011454 0.006353 1.803 0.0851 .---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Residual standard error: 1.353 on 22 degrees of freedomMultiple R-Squared: 0.1287, Adjusted R-squared: 0.08913F-statisti
: 3.251 on 1 and 22 DF, p-value: 0.08512> summary(lm(protein~L6,data=ground))Call:lm(formula = protein ~ L6, data = ground)Residuals:Min 1Q Median 3Q Max-2.2824 -0.9135 0.1954 1.0541 2.2762Coeffi
ients:Estimate Std. Error t value Pr(>|t|)(Inter
ept) 9.95841 0.26408 37.710 <2e-16 ***L6 0.03764 0.01587 2.372 0.0268 *---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Residual standard error: 1.294 on 22 degrees of freedomMultiple R-Squared: 0.2037, Adjusted R-squared: 0.1675F-statisti
: 5.628 on 1 and 22 DF, p-value: 0.02684Sin
e we have 6 tests, we 
ompare the results of the tests with α = 0.05/6 = 0.008333333. Thefollowing 
on
lusions are possible then: The variable L2 has a signi�
ant in�uen
e on protein andthe inter
ept of the regression line di�ers signi�
antly from zero. Variable L3 has also a signi�
antin�uen
e however there is no eviden
e that the inter
ept di�ers from zero. There is no eviden
ethat L4 has an in�uen
e on protein nor that the 
orresponding regression line has an inter
eptdi�erent from zero. The same holds for the variable L5. Variable L6 shows no signi�
ant in�uen
eon protein, but the regression line has an inter
ept whi
h di�ers signi�
antly from zero.> plot(ground$L2,ground$protein,xlab="L2",ylab="Protein")> abline(lsfit(ground$L2,ground$protein)$
oef)



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008248

120 140 160 180 200 220

8
9

10
11

12

L2

P
ro

te
in

Figure 13.7: S
atter plot with regression line13.25 Solution of Exer
ise 6.2.2> x<-
(0,0.1,0.2,0.3,0.4,0.5,0.5,0.6,0.7,0.8,0.9,1)> X<-
bind(rep(1,12),x,x^2)> ginv(t(X)%*%X)[1,1℄+ginv(t(X)%*%X)[2,2℄+ginv(t(X)%*%X)[3,3℄[1℄ 22.5437> x<-
(0,0,0.2,0.2,0.4,0.4,0.6,0.6,0.8,0.8,1,1)> X<-
bind(rep(1,12),x,x^2)> ginv(t(X)%*%X)[1,1℄+ginv(t(X)%*%X)[2,2℄+ginv(t(X)%*%X)[3,3℄[1℄ 17.86607> x<-
(0,0,0,0.3,0.3,0.3,0.7,0.7,0.7,1,1,1)> X<-
bind(rep(1,12),x,x^2)> ginv(t(X)%*%X)[1,1℄+ginv(t(X)%*%X)[2,2℄+ginv(t(X)%*%X)[3,3℄[1℄ 16.00222x<-
(0,0,0,0.5,0.5,0.5,0.5,0.5,0.5,1,1,1)> X<-
bind(rep(1,12),x,x^2)> ginv(t(X)%*%X)[1,1℄+ginv(t(X)%*%X)[2,2℄+ginv(t(X)%*%X)[3,3℄[1℄ 11.66667> x<-
(0,0,0,0,0.5,0.5,0.5,0.5,1,1,1,1)> X<-
bind(rep(1,12),x,x^2)> ginv(t(X)%*%X)[1,1℄+ginv(t(X)%*%X)[2,2℄+ginv(t(X)%*%X)[3,3℄[1℄ 12.75> x<-
(0,0,0,0,0,0.5,0.5,1,1,1,1,1)> X<-
bind(rep(1,12),x,x^2)> ginv(t(X)%*%X)[1,1℄+ginv(t(X)%*%X)[2,2℄+ginv(t(X)%*%X)[3,3℄[1℄ 19.8> x<-
(0,0,0,0.5,0.5,0.5,0.5,0.5,1,1,1,1)
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bind(rep(1,12),x,x^2)> ginv(t(X)%*%X)[1,1℄+ginv(t(X)%*%X)[2,2℄+ginv(t(X)%*%X)[3,3℄[1℄ 12.31667> x<-
(0,0,0,0.5,0.5,0.5,0.5,0.5,0.6,1,1,1)> X<-
bind(rep(1,12),x,x^2)> ginv(t(X)%*%X)[1,1℄+ginv(t(X)%*%X)[2,2℄+ginv(t(X)%*%X)[3,3℄[1℄ 11.72335The best design is that with x = (0, 0, 0, 0.5, 0.5, 0.5, 0.5, 0.5, 0.5, 1, 1, 1)⊤ , i.e. a design with threeobservations at 0, six at 0.5, and three at 1.13.26 Solution of Exer
ise 6.2.6> summary(lm(Yield~poly(Manure,3),data=split))Call:lm(formula = Yield ~ poly(Manure, 3), data = split)Residuals:Min 1Q Median 3Q Max-37.389 -16.889 -2.306 15.486 50.611Coeffi
ients: Estimate Std. Error t value Pr(>|t|)(Inter
ept) 103.972 2.555 40.691 < 2e-16 ***poly(Manure, 3)1 133.507 21.681 6.158 4.5e-08 ***poly(Manure, 3)2 -46.724 21.681 -2.155 0.0347 *poly(Manure, 3)3 -3.641 21.681 -0.168 0.8671---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Residual standard error: 21.68 on 68 degrees of freedomMultiple R-Squared: 0.3851, Adjusted R-squared: 0.358F-statisti
: 14.2 on 3 and 68 DF, p-value: 2.782e-07Hen
e a quadrati
 model is an appropriate model. This 
an be seen also without the fun
tion poly:> summary(lm(Yield~Manure+I(Manure^2)+I(Manure^3),data=split))Call:lm(formula = Yield ~ Manure + I(Manure^2) + I(Manure^3), data = split)Residuals:Min 1Q Median 3Q Max-37.389 -16.889 -2.306 15.486 50.611
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ients: Estimate Std. Error t value Pr(>|t|)(Inter
ept) 79.39 5.11 15.535 <2e-16 ***Manure 2083.33 1708.76 1.219 0.227I(Manure^2) -9583.33 128713.08 -0.074 0.941I(Manure^3) -375000.00 2233236.75 -0.168 0.867---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Residual standard error: 21.68 on 68 degrees of freedomMultiple R-Squared: 0.3851, Adjusted R-squared: 0.358F-statisti
: 14.2 on 3 and 68 DF, p-value: 2.782e-07> summary(lm(Yield~Manure+I(Manure^2),data=split))Call:lm(formula = Yield ~ Manure + I(Manure^2), data = split)Residuals:Min 1Q Median 3Q Max-37.471 -16.834 -2.101 15.057 50.529Coeffi
ients: Estimate Std. Error t value Pr(>|t|)(Inter
ept) 79.143 4.862 16.277 <2e-16 ***Manure 2350.606 617.211 3.808 0.0003 ***I(Manure^2) -31060.606 14311.241 -2.170 0.0334 *---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Residual standard error: 21.53 on 69 degrees of freedomMultiple R-Squared: 0.3849, Adjusted R-squared: 0.367F-statisti
: 21.58 on 2 and 69 DF, p-value: 5.244e-08Here we see advan
e that the estimate for β0 is 79.143, the estimate for β1 is 2350.606, and theestimate for β2 is -31060.606.> plot(split$Manure,split$Yield,xlab="Manure",ylab="Yield")> abline(lsfit(split$Manure,split$Yield)$
oef)> x<-seq(-0.1,0.5,by=0.002)> X<-
bind(rep(1,length(x)),x,x^2)> beta<-lsfit(
bind(split$Manure,split$Manure^2),split$Yield)$
oef> y<-X%*%beta> lines(x,y)
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Figure 13.8: S
atter plot with linear and quadrati
 regression line13.27 Solution of Exer
ise 6.3.2> anova(lm(protein~L1+L2+L3+L4+L5+L6,data=ground))Analysis of Varian
e TableResponse: proteinDf Sum Sq Mean Sq F value Pr(>F)L1 1 10.0688 10.0688 207.3930 5.900e-11 ***L2 1 29.0890 29.0890 599.1666 1.077e-14 ***L3 1 0.7896 0.7896 16.2630 0.0008637 ***L4 1 5.2074 5.2074 107.2602 9.241e-09 ***L5 1 0.2243 0.2243 4.6193 0.0463073 *L6 1 0.0297 0.0297 0.6108 0.4452214Residuals 17 0.8253 0.0485---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Hen
e a model with the variables L1, L2, L3, L4, L5 is appropriate.> summary(lm(protein~L1+L2+L3+L4+L5,data=ground))Call:lm(formula = protein ~ L1 + L2 + L3 + L4 + L5, data = ground)Residuals:Min 1Q Median 3Q Max-0.3734980 -0.1297629 0.0006976 0.1089368 0.3370486
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ients:Estimate Std. Error t value Pr(>|t|)(Inter
ept) 18.66952 8.04964 2.319 0.03234 *L1 0.07756 0.05180 1.497 0.15165L2 -0.04578 0.06186 -0.740 0.46880L3 0.24552 0.07537 3.258 0.00437 **L4 -0.28204 0.03375 -8.357 1.31e-07 ***L5 0.01286 0.00592 2.173 0.04339 *---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1Residual standard error: 0.2179 on 18 degrees of freedomMultiple R-Squared: 0.9815, Adjusted R-squared: 0.9764F-statisti
: 191.1 on 5 and 18 DF, p-value: 6.084e-15Sin
e the p-value for testing H0 : β = 0 is 6.084e-15, β = (β0, β1, β2, β3, β4, β5)
⊤ di�ers signi�
antlyfrom the zero ve
tor. Hen
e we 
an do the tests for the single variables. It turns out that theinter
ept di�ers signi�
antly from zero and that the variables L3, L4, L5 have signi�
ant in�uen
e.13.28 Solution of Exer
ise 6.3.4> anova(lm(protein~L1*L2*L3*L4*L5*L6,data=ground))Analysis of Varian
e TableResponse: proteinDf Sum Sq Mean Sq F value Pr(>F)L1 1 10.0688 10.0688L2 1 29.0890 29.0890L3 1 0.7896 0.7896L4 1 5.2074 5.2074L5 1 0.2243 0.2243L6 1 0.0297 0.0297L1:L2 1 0.0052 0.0052L1:L3 1 0.0232 0.0232L2:L3 1 0.0050 0.0050L1:L4 1 0.2500 0.2500L2:L4 1 0.1841 0.1841L3:L4 1 0.0014 0.0014L1:L5 1 0.0232 0.0232L2:L5 1 0.1010 0.1010L3:L5 1 0.0042 0.0042L4:L5 1 0.1179 0.1179L1:L6 1 0.0459 0.0459L2:L6 1 0.0040 0.0040L3:L6 1 0.0010 0.0010L4:L6 1 0.0010 0.0010
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ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008253L5:L6 1 0.0282 0.0282L1:L2:L3 1 0.0197 0.0197L1:L2:L4 1 0.0105 0.0105Residuals 0 0.0000> anova(lm(protein~L1*L2*L3*L4*L5+L6,data=ground))Analysis of Varian
e TableResponse: proteinDf Sum Sq Mean Sq F value Pr(>F)L1 1 10.0688 10.0688L2 1 29.0890 29.0890L3 1 0.7896 0.7896L4 1 5.2074 5.2074L5 1 0.2243 0.2243L6 1 0.0297 0.0297L1:L2 1 0.0052 0.0052L1:L3 1 0.0232 0.0232L2:L3 1 0.0050 0.0050L1:L4 1 0.2500 0.2500L2:L4 1 0.1841 0.1841L3:L4 1 0.0014 0.0014L1:L5 1 0.0232 0.0232L2:L5 1 0.1010 0.1010L3:L5 1 0.0042 0.0042L4:L5 1 0.1179 0.1179L1:L2:L3 1 0.0730 0.0730L1:L2:L4 1 0.0034 0.0034L1:L3:L4 1 0.0001 0.0001L2:L3:L4 1 0.0001 0.0001L1:L2:L5 1 0.0174 0.0174L1:L3:L5 1 0.0086 0.0086L2:L3:L5 1 0.0078 0.0078Residuals 0 0.0000> anova(lm(protein~L1*L2*L3*L4+L5*L6,data=ground))Analysis of Varian
e TableResponse: proteinDf Sum Sq Mean Sq F value Pr(>F)L1 1 10.0688 10.0688 905.7282 7.598e-07 ***L2 1 29.0890 29.0890 2616.6841 5.397e-08 ***L3 1 0.7896 0.7896 71.0238 0.0003858 ***L4 1 5.2074 5.2074 468.4273 3.907e-06 ***L5 1 0.2243 0.2243 20.1735 0.0064499 **L6 1 0.0297 0.0297 2.6677 0.1633348L1:L2 1 0.0052 0.0052 0.4689 0.5239244L1:L3 1 0.0232 0.0232 2.0835 0.2084936L2:L3 1 0.0050 0.0050 0.4471 0.5333354L1:L4 1 0.2500 0.2500 22.4842 0.0051421 **



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008254L2:L4 1 0.1841 0.1841 16.5569 0.0096433 **L3:L4 1 0.0014 0.0014 0.1259 0.7371602L5:L6 1 0.1666 0.1666 14.9890 0.0117417 *L1:L2:L3 1 0.1135 0.1135 10.2129 0.0241092 *L1:L2:L4 1 0.0032 0.0032 0.2904 0.6131020L1:L3:L4 1 0.0039 0.0039 0.3464 0.5817152L2:L3:L4 1 0.0080 0.0080 0.7217 0.4343597L1:L2:L3:L4 1 0.0057 0.0057 0.5155 0.5049145Residuals 5 0.0556 0.0111---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1> anova(lm(protein~L1*L2*L3+L4*L5*L6,data=ground))Analysis of Varian
e TableResponse: proteinDf Sum Sq Mean Sq F value Pr(>F)L1 1 10.0688 10.0688 243.9593 7.935e-08 ***L2 1 29.0890 29.0890 704.8080 7.379e-10 ***L3 1 0.7896 0.7896 19.1304 0.001787 **L4 1 5.2074 5.2074 126.1716 1.349e-06 ***L5 1 0.2243 0.2243 5.4338 0.044671 *L6 1 0.0297 0.0297 0.7185 0.418595L1:L2 1 0.0052 0.0052 0.1263 0.730478L1:L3 1 0.0232 0.0232 0.5612 0.472903L2:L3 1 0.0050 0.0050 0.1204 0.736545L4:L5 1 0.0822 0.0822 1.9908 0.191871L4:L6 1 0.0830 0.0830 2.0111 0.189834L5:L6 1 0.1549 0.1549 3.7527 0.084691 .L1:L2:L3 1 0.0966 0.0966 2.3397 0.160467L4:L5:L6 1 0.0039 0.0039 0.0950 0.764876Residuals 9 0.3715 0.0413---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1> anova(lm(protein~L1*L2*L3*L4+L5+L6,data=ground))Analysis of Varian
e TableResponse: proteinDf Sum Sq Mean Sq F value Pr(>F)L1 1 10.0688 10.0688 1086.4467 5.188e-08 ***L2 1 29.0890 29.0890 3138.7870 2.172e-09 ***L3 1 0.7896 0.7896 85.1951 9.129e-05 ***L4 1 5.2074 5.2074 561.8918 3.700e-07 ***L5 1 0.2243 0.2243 24.1987 0.002659 **L6 1 0.0297 0.0297 3.1999 0.123852L1:L2 1 0.0052 0.0052 0.5625 0.481618L1:L3 1 0.0232 0.0232 2.4992 0.164985L2:L3 1 0.0050 0.0050 0.5363 0.491566L1:L4 1 0.2500 0.2500 26.9705 0.002028 **



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008255L2:L4 1 0.1841 0.1841 19.8605 0.004299 **L3:L4 1 0.0014 0.0014 0.1511 0.710937L1:L2:L3 1 0.2798 0.2798 30.1932 0.001522 **L1:L2:L4 1 0.0030 0.0030 0.3201 0.592038L1:L3:L4 1 0.0044 0.0044 0.4786 0.514931L2:L3:L4 1 0.0080 0.0080 0.8607 0.389345L1:L2:L3:L4 1 0.0058 0.0058 0.6234 0.459845Residuals 6 0.0556 0.0093---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1> anova(lm(protein~L1*L2*L3+L4+L5+L6,data=ground))Analysis of Varian
e TableResponse: proteinDf Sum Sq Mean Sq F value Pr(>F)L1 1 10.0688 10.0688 294.2838 2.608e-10 ***L2 1 29.0890 29.0890 850.1973 3.129e-13 ***L3 1 0.7896 0.7896 23.0766 0.0003445 ***L4 1 5.2074 5.2074 152.1986 1.498e-08 ***L5 1 0.2243 0.2243 6.5546 0.0237299 *L6 1 0.0297 0.0297 0.8668 0.3688215L1:L2 1 0.0052 0.0052 0.1524 0.7026080L1:L3 1 0.0232 0.0232 0.6770 0.4254704L2:L3 1 0.0050 0.0050 0.1453 0.7092506L1:L2:L3 1 0.3472 0.3472 10.1478 0.0071639 **Residuals 13 0.4448 0.0342---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1The models protein∼L1*L2*L3*L4*L5*L6 and protein∼L1*L2*L3*L4*L5+L6 
annot be used sin
ethey have
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ed to the modelprotein∼L1+L2+L3+L4+L5.The model protein∼L1*L2*L3*L4+L5+L6 has

(
4

0

)
+

(
4

1

)
+ . . . +

(
4

4

)
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ed to the modelprotein∼L1*L2+L1*L3+L2*L3+L1*L4+L2*L4+L3*L4+L5+L6+L1:L2:L3.The model protein∼L1*L2*L3+L4+L5+L6 has
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+ 3 = 1 + 3 + 3 + 1 + 3 = 11model parameters. This model 
annot be redu
ed.13.29 Solution of Exer
ise 6.4.2> anova(lm(Yield~Manure*Variety,data=split))Analysis of Varian
e TableResponse: YieldDf Sum Sq Mean Sq F value Pr(>F)Manure 1 17824 17824 36.5035 7.842e-08 ***Variety 2 1786 893 1.8292 0.1686Manure:Variety 2 149 74 0.1522 0.8591Residuals 66 32227 488---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1The variety has no signi�
ant in�uen
e and there is also no signi�
ant intera
tion between varietyand manure.> plot(split$Manure,split$Yield,type="n",xlab="Manure",ylab="Yield")> text(split$Manure,split$Yield,as.
hara
ter(split$Variety))> 
o<-
oeffi
ients(lm(Yield~Manure*Variety,data=split))> abline(
o[1℄,
o[2℄)> abline(
o[1℄+
o[3℄,
o[2℄+
o[5℄,lty=2)> abline(
o[1℄+
o[4℄,
o[2℄+
o[6℄,lty=3)> legend(0.025,70,
("1","2","3"),lty=
(1,2,3))
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Figure 13.9: S
atter plot with regression lines for the four varietiesSin
e the three varieties have no signi�
ant in�uen
e, the inter
ept of the three lines are very similar.Sin
e also the intera
tions between variety and manure are not signi�
ant also the slopes of the threelines are very similar.13.30 Solution of Exer
ise 6.5.2> 
oeffi
ients(lm(Yield~Manure*Variety,data=split))(Inter
ept) Manure Variety2 Variety3 Manure:Variety277.233333 1165.238095 8.133333 16.233333 -71.904762Manure:Variety3-232.380952> 
oeffi
ients(lm(Yield~Variety*Manure,data=split))(Inter
ept) Variety2 Variety3 Manure Variety2:Manure77.233333 8.133333 16.233333 1165.238095 -71.904762Variety3:Manure-232.380952> anova(lm(Yield~Manure*Variety,data=split))Analysis of Varian
e TableResponse: YieldDf Sum Sq Mean Sq F value Pr(>F)Manure 1 17824 17824 36.5035 7.842e-08 ***Variety 2 1786 893 1.8292 0.1686Manure:Variety 2 149 74 0.1522 0.8591Residuals 66 32227 488---



Christine MüllerManus
ript Linear Models and Experimental Design Universität Kassel, WS 2007/2008258Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1> anova(lm(Yield~Variety*Manure,data=split))Analysis of Varian
e TableResponse: YieldDf Sum Sq Mean Sq F value Pr(>F)Variety 2 1786 893 1.8292 0.1686Manure 1 17824 17824 36.5035 7.842e-08 ***Variety:Manure 2 149 74 0.1522 0.8591Residuals 66 32227 488---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1> 
oeffi
ients(lm(Yield~Blo
k+Manure*Variety,data=split))(Inter
ept) Blo
k2 Blo
k3 Blo
k4 Blo
k5108.594444 -28.083333 -39.416667 -37.166667 -44.416667Blo
k6 Manure Variety2 Variety3 Manure:Variety2-39.083333 1165.238095 8.133333 16.233333 -71.904762Manure:Variety3-232.380952> 
oeffi
ients(lm(Yield~Blo
k+Variety*Manure,data=split))(Inter
ept) Blo
k2 Blo
k3 Blo
k4 Blo
k5108.594444 -28.083333 -39.416667 -37.166667 -44.416667Blo
k6 Variety2 Variety3 Manure Variety2:Manure-39.083333 8.133333 16.233333 1165.238095 -71.904762Variety3:Manure-232.380952> anova(lm(Yield~Blo
k+Manure*Variety,data=split))Analysis of Varian
e TableResponse: YieldDf Sum Sq Mean Sq F value Pr(>F)Blo
k 5 15875.3 3175.1 11.8446 5.032e-08 ***Manure 1 17824.1 17824.1 66.4935 2.387e-11 ***Variety 2 1786.4 893.2 3.3320 0.04233 *Manure:Variety 2 148.6 74.3 0.2772 0.75885Residuals 61 16351.6 268.1---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1> anova(lm(Yield~Blo
k+Variety*Manure,data=split))Analysis of Varian
e TableResponse: YieldDf Sum Sq Mean Sq F value Pr(>F)Blo
k 5 15875.3 3175.1 11.8446 5.032e-08 ***Variety 2 1786.4 893.2 3.3320 0.04233 *Manure 1 17824.1 17824.1 66.4935 2.387e-11 ***Variety:Manure 2 148.6 74.3 0.2772 0.75885



Christine MüllerManus
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odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1> anova(lm(Yield~Blo
k*Manure*Variety,data=split))Analysis of Varian
e TableResponse: Yield Df Sum Sq Mean Sq F value Pr(>F)Blo
k 5 15875.3 3175.1 14.1487 1.136e-07 ***Manure 1 17824.1 17824.1 79.4279 1.227e-10 ***Variety 2 1786.4 893.2 3.9802 0.02744 *Blo
k:Manure 5 817.5 163.5 0.7286 0.60660Blo
k:Variety 10 6013.3 601.3 2.6797 0.01462 *Manure:Variety 2 148.6 74.3 0.3311 0.72027Blo
k:Manure:Variety 10 1442.1 144.2 0.6426 0.76763Residuals 36 8078.6 224.4---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1> anova(lm(Yield~Variety*Blo
k*Manure,data=split))Analysis of Varian
e TableResponse: Yield Df Sum Sq Mean Sq F value Pr(>F)Variety 2 1786.4 893.2 3.9802 0.02744 *Blo
k 5 15875.3 3175.1 14.1487 1.136e-07 ***Manure 1 17824.1 17824.1 79.4279 1.227e-10 ***Variety:Blo
k 10 6013.3 601.3 2.6797 0.01462 *Variety:Manure 2 148.6 74.3 0.3311 0.72027Blo
k:Manure 5 817.5 163.5 0.7286 0.60660Variety:Blo
k:Manure 10 1442.1 144.2 0.6426 0.76763Residuals 36 8078.6 224.4---Signif. 
odes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1The order of the variables has no in�uen
ed sin
e it is balan
ed design.
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al exer
ises14.1 Solution of Exer
ise 2.4.1Proposal: N1 = N
2 = N2Proof: The larger the non
entrality parameter is the smaller the β-error is. Hen
e we have tomaximize K =
√

N1N2
N1+N2

. The maximization of N1N2
N1+N2

is equivalent to the minimization of f(n) =
1
n + 1

N−n with respe
t to n = N1. Di�erentiation of f yields
f ′(n) =

−1

n2
+

1

(N − n)2
=

−(N − n)2 + n2

n2(N − n)2
= 0

⇔ n2 = (N − n)2 ⇔ n = N − n ⇔ n =
N

2Sin
e
f ′′(n) =

2

n2
+

2

(N − n)3
> 0the minimum is attained at n = N

2 .14.2 Solution of Exer
ise 4.3.1
ΣSSG :=

A∑

a=1

B∑

b=1

Nab∑

n=1

(yabn − y•••)
2

=

A∑

a=1

B∑

b=1

Nab∑

n=1

(yabn − yab• + yab• − ya•• − y•b• + y••• + ya•• − y••• + y•b• − y•••)
2

= ΣSSE + ΣSSI + ΣSSA + ΣSSB.


